














Hou+ Ku = f, (348)

where H, is unitary and K is compact. To begin our convergence analysis
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we write (348) in the form (recall Hy' = HF)
u+ H¥Ku=H{S, (349)

and then show that the Galerkin equations have a similar form. For this,
let Yn = span{x} i, and denote by P,, the operator of orthogonal projec-
tion onto Y. Then, as for Fredholm equations, we find that the Galerkin
approximation u,, satisfies the operator equation (Ref. 1)

Since uy is a polynomial of degree <N, Hyu, € Yy and since Py Yy = Y,
PynHoupn = Hgup, so that (350) becomes
and then

un + HEPyKun = HXPpf. (352)
Since HoH§ = I, the identity operator on L,,,,,
uy + (H¥PyH)HE Kuy = (HE PhH)H*f. (353)

It can now be verified that Qn = HEPyH, is the operator of orthogonal
projection onto X, = span{y, }i_o, so that u, satisfies

un + QnLun = Qng, (354)

where L = H¥K and g = H¥ £ Since K is compact and HY is bounded, L
is compact (Ref. 13), and u,, satisfies a Galerkin approximating equation for
u+JTu=o¢o
w o e 5
which is just (349). To prove the convergence of u, in L, we can now use

the following well-known convergence theorem for operator equations of
the second kind (Ref. 19).

Theorem 19.1. See Ref. 19. Suppose that X is a Hilbert space, L: X -
X is compact, and assume that ¥ + Lu = g has a unique solution for each
g € X If {¢pr}x -0 is an orthonormal basis for X, and Q, is the operator of
orthogonal projection onto span{¢}r.o, then for all N sufficiently large,
N = N,, (I + QuL) ! exists and the norms [|({ + QnL)™'|| are uniformly
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bounded. From this it follows for N = N, that uy + QnLuy = Qug has a
unique solution in X, and

lu — Qnullx = Jlu — unllx =[1+ y(N)]lu — Qnullx,  (355)

where y(N)—> 0 as N » oo,

Proof. By assumption, Qnf = f for all f € X, and since L is compact,
it follows by a standard theorem that ||L — QuL| = 0 (Ref. 19). Hence, for
all N = N,, the operators (I + QuL)™' exist and have uniformly bounded
norms (Ref. 19). Thus for N = N,, un = (I + QL) 'Qng is the unique
solution to un + QnLuny = Qng

To get (355) we first observe that Qnu is the best approximation to u
in the norm of X by an element in X, (Ref. 19), so that

lu — Qnullx = llu — un||x (356)
For the right-hand side of (355), use
u—uy=(I+L)"'g—(I+ QL) 'Qng = (I+QnL) '(I1 = Qn)u (357)

and

(I+QnL) ' =1—(I+QnL)Y'QnL (358)

Since I — Q is a projection, (I — Qn) = (I — Qn)?, and using this
and (358) in (357) gives

u—uy =(u—Qnu)—(1+ QNL)—IQN(L — LQn)(u — Qnu). (359)

But Qu is an orthogonal projection, so that [|[L — LQy|| = 0 (Ref. 13), and
taking norms in (359) (|Qn]l = 1)

"u - uN"X = "u - QNu"X + ”(I + QNL)_III "L - LQN" "u - QNu"X9
which shows that
lu — unllx =[1+ ¥(N)]|lu — Ont| x, N = N,

where y(N) = [|(I + QL) '||L — LQx|| » 0 as N - c0. O
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Theorem 19.2. Assume that (98) or (298) with » = 0 is solved by the
Galerkin method of Section 10.2 or 17.1.1. Then u, converges in L, to u,

lu = Qntilly = llu — un |l < [1+ y(N)1llu — Onutl. (360)

for all N sufficiently large, and y(N)-> 0 as N - oo.

Proof. Apply Theorem 19.1 with Qn = H¥PyH,, L = H}K, g =
HY¥f, and ¢, = ¢, k=0,1,2,.... a

To get more precise convergence rates for uy from (360) we apparently
need to know something about the smoothness of u. However, this problem
can be overcome if we observe that ||u — Quull., = |u — Hg'PnHy||,, =
|Ho'(Ho — PyHo)l|,, so that

lu —unll. =[1+ y(NIIHG (I ~ Py)Houllyv
=[1+ y(N)]|(I — Px)Houly,,

since ||[Hq'|| = 1. Nowif k(x, t) € C'andf(x) € C’, then Hou = —Ku +fe

rall 'S Py ctnndAord neagrismmont nioino I'.-.nl crnti’e tho~on Do
o, SO l..ual. da siandaarda alsuuxcul u:slus JACKSUT S LtCoOTCIl (NG

(I — PnYHou|l,/, = O(N7"), and
"u - uN“w = O(N_r), r> 0. (361)

19.1.2. The Direct Method. Here we observe that the previous results
can be obtained directly from (348) and (351) without passing to the
equivalent equations of the second kind. Using essentially the same argu-
ments as in Theorem 19.1, we find that for N = N,, {(Hy+ PyK) ™'} exist
and have uniformly bounded norms. Thus for N = N,,

u—uy = (Hy+ K)_lf“" (Hp+ PNK)ilPNf

= (Ho+ PnK)"'[(H,

IN== 5

K) ~ Ppl

S’
e
=

which gives
U— Uy = (H0+ PNK)—I[(I - PN)HOH].

But (Hy+ PyK) '= H,' —(Hy+ PyK) 'PyKH,', and using this and
(I"'PN)zz(I"'PN)’

U— Uy = Hal(l — PN)Hou

—(Hy + PNK)_IPN[KHEI(I — Pn)I(I — Py)Hpu
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From this, we get on taking norms and using ||Hg'|| = 1 that
lu — unllw = [1+ B(N)I(T — Py)Hoully/w, (362)

where B(N) = |[(Ho+ PnK) ||| P | KHG' — KHo'Py||. Since Pp is
orthogonal, |KH;' — KHg'Py| - 0, so that B(N)—> 0, N> o and ||u —
unll, = 0. Also if k(x,t) € C” and f(x) e C’, r >0, ||(I — Pn)Hou|1/w =
O(N ") so that ||Ju — un|l,. = O(N™"), r> 0.

Before leaving this section, we make several comments regarding the
mean-square convergence rate of Galerkin’s method. From (355) we see
that if we know something about the smoothness of u, then convergence
rates follow, while from (362) we need only know something about the
smoothness of the data k(x, t) and f(x), since this gives us immediate
information about the smoothness of Hyu. Because it is this latter informa-
tion that is usually available in most problems, direct error estimates of the
form (362) are usually preferable. However, there may be cases where the
kernel is not smooth, but the solution is, and then (360) is preferable. For
instance, this may happen when k(x, t) = a(x, t) log(|x — t]) + b(x, t) and
v = 0 in the generalized airfoil equation. As an example, the exact solution
formula for the Kiussner-Schwarz kernel shows that if f(x) is a polynomial,
then so is the solution u(x) (Ref. 13). Although little formal work seems
to have been done on this problem, let us give a heuristic argument as to
why logarithmically singular kernels may produce smooth solutions in this
case, and so numerical algorithms can have rapid rates of convergence.

For this, consider the equation

l][‘ wo(Du(t) dt+

T I I—Xx

J: wo(t) log(lx — t])u(t) dt = f(x),
where f(x) is smooth, and let

v(x) = Jr_ll wo(1) log(|x — #)u(t) dt.
Then formally,

o(x) = __J" wou(t) dt

F—Xx

»

so that v(x) satisfies the differential equation

~ L () + v(x) = f(x),
o
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which shows that v(x) is C"™' if f(x) is C’, and so v'(x) is C". Thus

l][ we(t)u(;) dr _ o), (363)

w f—
where g(x) e C’. Using the Sohngen inversion formula in (363), we find
that u(x) is differentiable if r is sufficiently large (for more precise results
consult Ref. 10).

Finally, as we mentioned in Section 9, Galerkin’s method may be
regarded as a degenerate kernel method. In fact, by explicitly computing
P Kuy, in (350), we find that PyKu, = Knuy where

Knun(x) = j wo( 1) kn (x, H)un (1) dt,

and

kn(x, t) = kgl Xk (x)Bi (1),
with

Bi(t) = I [k (x, )xu(x)/ wo(x)] dx

19.2. Mean-Square Convergence of Galerkin’s Method: » =1. Our
approach to proving the convergence of Galerkin’s method when » = 1 will
follow that of Ref. 16, where using a suggestion of Linz (Ref. 45), (104)-(114)
or (309)-(310) are converted to an equivalent problem of index zero, and
then the results of the previous subsection can be used.

Thus we consider the equations

s

Hu+ Ku=f (364)
{I(u) = M, (365)

where H, is given by either (63) or (297) and has index one, and so is not
invertible. We shall assume, however, that (364)-(365) have a unique so-

lution u € L, for each fe L,,, and that I(u) is bounded, so that it has the
representation

I(u) = Il wi(g(Nu(n) dt,  g(t)e L,.
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Now let L, /w be the Cartesian product of L,,,, and the real numbers
R. That 1s,

LAl/w = {(us X): ue Ll/w’ X € R}’
with the inner product
((uls xl)9 (u29 x2)) = (u11 u2)l/w + Xy X3,

and the norm

I N = (s + %72
Also define H,:L,, - LAUW by
Hu = (H,u, I(w)), (366)

and let g =Y, _ (& Vi)l = ¥y o &¥- In Ref. 16 it was shown that if
8o # OA(WhICh will certainly be true in the most common case where g = 1),
then H, is bounded with a bounded inverse, so (364)-(365) can be written

as the operator equation
Hu+ Ku={, (367)

where K: L, - f,,w is defined by Ru = (Ku, 0) andf (f, M).

If K is compact, O is K and (366) now has the form of an equation
of index zero, since Hl is invertible (but not necessarily unitary). To analyze
the convergence of Galerkin’s method we formulate it as a projection
method. For thls let Py be the operator of orthogonal projection of L,,,,
onto span{x.}is and define PN Ll,w -> L,,W by

Pu(ux)=(Pwu,x), wuely,,, xeR (368)

Lemma 19.1. Py is an orthogonal projection on f,,w and Ist—>f for
all fe L,,,,.

Proof. To prove that PN is a projection we need to show that P2 = PN
But PN[PN(u, x)] = PN(PNu, x) = (Piu, x) = (Pyu, x) = PN(u x), since
P2, = P,

To prove that PN is orthogonal we have to show for every two elements
(4, x) and (v, y) in L,,w that

(Pn (1, x), (1, ) = ((u, x), P (v, y)),
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which will establish that P¥, = P.. But
(Pn(u, x), (0, 1)) = ((Patt, 0))1jw + Xp = (U PaO)r/y, + 5,

since Py is orthogonal on L,,,.. Also {(u, x), Pu (v, ¥)) = (i, PnU)yyy + Xy
and orthogonality holds.

Because Pyu » u forall ue L. it follows immediatelv that -,f=

Nt el Pl e B e SO ""IIW’ fw ACRARSVY Y ARAaiiNNAileNa -“- = N

P (u, x) = (Paut, x) > (u,x) = f for all f € L,,,. O

Lemma 19.2. The Galerkin approximation u, satisfies the operator
equation

Proof. We note, using the definition of Py, that ux can be shown to
satisfy (Ref. 16)

Wun) = M. (371)

Since Hyuyn = Z:;o aH\, = Z:J:, A X -1 = er‘-\:ol Ay +1 Xk PvH un =
H,u,, so that (370)-(371) become

(up) = M. (373)

Using the definition of ﬁl, (372)-(373) are equivalent to

Hyun + PaRyuy = fi, (374)
where Ryun = (PnKu, 0) = Pu(Kuy, 0) = PyKun, and fy = (Paf, M) =
Pn(f, M) = Pnf, so that

ﬁ,uN + ISNIeuN = ﬁNf, (375)
which proves the lemma. O

Using Lemma 19.2 and the argument in the previous subsection we
arrive at the following convergence theorem for Galerkin’s method when
v=1.

Theorem 19.3. In (364)-(365) assume that K:L, - L, is com-
pact, and I(u) = §', w,g(t)u(r) dt, with g, = (g, ¢o), # 0. Then for all N
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sufficiently large u, exists, and
lu = Qnttll = lu = unll = LIATI+ ¥ (NI — Pr) Hyull, (376)

where Qy is the operator of orthogonal projection onto span{y,};—, and
Y(N)—->0as N » o,

Proof. This is a stralghtforward application of the result in Section
19.1.2, with H, being replaced by H,, K by K, P, by PN, andfbyf [note
that the unitarity of H, does not play an essential role in deriving (362),
the boundedness of H, and Hy' are sufficient]. ad

Corollary 19.1. |Ju — un|,, > 0, as N - co.

Proof. From (366) and (368) ||(I — Px)(H,u)|| = ||(I — Px)Hyull,,y,
s0 that

lu— unll. = (I — Pn)H ully) 0 (377)
Since Png-—»g for all gely,, (I—-Py)Hullyw—>0 and Ju-
un|lw - O. O
Corollary 19.2. If k(x, t) € C" and f(x) € C", then
lu — unfj = O(N™),  r>0,
Proof. Since Hiu = —Ku + f, Hyu € C’, and using Jackson’s theorem
to estimate |(I — Pn)H,u|,/,, the result follows from (377). O

19.3. Uniform Convergence of Galerkin’s Method: » =0, 1. To prove
the uniform convergence of Galerkin’s method we need some bounds on
the uniform norms of the normalized Jacobi polynomials {y, }x-o- These
bounds may be found, for instance, in Sz€go’s classical treatise on
orthogonal polynomials (Ref. 65).

Changing our notation slightly from Section 17, let p{**(x)
denote the kth Jacobi polynomial normalized so that ] (1—)*(1+
P[P dt = 1 (these are just the polynomials that we have referred
to previously as ¢,). Then [|p{>#|.. = O(k*""/?), where u = max(a, B, —

Theorem 19.4. If u, is the Galerkin approximation to the solution u
of (296) with v=0o0r v=1, k(x,1)e C’, f(x)e C', and r — u —3> 0,
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then ux converges uniformly to u and
lu — unflo = O(N #7372, (378)

Proof. To obtain (378) we use the mean-square convergence results
of the previous subsections and arguments analogous to those of Linz (Ref.
37) and foakimidis (Ref. 22).

. . o
Since u € L,,, we can expand it as u = Y, _, (¥, n. )i so that

N o0
U—un = kZO [y, ¥ndv — (lins i) 1 + kzéﬂ (U, gu)u,  (379)

and to bound |Ju — un|l we only need to estimate |(u, ¢n). — (Un, ¥idwl,
and (u, i), since Yo = O(k**"?). Now from our estimates of ||u —
un |l and the Cauchy-Schwarz inequality

K, Wi — i, Wil = flu = un |l lglls = lu — unll = O(NT).  (380)

To estimate |(u, Yo ).] we use the fact that (u, ¢,),, = (Hou, xi )1/ if
v =0, and (u, Y,).. = (H 4, xi 1)1/ if » =1, and show in both cases that
K, ¥n)w| = O(k™"). Since the proofs are essentially the same, we consider
only » = 0. For this let e,_, be the polynomial of degree <k — 1 of best
uniform approximation to Hyu, then

{(u, Y ) = (Hott, Xidryw = (Holt — €1, Xa)1/ws (381)

since {€;_,, xx)1yw = 0. Then using the Cauchy-Schwarz inequality and
Jackson’s theorem again

(Hou — ex—1, xsrywl = | Hott — €y [l1/w [ X "l/w

ek—illi/‘w = O(k_r)' (382)
Now taking norms on both sides of (379) and using (380) and (382)
gives (where the quantities ¢ are constants independent of k and N)

N o
lu—unllo=e X N7k 240, ¥ kT2=O(NTTERR)

k=0 k=N+1

This result agrees with that found by loakimidis (Ref. 22) who obtained
it by using regularization. For equations of the first kind with v = 1,
lu — un|lo = O(N""), wiich agrees with the result of Linz (Ref. 37). For
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v = 0, and equations of the first kind, (378) gives [[u — un[lo = O(N™™?),
r>2.

On the other hand, these results are slightly weaker than those of
Junghanns who obtained O(N~""**") convergence in this case (Ref. 41).
The discrepancy arises from the different methods used in going from
mean-square to uniform convergence. However, for practical purposes these
differences are not great.

19.4. The Sloan Iterate. As shown in Chapter 2 by Sloan, iterating a
Galerkin approximation for equations of the second kind has quite remark-
able superconvergence properties, and some of these results can be general-
ized to the Hilbert space setting for equations of the form Hu + Ku =
where H is invertible and K is compact. Thus they apply to CSIES with
v =0 or 1 when the polynomial-based Galerkin method is used. This
generalization seems to have been first proposed in Ref. 26 for the GAE
with v = 0, and then extended by Elliott in Ref. 40. However, in neither of
these papers were numerical results given, and the method appears to be
more difficult to implement than for Fredholm equations (a recent calcula-
tion is given, however, in Ref. 27). In light of this, our discussion will be
brief, although we feel that this idea warrants further investigation.

Suppose now that we have computed a Galerkin approximation uy
when » = 0 or » = 1. Then, as we have seen in the previous subsection, uy
satisfies an operator equation of the form

where H is invertible, K is compact, and Py is an orthogonal projection.
The Sloan iterate u’y is then given by solving

Huj = —Kuy + f, (384)
where uy is well defined, since H is invertible.
Theorem 19.5. u converges in L, to u and
lu— ulll. = cll K — KQullllu — Quti]l., (385)
where Qn = H ™ 'PyH.
Proof. We first show that u}, satisfies

Hul + KQpuy = f. (386)
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To see this, operate on both sides of (384) with P, giving
PNHu!;'V - _‘PNKuN + PNf= HuN,

where the last step follows from (383). Thus u, = H 'PyHuy = Quun
and substituting this into (383) gives (386)

- s — I 1D 1y TJha ethaagnnal ~eat

[ a1 PPN TP
INICC \’N — 11 rNﬂ, WIIETS fN la armi Uu.uusuﬂcu 1) CCRio

that || K — KQu|| = 0. Thus for all N sufficiently large, (H + KQN) ! exists,
and (386) has a unique solution uy = (H + KQu) ™ 'f. Hence

u—uy=H+K)'f—(H+KQ\)'f

=—(H + KQu) '[K(I — Qn)u], (387)
and since (I — Qn)? = I — Qn, (387) becomes
u—un=—(H+KQy) 'K(I — Qu)I — Qn)u (388)

Taking norms in (388) gives

lu — unlle = el K — KQn || lu — Qnull.,

which establishes the convergence of uy to u. 0
Letting B(N) = ¢|| K — KQxu/||, we see that B(N) - 0 as N » o0 so that
lu — uill. = B(N)||lu — Quu|,, which shows that uj converges more
rapidly in L,, than uy.
If » = 0, and we have smoothness conditions on k(x, ) and f(x), then
it follows that uy converges in L,, at twice the rate of uy. This is analogous
to the superconvergence results in Chapter 2 for Fredholm equations.

Theorem 19.6. Suppose that » =0, k(x, t) € C" and f(x) € C’, then

Ny — 5 1 = O(N 20 v > () (1R0)
"u HNIIW U\J‘ }, r - e \JU)}

Proof. Since v =0, Qn is an orthogonal projection, so that ||K —
KQun|| = O(N™), and ||lu — Qnul|,, = O(N"). Thus (389) follows immedi-
ately from (385). a

19.5. Convergence of the Collocation Method. As for Galerkin’s
method, the collocation methods developed in Sections 11 and 17 can also
be analyzed as projection methods, the one major difference being the fact
that the projections involved are not bounded in L,,,,. Since the details, as
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shown for Galerkin’s method, are essentially the same for indices zero and
one, we will carry out the calculations for » = 0, as those for » = 1 can be
reduced to this case.

We begin by showing that the algorithm given by (316) and (317) can
be formulated as a projection method, establish its mean-square conver-
gence, and then obtain uniform convergence in the same manner as for
Galerkin’s method. To prove these theorems we need a classical resuit in
interpolation theory—the Erdos-Turan theorem (Ref. 65) which we state
as Theorem 19.7.

Theorem 19.7. See Ref. 65. Let w(t) be a nonnegative integrable weight
function such that ]2 t"w(r)dt <oco, n=0, and let {Y}i-o be a set of
orthogonal polynomials associated with w(t) (Ref. 65). If px (#) is the unique
polynomial of degree < N obtained by interpolating the continuous function
f(1) at the zeros of Y 4,(2), then

lim I w(OLA(1) — pn ()T dt = 0. (390)

In functional analytical terms we can state Theorem 19.7 in the follow-
ing way. Let Px: C° > L, be the operator which maps f(¢} onto pn(t) [ Px
is well defined because the interpolant px(t) is unique]. Py is a projection
operator, and for fe€ C°

If — Pnfll = 0. (391)

Also, Py considered as an operator from C°to L,, is bounded, and (Ref. 1)

b 1/2
IPnllcoar, = [I w(t) dl] . (392)

a

Now let w(t) be the weight function when » =0 and let Py be the
operator which maps g(t) € C° onto its polynomial interpolant at the zeros
of xn+1- Then it follows easily from this (Ref. 1) that u,, the collocation
approximation, satisfies

PuHqun + PxKuy = Prf. (393)

Since Hyupy is a polynomial of degree < N, PyHoun = Hyup so that (393)
becomes
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With these preliminaries we are now ready to establish the mean-square
convergence of uy,.

Theorem 19.8. Let k(x, 1) be such that K defines a compact operator
from L, - C° and assume that f(x) is continuous. Then uy converges to
uin L, and

lu — unll. < c||Hou — PyHout]] /1, (395)

Proof. Since K is compact from L, » C°, Py is bounded from C° -»
L, and Png > g, for all g € C°, it follows that |[K — PyK| - 0 (Ref. 19).
From this point on the argument is essentially the same as in Section 19.1.2.
That is, for all N sufficiently large, N = N,, (H,+ PyK)™' exists and
their norms are uniformly bounded. Thus for all N= N,, un =
(Hy + PnK)™' P exists,

u—un = (Ho+ PnK)'(I — Py)Hou, (396)
and

lu — unlly/w =< €| Hou — PnHoully.,.
Because Hyu = —Ku + f is continuous, it follows from the Erdds-Turan
theorem that || Hyu — PxHou|l,,,, = 0. g

Note. Using a generalization of the Erdos-Turan theorem (Ref. 65),
it suffices to have f(x) Riemann integrable for Theorem 19.8 to hold. Thus
the standard collocation method converges in L, if f(x) is a step-function.

With a little extra work we can get convergence rates identical to those

for Galerkin’s method.
To see this, let en be the polynomial of degree =N of best uniform
approximation to Hyu. Then

| Hou — PNHo”"l/w = ||(H0u —en)+ Py(en — Hou)"l/W

= ||Hott — enll1/w + [ Px]| C°—»L,,“,||Hou — en ||,

(397)

and if k(x,t)e C" and f(x)e C’, r> 0, it again follows from Jackson’s
theorem that both terms on the right in (397) are O(N~"). Thus u,, converges
touin L, and

l4 —uxll, = O(NT). (398)
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If one examines the proof used to establish uniform convergence in
Theorem 19.4, then it can be seen that only the estimate (398) is used along
with the uniform bounds on {i,}_o. Thus under the same conditions as
in Theorem 19.4 we find that uy converges uniformly to # and ||u — uy || =
O(N_ r+,...+3/2).

19.6. Convergence of the Discrete Galerkin Method. In Sections 19.1-
19.3 we established the convergence of Galerkin’s method assuming that
all the integrals {{Kyn, x;h/w} and {{f, x;)1/w} were calculated exactly.
However, as we noted in Sections 10 and 17 this is rarely possible in practice,
and usually some numencal method must be used. Here we examine the
convergence of the discrete Galerkin method proposed in Sections 10 and
17 when » =0 and 1 and prove uniform convergence if k(x, t) and f(x)
are sufficiently differentiable.

The approach taken to analyze convergence in this case is through the
use of perturbed projection methods for equations of the form Hu + Ku = f,
where H is a bounded invertible operator from a Hilbert space X to another
Hilbert space Y, and K is compact (Ref. 42). We shall only outline the
basic details of the theory; for more information the reader should consult
Ref. 42 or Ref. 87.

19.6.1. Perturbed Projection Methods. Let X and Y be Hilbert spaces
with inner products (-, -)x and (-, -)y respectively, and let X5 be a
finite-dimensional subspace of X. Assume that H: X - Y is bounded with

a bounded inverse and let
YN - HXN = {yN e Y:y - HxN, xN [ XN}-

Also assume that P, : Y - Y}, is abounded linear projection [this condition
can be relaxed (Ref. 88)], let K: X - Y be compact, and assume that the

equation
equatio

(H+K)u=f (399)

has a unique solution u € X for each fe Y.
To approximate u, we consider the sequence vy, € X, which is defined

by

where Ry, : Xn - Yn is a linear operator and ry, € Yn. Let Qn = H™'PyH,
which is a bounded projection from X - X,,, and denote by ||Ry| v the
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operator norm of Ry induced by the norms on X and Y. Then we have
the following theorem (Ref. 88).

Theorem 19.9. Given all the definitions above, assume that [|f —
Puflly 2 0, forall fe Y, ||Ry|ln = O, and ||ra]ly = O. Then | K — PuK|| >
0, and for all N sufficiently large, say N = N,, the operator Ay =
H + PyK + R, restricted to X, has an inverse Ay : Yy = Xy, so that
(400) has a unique solution

vn = AN (Paf +rn). (401)

Moreover, the norms ||Ay/ ||~ are uniformly bounded, and
lu—onlix = c(llu — Qnullx + IRNIIN + llrnllv)- (402)

Proof. See Ref. 88. a

Since ||u — Qnullx = |H™'(Hu — PyHu)||x =< |H™'|||Hu — PxHully,
|u — Qnujlx = 0, and it follows from (402) that v, converges to u.

To apply Theorem 19.9 to prove the convergence of the discrete
Galerkin method, we need to show that the discrete Galerkin approximation
defined in Sections 10 and 17 satisfies an equation of the form in (400) for
properly chosen values of R, and ry. For conciseness we consider only
the case » = 0, as the details for » = 1 follow in a similar fashion by using
the operator formulation (367) (Ref. 16).

Now define Py : L,,,. » span{y;}i_o = Yn by

N N [V
Prnu= ) [ )} U:Xk(x;)u(x;)]x;(x), (403)

ji=olL =0

and K:L, —» L. by

Ku= Y Wuk(x, t,)u(ty), (404)
m=0

where the quadrature rules are defined as in Sections 10 and 17.1.1. Then
with some tedious algebra, it can be shown that the discrete Galerkin
approximation vy satisfies (Ref. 16)

Hoon + BuKon = Pof. (405)
Rewriting (405) as

HDUN+PNKUN+(ﬁNIE"PNK)UNZPNf"“(ﬁNf_‘PNf), (406)
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(406) is equivalent to

HovN + PNKUN + RNUN = PMf+ Fry (407)
where
Ry =PyK —~PyK and  ry = Pof— Puf (408)

In Ref. 16 it was shown that

N N
Ryon = — % bk( Z Ekj/Yj), (409)
i
and

N
rN = - Z erja (410)

r in approximating {f, x;h/» by the quadrature ruie
Q,_( ;) and E,; is the error in evaluating (K, x;1/ by the product
quadrature rule Qn X Q. (kx:) (Ref. 16). From (409)-(410) it follows that

(Ref. 16)

N N 1/2
IIRNIINS(Z ) E?g) (411)
J=0 k=0
and
N 1/2
I = (L &2) @12
j=0
<o we now need to ectimate {2 _ and {F N
SO WE NOW NeeC 10 €51UMNAL 1§5,=0 aNC (L7 ju=0-

Theorem 19.10. Suppose that the quadrature rules Q. and Q,, have
polynomial precision =2 N, and that the weights {07} {5 and {w,,} m<%’ are

positive for all N=0. If fe C’, r > 0, then

le| = O(N™"), 0<j=N, (413)
and

|[Eyl = O(N™), 0=, k)=N. (414)
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Proof. By the definition of ¢;,

L(N)

1
=I Lf(Dx(n)/w()ldt — ¥ af(t)x(n), (415)
-1

=0

and lpthn

denals An wwnaa

of degree = N,

Z
o

be the polynomial of best unif:
e IJ..IV..““ WAL S NI LiAARD

1
€ = I 1 [(f — pn)(D)x(0)/ w(t)] dt

" (1 L(N)
+ I [pn(D)x () /w(t)] dt — X UJPN(’I)X;(’:)]
LJ 1 =0

T L(N) L(N)
+ Z'o opn()xi(t) — lgo C"Jf(‘l)Xj(‘l)], 0=j=N. (416)

Cince ). hae nr em Inn =97N the fi

[ U ¥R YL BACLD l.l L) ¥ —_— i " L3 ¥ AN llrst
is the quadrature error in integrating py
degree <2N for 0 <j < N. Thus,

t ™m ln hracketc 1c

L5 1N ) e I )

()x; (1), W‘illch

h

zZ 1
ap ynomlal of

1 L(N)
I%ISIIf—pNIIm{I [x; (Dl wie)] dr + Z mlx,(t,)l}- (417)

By the Cauchy-Schwarz inequality for integrals and sums,

1 q1/2

1
L ol wialar=] | di/w(o) | gl

L J -1

-1 q1/2

= d'/w(')j s (418)

L J -1

and

L(N} L(N) 172 [ L(N) 172
> 0’1|Xj(fl)| = ( > Ul) > UIX_?(II)]
1=0 I=0

1=0

1 1/2 1 1/2
= U_l dt/w(r)] Ixilly/w = U_l d'/W(')] - (419)
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Thus,
lel = cllf — prlle = O(NT),

where the last estimate follows from Jackson’s theorem.
A similar proof shows that the error

|| wor@umar="3 wfau)| =0, 0sjsN,
- i (420)

as well.
To estimate E,; we have

1 1
Ey = I 1 I [w(»)/ w(x)]k(x, y)u(y)x;(x) dx dy
-1J-1

L(N)Y M(N)
~ EO ZO O Wk (X1, Yor) Y (V) X3 (x1), (421)
and letting
1
gly) = J 1[l'c(x, Y)x;(x)/ w(x)] dx, (422)

1
E,; = I_ w(y)e(¥)(y) dy

M{N) | L(N)
- X [ ) mx,-(x:)k(x:,ym)] W (V) (423)

I=0

Defining k.. (x) = k(x, y,,), the sum in (423) is

M(N)

Z Wm'rbk (ym)QL(kaJ)a (424)

m=0

and
1

Qulknx;) = j

1 L (% ym) x5 (x)/ w(x) ] dx ~ ey (kmx;)

= g(ym) - eL(kaj)s (425)

where e, (k,x;) is the error in integrating k,,x; by Q.
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Substituting (425) into (424) gives

1 M({N)
E,; = U_l w(y)g(V) v (y) dy — Z=O wm%(ym)g(ym)]

N\ wir ale £y VYo 1 2\ { AL
L YWmWEk\JDmJCI\MmAj ) \¢2U)

By the first part of the theorem,
le(kmx;)| = O(N™"), 0=j=<N,

uniformly in m, and the first term in (426) is O(N™") as well. Thus

M(N}
]Ekjl = CIN—r+ CZN—r( Z wml'sbk(ym)l)- (427)
m=0

S RTTIN (]

O(N™),0=(j,k)= N 0

P S % DL P I o T |

But the last sumin (427) is bounded by a constant [using the same argument
as for (419)] giving | Ey;| =

Theorem 19.11. (z = 0). Let vy be the discrete Galerkin approxima-
tion defined by (130)-(131) or (314)-(315), and assume that Q, and Q,,
satisfy the conditions of Theorem 19.10. Then, if k(x, t) € C", and f(x) € C’,
r> 1, vy converges in L, and

lu — onfl. = O(NT). (428)

Proof. That |Ry|n = O(N ™Y and |rxllyw = O(N™""V?) follow
from (413)-(414) and Theorem 19.10. In Section 19.1.1 it was shown that
|lu — Qnull,. is O(N™"), so the error estimate (402) gives

=11
i

lu ~onlle = O(N™)+ O(N™") + O(N™"V?)

= O(N™), r> 1. d

Corollary 19.3. Under the conditions of the theorem, the discrete
Galerkin method converges uniformly to u if r — u +3 > 0, and then

lu — onlle= O(N"""#"72), (429)

Proof. The proof follows in exactly the same manner as going from
Theorems 19.2-19.3 to Theorem 19.4, except now the estimate ||u — un ||, =
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O(N7™") is replaced by Jju — unll, = O(N™"1) in (379), and this leads
directly to (429) and the corresponding convergence result. O

Corollary 19.4. If » = 0, and Q,; and Q. are the N + 1 point Gaussian
quadrature rules with respect to w(t) and 1/w(t) in Theorem 19.11, then
the results of both Theorem 19.11 and Corollary 19.3 are valid.

Proof. As is well known, Gaussian quadrature with N + 1 nodes
has precision 2N + 1= 2N, and positive weights, and so the results
follow. a

To get similar results for » = 1 we have to make some minor changes
in our arguments for » = 0. First, we assume that the auxiliary condition
I(ux) 1s evaluated exactly, so that the mean-square convergence result of
Theorem 19.3 is valid. Also (Ref. 16)

N-1
j=0
and
N N-1
Ry =— 2 bk( EIq‘Xj)’ (431)
k=0 j=0

where ¢ is the error in numerically integrating (f, x;)1,» by Q., and E,; is
the corresponding error for ( Ky, x;)1,.- In this case, since deg(x;) = N — 1,
0=<j=< N —1, we only need Q, to have precision 2N — 2 for Theorem
19.10 to hold. Thus, in this situation, if Q,, is the Gaussian quadrature rule
for w(t) with N + 1 nodes, and Q_ is the Gaussian quadrature rule with
N nodes, the results in Theorem 19.11 and Corollary 19.3 are true. O

Last we note that if Gaussian quadrature rules with N + 1 nodes are
used when v = 0, and those with N + 1 and N nodes are used if » =1,
then the discrete Galerkin method is mathematically equivalent to colloca-
tion (Ref. 1), and so Theorem 19.11 and the following corollaries and
comments can be used to give convergence proofs for that method, but
under slightly stronger differentiability conditions on k(x, t) and f(x) than
in Section 19.5.

Following a similar line of reasoning we can also prove convergence
of the Gaussian quadrature method when polynomial interpolation is used
to obtain a global solution.

19.7. Convergence of the Gaussian Quadrature Method. Here we will
show that the Gaussian quadrature method for =0 or » =1 using a
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polynomial interpolant 1s equivalent to a perturbed Galerkin method, and
so we can obtain a convergence proof of that method from the results of
the previous subsection. Again we concentrate on the details for » = 0.

Lemma 19.3. Suppose » =0 in (313), and the inner products are
evaluated by using Gaussian quadrature rules with N + 1 nodes. Then

o

Proof. Because Q. has precision 2N + 1, {x;, Xjhi/w = Z,’io o x; (X)) X
xj(x,) so that

b; = RZ_:O [ 2 o'le(xl)Xj(xl):I by,

I=0

and substituting this back into the discrete Galerkin equations (314) gives

> [IZ Ule(xl)Xi(xl)]bk +kZ bk[ D) WOk (X, tm)'v!’k(fm)Xj(xl)]

k=0 LI=0 =0 m=0 =0
N
= Eo o f(x) x;(x), 0=j=N. (432)
But
N N N
> [Z Ule(xl)Xj(xl)] b, = ) UlyN(xl)Xj(xl), (433)
k=0 Li=0 I=0
where
N
n(x) = Y bxe(x) = Hyon(x,), (434)
k=0

so that (432) simplifies to

N N N
Eo o Hovn () x; () + Eo Z=0 O WK (Xp, 1 )UN (1) X;(1)
= ¥ onfGadx(x)s J=0,1,2,...,N. (435)

I=0

Since the matrix [x;(x)], (j,1) =0,1,2,..., N, is invertible, and o; > 0,
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(435) are equivalent to (Ref, 16)

N
Hoon(x)) + X wuk(x), t)OnN(8,) = f(x), 1=0,1,2,...,N. (436)

m=0

Since the Gaussian quadrature rule (181) with N + 1 nodes is exact
for all polynomials of degree <2N + 2,

HODN(xl) =£ g M, (437)

m=0 Im — X
so that

b N m tm N
— Z _W vN( )+ Z ka(x;, tm)vN(tm) =f(xl), I=09 1929"'9 N’
m=0

Wm=0 tm ——x’

which are identical to (322). O

A similar calculation using Gaussian quadrature with N nodes to
evaluate (f, x;)1;» and {xx, X;)1/ws (J, k) =0,1,..., N — 1, shows that the
discrete Galerkin system for » = 1 is the same as the quadrature system if
I(vy) is evaluated exactly. From these observations we arrive at the following

theorem.

Theorem 19.12. Assume that k(x, t) e C" and f(x) € C’, where r —
mw—3>0.1If v=0 or » = 1, then the Gaussian quadrature method using
the Lagrange polynomial interpolant v, with /(vy) computed exactly if
v = 1 converges uniformly, and

lu — vn [l = O(N""#+3%), (438)

Proof. The proof follows from the convergence results of the previous
subsection, Lemma 19.3, and the comments following it. O
It 1s interesting to compare the conditions for convergence obtained
for the polynomial interpolant vy with those for the Nystrom interpolant
un when » = 1 and (296) is an equation of the first kind. In that case . = —1
so that (438) gives f|u — o]l = O(NT""?), r > 2. Thus, in our proof, the
data are required to have Holder continuous second derivatives, while
Gerasoulis in Ref. 68 requires only C' data for the convergence of the
Nystrom interpolant. On the other hand, Junghanns gets O(N ~"*'2) conver-
gence for the polynomial interpolant, which requires only that the data be
Holder continuous of order u > 3 (Ref. 41), and this seems to be the best
result available in this case (Elliott in Ref. 15 has given a similar result).
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It is not clear whether the conditions for convergence of the discrete
Galerkin method can be weakened. However, we have chosen it as a way
of presenting the convergence proofs for the standard polynomial approxi-
mation methods primarily because it unifies the presentation, and we find
it somewhat less complicated analytically than some of the other proofs in
the literature (Refs. 15, 41, 68).

20. Conclusions

We have given an overview of many of the polynomial-based algorithms
that have been developed for solving Cauchy singular equations with con-
stant coefficients. As one can see, the basic theory is essentially complete
for this class of problems, but many practical problems of implementa-
tion and application remain. Extensions to equations with nonconstant
coefficients have also been made, and this will be taken up by Elliott in the
next chapter, an area where many important advances can be expected to
occur in the near future. We hope that the reader will find this and subsequent
chapters a useful reference to what has become a substantial body of

knowledge.
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Convergence Theorems for Singular Integral Equations

D. ELLIOTT

Abstract. After describing a theory for singular integral equations with
Cauchy kernel on the arc (—1,1), a general convergence theory fot
approximate methods of solving such equations is proposed which
includes estimates of rates of convergence. This theory is then applied
to two well-known direct approximate methods.

1. Introduction

In this chapter we shall consider convergence theorems for approximate
methods of solution of the singular integral equation, taken over the arc
(—1, 1), given by

a(t) (1) + b::) o(r)dr, j

-1 T— I

k(t, 7)¢p(7) d7 = f(1). (1)

The first integral appearing in Eq. (1) is a Cauchy principal-value integral
which is defined by

1 t—g 1
¢ (7) dT: fim (I +I )qb(T) d'r, @)

-1 T— 1 e—+0+ -1 +E T— 1
provided of course that the limit exists. In Eq. (1) we assume that the
functions a, b, k, and f are given and it is required to determine the function
¢. In another chapter, details concerning various algorithms for the solution
of Eq. (1) when a and b are constants have been given. But for convergence
theory we have no need to be quite as restrictive since many of the techniques
carry over to this more general equation. The problem then becomes one

D. ELLiOTT ® Department of Applied Mathematics, The University of Tasmania, Hobart,
Tasmania, Australia 7001,
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of implementation of the algorithm, a topic with which we shall not concern
ourselves in this chapter. It is trite to say, but it is nevertheless important,
that one needs a good understanding of the theory of the solution of Eq.
(1) before we can consider the behavior of approximate methods. The
standard reference for this theory is the classic text by Muskhelishvili (Ref.
1). However, other theories have been produced over the years and we
might mention the theory in L, space considered by Tricomi (Ref. 2) and
Widom (Ref. 3). Levinson (Ref. 4) assumed that ¢ was analytic at interor
points of [—1, 1] but infinite at the endpoints such that |¢ ()| = C(1 + 1)
near t = —1 and (1) = C(1 — 1) ? near t = 1 where 0 < o, B < 1. In the
next section we shall consider a modification of these theories that appears
to be appropriate to the equations which arise in practice. The theory is
slightly more general than that given by Muskhelishvili but simplifications
do arise. Having established the theory in Section 2 we shall consider
approximate methods and their convergence in the remaining sections. In
Section 3 we briefly touch upon indirect methods of approximate solution.
In Sections 4-5 we consider, in more detail, direct methods. The general
theory is given in Section 4 and particular applications of the theory are
given in Section 5.

Throughout this chapter we shall omit many proofs. Frequent reference
will be made to two Technical Reports by the author, Refs. 5 and 6, where
proofs of many of the theorems quoted here will be found.

2. A Theory for the Singular Integral Equation

Throughout we shall write

1 (" ¢(r)dr

m g T—t

T¢(1) = ., —1<t<1, (3)

and, referning to Eq. (1), we shall write
M¢ = a¢ + bTo, (4)

this being known as the dominant part of Eq. (1) which, when k % 0, is
known as the complete equation.

The starting point for all our subsequent analysis is the observation
that if 1 <p < oo then T is a bounded linear operator on L,(—1,1), the
space of p-integrable functions defined on (—1, 1), into itself. This is an
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immediate consequence of M. Riesz’s famous theorem (Ref. 7) concerning
the Hilbert transform. If, as usual, for a given p we define g by

+—-=1, (5)

"y |

1
p

the following theorem, due to Khevedelidze (Ref. 8), will be of considerable
importance.

Theorem 2.1. Let w(7)=(1— 7)“(1+ 7)". Suppose 1 < p < © and
—-1/p < a, B < 1/q. Then there exists a constant C = C(p; a, B) such that

IwT(d/w)ll, = Cligll,, (6)
forall ¢ € L,(—1.1).

With these preliminary comments let us now introduce the space of

P\ R SR TG-S TR TR | (C PR S 3 2 SN P S Tt T .
functions which we shall denote by f1{ p,, p;) and define as

Definition 2.1. A function ¢ defined on the interval (—1,1) is said
to be in the space H(p,, p2), 1 = p,, p, = o, if it satisfies the following
conditions:

(i) ¢ 1s Holder continuous on every closed subinterval of (—1, 1),

(ii) near t = -1, |¢p(D)| = CA+ 1) ™M, 0= y, < 1/py,

(iii) near t = +1, [$(1)] < C(1 ~ 1), 0= %, < 1/p,,
where C is some constant.

We allow p,, p; to take the value +co if we require ¢ to be continuous and
therefore bounded at an endpoint. Thus, for example, the space H (oo, 1)

LRIRASELILT REIWS

subinterval of [ 1, 1) butintegrable at +1. Muskhelishvili (Ref. 1) developed
his theory for the space H(1,1). A norm on the space H(p,, p,) will be
defined as follows:

Definition 2.2.
(i) For ¢ € H(py, 2), 1 = p,, p» < a norm will be denoted and

defined by

1/p,

1
6o = (| 10 =g ar) ™ e
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(ii) For ¢ € H(pIQm)s 1 = pl <o

1 1/p,
(8l = (| =N ar) " (7b)

(iii) For ¢ € H(co, p;), 1= p, <o,

r 1 w 1/n
¥2

Ioleern={ | u+aﬂm&%m). (7¢)

(iv) For ¢ € H(co, c0),
¢ llocy = max |p(7)]. (7d)

ref-1,1]
For given values of p,, p, the numbers g,, g, will always be defined
such that

1/;m+1/q,=1, (8a)
1/p2+1/g.=1. (8b)

In the remainder of this chapter, H( p;, p,) will denote the normed space

of functions satisfying both Definitions 2.1 and 2.2.
From these definitions we can prove the following theorem.

Theorem 2.2.
(a) Suppose ¢ € H(p\, p,) and ¢ € H(q,, g;) where 1 = p;, p, = .
Then

= "qblllPl.Pz)ll.thl(Qh‘lz)‘ (9)

U_l ¢(7)y(7) dr

(b) If1 < p,, p, < o0, then T is a bounded linear operator on H( p,, p>)
into itself.
(¢) If 1 < py, p» <o and a and b are Holder continuous on [—1, 1],

n H(n, »n.) into itself
a1 i & \‘,l"-’" ALA BN AL Wwa -

Proof. See Elliott (Ref. 5). O

In addition we need to introduce the Parseval theorem and the Poin-
caré-Bertrand formula as applied to the space H( p,, p,). These two results
prove to be invaluable analytic tools in the development of the theory.

Theorem 2.3 (Parseval’s theorem). Suppose 1=<p,, p,<c0. If ¢p €
H(p,, p.) and § € H(q, q;) then

I_l{¢(T)T¢(T)+ Y(7)Th(7)} dr = 0. (10)
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Theorem 2.4 (Poincaré-Bertrand formula). Suppose 1 < p,, p, < co.
If € H(p,, p;) and ¥ € H(q,, g,), then at all points of (—1,1)

T(¢TY +yTe) =T Ty — ¢ 4. (11)

For the proofs of both these theorems, see Elliott (Ref. 5).

It is well known that we cannot discuss the solution of the equation
M¢ = f without considering the adjoint M™ say of M. We shall define the
adjoint as follows:

Definition 2.3. For a given operator M:H(p,, p,) > H(p,, p,) the
adjoint operator M™ is such that for all ¢ € H(p,, p2) and ¢ € H(q, ¢>)
we have

Me(7)y(7) dr = J:l ¢(IIM™¢(7) dr. (12)

As an immediate consequence of this definition and bearing in mind
Parseval’s theorem we have

M™¢ = ay — T(by). (13)

With these preliminaries established we can now commence to solve
Eq. (1), but this we must take in easy stages; we shall start by considering
the homogeneous, dominant equation M¢ = 0. Before proceeding we shall
make a further assumption that the equation is regular, that is, neither a + b
nor a — ib vanishes on [—1, 1]. If we define

r’(t) = a’(1) + b*(1), te[-1,1], (14)

1]. elated to these

’
which 1 nnhnnnne on
¥Y LAR

Wil RILILERLALARSLELT

2 .
then we shall assume that r° is never zero on [—1
f

r‘nnml‘lnﬂfe we need to define a fllf‘l’hnf function

CARSLL

[—1, 1] and satisfies the equations
exp[+#i0(t)] = [a(t) F ib(0)}/r(t), te[-1,1], (15)

where the upper and lower signs go together. The insistence on the continuity
of @ implies that r, which is obtained from (14), must also be continuous
on [—1, 1] so that appropriate branches of the square-root function must
be thosen. We shall not here give the details of solving M¢ = 0; suffice it
to say that we proceed, as does Muskhelishvili, by introducing the Cauchy
integral of # in the complex plane with [—1, 1] deleted and applying the
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Sokhotski-Plemelj formulas. This reduces the problem to a homogeneous
Riemann-Hilbert problem from which our desired solution can be found.
To state it explicitly we first introduce integers ny, n, as follows. If Re (—1)
is an integer we choose

n, = Re 6(—1); (16a)

otherwise we require
[Re 0(—1)—1/p] <n <1+[ReO(—-1)—1/p] (16b)

Similarly, if Re 6(1) 1s an integer we choose

n, = —Re 6(1); (17a)
otherwise we require
—[Re 6(1) +1/p.] < n; <1—[Re 6(1) +1/p.]. (17b)
Having determined n,, n, we define a third integer, the index k, by
k(p1, p2) = —(m + ny). (18)

The significance of this integer will be apparent later.
We now introduce the fundamental function Z which is given by

Z(H)=01-0)"1+ DPQ(n, re(—1,1), (19a)
where
a =n,+ Re 6(1), B =n,— Re6(—1), (19b)

and

O(t) = exp{j (0(73___ f(t)) dr+[6(t) — Re0(1)]log(1 — 1)
—[0(t) — Re 6(—1)] log(1 + t)} s (19¢)

for t e [—1, 1]. We observe that

—-1/p<a<l/g, and —-1/p <B <1/q. (20)
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Furthermore, we have that £} never vanishes on [—1, 1] and is also bounded,
so that there exist constants ¢, C such that

O<e<|Qt))] < C<co on[—1,1]. (21)

Also the fundamental function Z has been constructed in such a way that
Ze H(py,p,) and  1/Z € H(q, q2) (22)

From (19a) we see that Z is defined only on (—1,1). We shall however
require an extension of Z into the complex plane and this gives rise to the

canonical function of M in H(p,, p,)- This is denoted and defined by

'9("')""'], zeQ\-1,1].  (23)

X(.z) =1+2)"(1—-2)" exp[j

1 T— zZ
The relation between X and Z on (—1, 1) is given by

[X*(nX (D] = Z(1), (24a)
and

Z(t) =[a(t) £ib(H)]X*(1)/r(1), (24b)

where again the upper and lower signs go together.

We are now in a position to state the solution of the homogeneous
equation M¢ = 0. When k <0 it transpires that the only solution in
H{p,, p,) is the trivial solution ¢ = 0. However, when « > 0 we shall find
x linearly independent solutions given by

d() = b(NFZ(D/r(1),  k=0(1)(x —1). (25)

This analysis of the dominant equation has enabled us to introduce the
functions Z, X and the index x which are so important in the general
solution of the complete Eq. (1). But before we proceed with this, first by
considering the inhomogeneous dominant equation M¢ = f, let us consider
briefly the homogeneous adjoint equation. We may proceed as before to
consider the solution of the homogeneous equation M™¢ =0 for ¢ €
H(q,, g2) where M ™ is given by (13). We find that if «™ denotes the index
of M then

k(p1, p2) + k*(q1, g2) = 0. (26)
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Furthermore, when «™ =< 0 the equation M ™y = 0 possesses only the trivial
solution ¢ = 0. However, when «™ =1 then M™y = 0 has x™ nontrivial
solutions in H(4g,, g,) given by

G(0) = /[Z(Hr(N], Kk =0(1)(x*—1). (27)

The fundamental function of M™ in H(q, g,) is given on (—1,1) by Z™!
and the canonical function in the deleted complex plane is defined by X .
Thus we see that for all values of x(p,, p,) we have

k = dim(ker M) — dim(ker M™), (28)

which justifies the use of the word “index™ for the integer .

So much for the adjoint equation. We now require some further relation-
ships between q, b, r, and Z and to this end we introduce the idea of the
principal part of a function.

Definition 2.4. Suppose that a function f has a Laurent expansion
about the point at infinity given by f(z) =YX _. fiz/ where fy # 0. The
principal part of f at any point z, € C is denoted and defined by

p-p-(f; 20) = gosz{}- (29)

We can now establish the following result.

Theorem 2.5. Let P be any polynomial. Then for t € (-1, 1),

AUZ4OLIUN (T(EZ—P))(:) — pp(PX; 1); (30)
r(t) r
a(t)P(1) _ QE B 1
—___r(t)Z(t) (T(rz))(t) = p.p.(PX7 4 1). (31)
Proof. See Elliott (Ref. 5). O

Let us consider now the dominant equation M¢ = f where we assume
that f € H(p,, p,) is given and we require ¢ € H(p,, p;). When «(p,, p;) =
0, we have seen that the homogeneous adjoint equation M ™y = 0 has only
the trivial solution in H(g,, g;) so that M¢ = f will then possess a solution
forevery f € H(p,, p.). However, when k( p,, p,) < Othe equation M ™y =0
possesses nontrivial solutions in H(q, g;) [see (27)] so that we cannot
solve M¢ = f for every f in H(p,, p,) but only for those f such that

GOl o
I_lr(T)Z(T)dT‘O fork = 0(1)(—x —1). (32)
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These equations are known as the consistency conditions.

To solve M¢ = f, if we multiply this equation by 1/rZ, take the T
transform of each side, use the Poincaré-Bertrand formula, and use (31)
we find that

¢ = M'f+ ¢, (33)

where ¢ is any solution of M¢® = 0[see (25)] and M is a pseudoinverse
of M defined by

(D) A m(D)] o

Obviously this pseudoinverse is an important operator in our analysis and
one of its most important properties is given by the next theorem.

Theorem 2.6. If 1 < p,, p, < o0, then M is a bounded linear operator
from H{(p,, p,) into itself.

The proof of this theorem requires Khevedelidze’s theorem (Theorem 2.1)
and details are given in Elliott (Ref. 5). We observe that the case of
1= p2 =1, which is the case considered by Muskhelishvili, is excluded
from this theorem.

Returnmg to (34) it is not difficult to show that the homogeneous
equation M’ ¢ = 0 only possesses nontrivial solutions when x(p,, p2) <0
and these are given by

& (1) = bt*,  k=0(1)(—x—1). (35)

When «(p,, p2) =0 the only solution of M'q’; =0in H(p,,pz) 1s ¢ =0.
Again the Poincaré-Bertrand formula can be used to show the following
theorem.

Theorem 2.7. If ¢‘” and ¢ denote any elements in the null spaces
of M and M’ respectively, then

M'M¢ = ¢+ ¢, (362)
MM'¢p = ¢ + 6. (36b)
As an immediate corollary of this we have

{MM’M = M, (37a)
M'MM' = M, (37b)
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a pair of equations which justify the use of the phrase “pseudoinverse” to
describe the operator M.
Let us now consider the complete equation (1) which we shall write as

M¢ + K = f, (38)

where
1

(Ke)(1) = J: k(t, )p(7)dr,  te(—1,1). (39)

If we rewrite Eq. (38) as M¢ = f — K¢ and assume, for the moment, that
the right-hand side is known, then we have from (32) and (33) that provided

J:l ?(_-.—)E(_i [f(?) - qu(-.-)] dr=0, k=001)(-x—1), (40)

=M'(f-K$)+ 9,
which can be rewritien a
(I+M'K)p = M'f+ ¢®. (41)

We shall assume, without further ado, that Eqs. (40) are always satisfied
so let us consider (41). Suppose that 1 < p,, p, <o, then if we define

1 1 P./a, 1/p,
"lkl"(phpz) —_ {J_l (1 - t)P|/Pz_|(J:I |(l _ T)I/QZ_”q'k(f, T)l‘?l d‘T) df} ,
(42)

we shall have that if |||k]||,, ,) is finite then K is a compact linear operator
on H(p\, p,) into itself. Assuming that this condition is satisfied, then since
I“;I‘I is a bounded linear operator on H \pl, Pa) into itself, M K is compact.
Consequently (41) is a Fredholm equation to which we can apply the
well-known theory of such equations. This, as we shall see later, is a most
important observation which will be of great assistance in our analysis of
algonthms.

Let us return to the operators M and M’ and the relations given by
Egs. (36). Since the null spaces of both M and M’ are finite dimensional

we can rewrite (36) in operator form as

{M'M =1-K,,

- 4
MM' =1 - K,, (43)
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respectively, where K, and K, are compact operators on H(p,, p;) into
itself. As a consequence we identify M and M' as Noether operators on
H{( p,, p.) into itself; see Schechter (Ref. 9, Chapter 5, Theorem 2.1) (note
that Schechter calls such operators “Fredholm operators™ but many Russian
authors call them Noether operators and the latter seems to this author to
be the more appropriate). Having identified these operators the following
theorem is of considerabie importance.

Theorem 28. Suppose 1 <(p,, p,) <co. Let M,, M, be Noether
operators with indices «(M,;) and x(M;) respectively. Let K be a compact
operator from H(p,, p,) into itself. Then

k(M M,) = k(M,) + «(M;), (44a)
k(M, + K) = x(M,). (44b)

Proof. See Schechter (Ref. 9, Chapter 5, Theorems 3.1 and 3.2). O
Thus we see that adding a compact operator to a Noether operator
does not affect its indeX, so that the complete equation has the same index

it follows from (43) and (44a) that
k(M) = —k(M"), (45)

so that on recalling (26) we see that M' and M* have the same index.

Finally, in this summary of the theory of singular integral equations
on the arc (—1,1) we shall consider the two systems of orthogonal poly-
nomials associated with the operator M. First let us assume that a and b
are real. Then, in particular, Z and r will be real and, without loss of
generality, we can choose them to be positive. If Z does take the value zero
then this can only occur at the endpoints £1. We can now define two weight
functions w; and w, by

wy=Z[r, (46a)
w, = 1/Zr. (46b)

Since Z € H(p,, p.) and 1/Z € H(q,, g,) it follows that both w; and w,
are integrable on [—1,1]. Suppose now that {t,} denotes a sequence of
orthogonal polynomials such that

1
[ wiDG(Dnr) dr = s, L k=0,1,2,.... (47)
-1
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Next, on recalling the definition of the canonical function of M in H( p,, p,)
[see (23)], let us define a second sequence of polynomials {u,} by

U,(z) = p-p{ Xt,i; 2}, (48a)

for all z € C and n = max(0, —«).
It is readily shown that equally well we can write, for n = max(0, «)
and ze C,

t.(2) = p-p{X 'u,_.: z}. (48b)

In order to obtain an alternative expression for u,, valid on (—1, 1) we need
to make an assumption.

Assumption A. The coefficient b of M is a polynomial of degree n
say with all its zeros on [—1, 1].

This assumption is not, in practice, as restrictive as it first appears, and
leads to the following important representation for u,,.

Theorem 2.9. Given Assumption A, for n =@ max(0, u — k) and r €
(_1, l),
a(t)Z(t)

un(t) = M(Ztn-l-x/r) = r(t)

n+x(r)+b(:)r(z )( ) (49)

From this representation we find that
1
.[ wa(7)u;(T)u(7) dr = Byt bk (50)
-1

for j, k = max(0, u — ), thus establishing the orthogonality of the sequence

of nnlvnnmlnlc fu 1 with respect to the Wplohf function W, We can now

ISRVl SR Loy i)

denve a result for t, in terms of U, 51m11ar to Theorem 2.9.

Theorem 2.10. Given Assumption A, for n 2 max(0, x + ) and r €

(—1,1),

_ 1) n - a(t-(1) _ n-
=g ()0 - s oo e

Two further results connecting the polynomials ¢, and u,, are given in the
following theorem.
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Theorem 2.11. Given Assumption A,
(a) if the polynomials ¢, satisfy the recurrence relation

the1(2) — (Az + B)t,(2) + Gt i(2) = O, (52)
for n =1, then for n = max(1, u — x + 1),
Up1(2) = (Apsuz + Bpr )i, (2) + Gy lay(2) = 0; (53)
(b) for n = max(x, u),

(Dt () ~ oty (2) = 222 o) (sq)

nn

where 1,(z2) = a, 2" + - -

For a more detailed discussion on these orthogonal polynomials when a
and b are real, the reader is referred to Elliott (Ref. 10) or Welstead
(Ref. 11).

Finally, in this section on the theory of singular integrai equations let
us consider the case where a and b are complex. Then Z and r will in
general be complex so that the functions w; and w, as defined by (46) will
be complex. Let us now define

=|Z/ 1|, (55a)
w, = 1/|Zr|, (55b)

then these will be integrable weight functions which can be used to generate
orthogonal polynomials on (—1,1). However, we would like these poly-

nomials to be related through a real singular integral operator M say, where
MA; = rm‘. + hTA: a and h being real. Then the polynomials cpnprﬂtpd by

Ransesssnleacsy

w, and w, will satlsfy equations such as (49) and (51) It can be shown that
if we choose

a(t) = [(Ir*(0] + |a() — [b(D)*)/ 21", (56)

and
51y = {Ib(t)|, ifa(t)=0
sgn{Re[a(1)b()IH{I|F*(1)] — |a()]> + |b(DI*1/2}'/2, if a(t) # 0,

(57)
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then we obtain the appropriate real singular integral equation operator
connecting the orthogonal polynomial generated by w, and w, as defined
in (55). For further details see Elliott (Ref. 5).

So much for an overview of the theory of the singular integral equation
(1). The theory as outlined is in one respect slightly more general than that
given by Muskhelishvili (Ref. 1), but it leads to a simpler dlscussmn of the
index and it aiso shows that for 1 < p,, p, < oo both M and M are bounded
linear operators on H( p,, p;) into itself. We have also attempted, once we
have introduced the fundamental and canonical functions, to obtain the
solution of the dominant equation M¢ = f by using the Poincaré-Bertrand
formula which is the nearest thing one has to a convolution theorem for
the finite Hilbert transform. This contrasts with Muskhelishvili’s approach
where the corresponding inhomogeneous Riemann-Hilbert problem was
solved directly. It would be satisfying to develop a method which depends
entirely upon transform theory without the use of function-theoretic tech-
niques. Peters (Ref. 12) has established such a method for the special case
when a = 0 and b = 1. The development of such a method for arbitrary a
and b will have to wait for another day.

We are now in a position to consider discrete methods for the approxi-
mate solution of Eq. (1) and to construct a general theory for convergence.

3. The Approximate Solution of Singular Integral Equations

Much of the theory of singular integral equations has been known for
the past fifty or sixty years due to the work of mathematicians such as
Carleman, Muskhelishvili, Noether, Privalov, and Tricomi to mention just
a few. Inevitably the study of the approximate solution of these equations
has lagged behind the theory. The book by Ivanov (Ref. 13) gives an account
of such methods until about the mid-1960s. Here attention is primarily
focused on equations over closed contours and, in particular, the unit circle.

Tho .
The advent Uf \.«UllllJulCla has led .ue‘v'.tab.y to a SUrge In lntefest in

approximate methods and the past fifteen years have seen considerable
advances in the development of approximate methods for solving Eq. (1).
The effect of both integrable singularities at the endpoints of the arc (—1, 1)
and a nonzero index have added a certain piquancy to the development of
appropriate algorithms. Methods for approximate solution of Eq. (1) fall
readily into two categories, the so-called direct and indirect methods. In
direct methods we consider Eq. (1) without any further transformation and
look for appropriate discretizations of the operators M and K. For indirect
methods we first reduce Eq. (1) to the equivalent Fredholm equatlon (41),

which is then solved approximately. The past two decades have seen
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considerable development of approximate methods for the solution of
Fredholm equations and it is certainly a sensible tactic to reduce an unsolved
problem to one that has been well worked over. However, the main disadvan-
tage of the indirect method is that the operator M'K is of a rather compli-
cated structure and this brings us back to consider direct methods in order
to avoid this complication.

In Section 3.1 we shall take a brief look at indirect methods. This is a
useful exercise, since the analysis of convergence of indirect methods
introduces techniques which we shall exploit further when we look at direct
methods. QOur primary concern, in this second part of the chapter, is with
the analysis of both convergence and rates of convergence of approximate
methods. Such analyses for singular integral equations are a fairly recent
development and at this stage may be considered as being far from complete.
Sections 4 and 5 are devoted to direct methods. In Section 4 we consider
the general theory. In Section 5 we apply this theory to a couple of the
most widely used algorithms. Again we shall, in places, skip proofs although
we do propose to provide somewhat more detail than we have done in
Section 2; for further information the reader is referred to Elliott (Ref. 6).
Throughout the remainder of this chapter we shall assume that q, b, k, and
S are real functions. The extension of these methods to complex a and b
does not yet seem to have been fully addressed in the literature.

3.1. An Indirect Method. Let us recall from Section 2 that the equation
M¢ + K¢ = f is equivalent to

(I + M'K)¢p = M'f+ ¢', (58)

where ¢'” is the general solution of Mg = 0; see (25). Equation (58) is
obtained under the assumption that f — K¢ satisfies the consistency condi-
tions of (40) which are nontrivial when « < —1, Suppose we have assumed
that ¢ € H( _P1, P2) where p, and p; are chosen from (1, ). In this case we
know that M’ is a bounded linear operator on H(py, p,) into itself, so that
if K is compact then M'K will also be a compact linear operator on
H(p,, p,) into itself. Of all the methods for the approximate solution of
(58) when MK is compact, the most elegant mathematically is the Galerkin
method so let us consider it. We shall assume that p, = p, = 2 and we shall
write

J = MK, (59a)

g=MT+¢", (59b)
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so that we are considering the equation
(I +0)¢ =g, (60)

where J is compact. Let ¥ denote a real, separable Hilbert space with inner
product denoted by ( , ) and norm |- ||s and we shall suppose that g €
and that J: % —» 3. In the Galerkin method for finding an approximation
to ¢ € ¥ we shall suppose that {t,, 15, ..., t,} is a set of n linearly indepen-
dent functions in # which span a subspace H,, say in #. For a given ne€ N
we look for an approximate solution of (60) in the form

Defining a residual, (res),, by
(res), = &, + Jb, — &, (62)
we can obtain n equations for the n unknowns & by requiring that
(t;, (res),) =0, i=1(1)n (63)
This gives rise to the Galerkin equations which we shall write as
(G +J,)0, = W, (64)

where v, = (£, &2,-.-,&,)", G, = ((t,, 1;)) is the Gram matrix of the basis
functions, J, = ({(t,, J4;)), and w, = ({t;, &), . - -, (1,, g))". The question now
arises as to whether Eqgs. (64) possess a unique solution and, if they do,
how this solution compares with that of the ornginal equation (60). There
are many approaches to this problem, but the one preferred by the author

IQ I"-\cnf hnc;:r‘ an tha nica nff ctrirtinn and r\rnlnnr\-aflnn nnnmf nre Qince wa
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shall be using these extensively in the subsequent sections, it is of some
interest to see how they can be used in this particular case. We shall give
an outline; for further details the reader is referred to the papers by Noble
(Ref. 14) and Spence and Thomas (Ref. 15).

Let X, denote the Euclidean n-dimensional space and recall that we
have already defined H, =span{t;, t,..., t,}. If v, = (&, &,..., &)
an element of X,, we define a prolongation operator p,,: X, > H, by

b, = )_:l &, (65)
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A restriction operator r,, . ¥ > X, is defined by

rﬂg = G:l((tl’ g)!' * "(tﬂ! g))T’ (66)

for any g € & where G! denotes the inverse of the Gram matrix. From
these definitions we have

rﬂpﬂ = In: (67)
where I, is the unit matrix on X,,. Furthermore, if we wnte
Pn = pnr"l (68)

then we shall also require that P,g > g as n -» o for every g € #. We also
have that both P, and I — P, are self-adjoint operators and P, is the
orthogonal projection from # into H,,. We shall define the norm in X,, by

I2nllx, = | Pavallse = |G *0all2, (69)

where ||-||, denotes the usual 2-norm on the Euclidean space X,. From
these definitions we can show that

lpall = lirall = 1, (70)

and, for all g € #, we shall have

Iraglix, = ligll- (71)

Let us return now to Eq. (64). In terms of the above definitions we see
that it can be rewritten as

¥ 1 . T,
Ay T

f [ N 1
\£p nYFn/¥n \/<

- o
Fnks

\
J

which is of a form similar to Eq. (60) and allows a comparison as the next
theorem shows.

Theorem 3.1. Suppose (I + J)' exists. If

8 = (X + 1) o IC = Pl <1, (73)
then
(2, + rdpa) llx, =< 1L+ D) ||/ (1 — 8,). (74)
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Proof. See Thomas (Ref. 16, Theorem 3.2) or Noble (Ref. 14). O
This theorem is based on a well-known result due onginally to Banach.

Since J is compact we know that ||(I — P,)J||» =0 as n > o0, so we see

that for n large enough, inequality (73) will be satisfied. Consequently for

n large enough we see that Eq. (72) will possess a unique solution since

from (74) we have that (I, + r,Jp,)" exists. The question then arises as to

how the solutions ¢ and v, compare and this is given in the next theorem.
Theorem 3.2. Let
c(n) = (1 + 1) (|5l (X = P)T*||5/(1 = 8,), (75)

where J* denotes the Hilbert-adjoint of J. Then if n is large enough so that
8, <1 we have

Irap — vallx, = e(M|(T = P ||, (76)
¢ — Putnllee = [1+ c(M)](I — P) |- (77)
Proof. From Egqs. (60) and (72) we have
e — Uy = =1, Jp + 1, Jpv, = =1, J(1 = para)d — 1, dpa(rodp — va).
Consequently we have
(I, + rodp)(rap — va) = —1r, J(I — P, )¢

For n large enough we can solve these equations, and using (74) gives

Irads = vallx, = ICE+ I |lse * | I = P |Ix,./ (1 = 8,).

However, we have
lrad (I — B)llx, = I — P)gpll by (71)
= 71 = P.)’¢llsx  since Pi =P,
= [T = P)lse- I = P)ll5

= | (I = P [lse |(F = P.) |-
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Inequality (76) now follows at once. To obtain (77) we observe that we can
write

¢ = Pnlp = (I - Pn)¢ + Pn('}a(b - vn),

from which the required result follows at once on using (70) and (76). 0O

A couple of comments on this result will not go amiss. We note that
(76) gives the discretization error; it compares the vectors v, with r,¢. On
the other hand (77) gives a measure of the global error between ¢ and the
Galerkin solution which we shall denote by ¢S = p,v,. We should also
note that since J is compact so is J*, in which case ||(I — P,)J*||s will tend
to zero as n —» oo since we have assumed pointwise convergence of P, in
#. Consequently we have demonstrated the discrete convergence of v, to
¢ and the rate of convergence will be determined by the two factors on the
right-hand side of (76). The rate of global convergence of v, to ¢, as given
by (77), will be determined by the pointwise convergence rate of P,¢ to ¢.

It is worth mentioning here a variant of the Galerkin method as
described above, the so-called iterated Galerkin method [see Sloan (Ref.
17)]. Having obtained ¢S = p,v, we define a further approximation ¢*

PRUR W
say oy

x=g-Jb,. (78)
It is readily shown that P,¢* = ¢S so that ¢¥ satisfies the equation
(I+JP)¢, =g (79)

Since |JP, — J || = 0 as n - oo (recall that J is compact) it follows that for
large enough n, (I + JP,)" exists and in fact is uniformly bounded. Con-
sequently we find that there exists a constant ¢ > 0 such that

6% = Sl =< cld = IP,lselld — &5 [, (80)

which shows that the iterated solution ¢} converges globally to ¢¢ more
quickly than does the Galerkin solution ¢£. It is for this reason that this
first iteration of the Galerkin solution is attractive.

So much for an outline of the Galerkin method as an indirect method
of solving the singular integral equation on (—1, 1). However, much detail
remains to be resolved. The choice of a basis H, has not been discussed.
Once H, has been chosen we need to evaluate the inner products, and in
general these can only be evaluated approximately by the use of a quadrature
rule. This gives rise to additional errors and some discussion on the analysis
of this “discrete’” Galerkin method has been given by Spence and Thomas
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(Ref. 15). Returning to the spaces H,, one possible choice is to use spline
functions. But recall that we are approximating to a function ¢ which is
likely to be unbounded at the endpoints of the interval (—1,1). To get a
uniform approximation to ¢ on (—1, 1) will require the use of splines on
a nonuniform grid. This problem was first discussed in this context by
Thomas (Ref. 18) and his results have subsequently been refined by Elschner
(Ref. 19).

An indirect method based on collocation has been described by Dow
and Elliott (Ref. 20), although they do not solve directly for ¢ but for a
closely related function ¢ [as given in Eq. (81)]. More recently, Stenger
and Elliott (Ref. 21) have considered an indirect Galerkin method based
on the sinc-function, the inner products being evaluated approximately by
an appropriate quadrature rule. The use of the sinc-function gives rise to
errors which decay exponentially and promises to be a fruitful area for
further development.

4. Direct Methods and Analysis of Their Convergence

In this and the next section we shall consider direct methods where
we do not first perform the process of regularization. In all these methods
it appears that we do not find approximations to ¢ but to a closely related
function ¢. An inspection of the results of Section 2 suggests that we might
write

¢ =(Z[r)y, (81)

so that our complete equation can now be written as

Ay + Wy =, (82)
where
Ay = M(zy/r) =28 ¢y (2D (83)
L d \&prry r \ r }: \ '
and
1
Ay =K(Zy/r)= j. [k(t, )Z(7)(7)/r(7)] dx. (84)
-1

The fundamental function Z is of course in H(py, p2) and 1/Z € H(q,, q2)
where we have prescribed p,, p, € [1,00). With A defined in this way it
follows that if we define [see Eq. (34)]

A'f = (af)/(Zr) - bT(f/rZ) = (r] Z)M, (85)
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then we shall have, for all values of the index «,

{A‘Aw =y +y?, (86a)
AAYf = [+ O (86b)
Here ¢'” is an arbitrary element out of ker(A) and f'” is an arbitrary
element out of ker(A’). From Egs. (25) and (35) respectively we see that
{ ker(A) = span{b, bt, ..., bt“"'}, (87a)

ker(A’) = span{b, bt,..., bt <7}, (87b)

where ker(A) = {0} if x = 0 and ker(ﬁ') = {0} if k = 0. Only when x =0
does A havean inverse so that then A’ = A’. At this stage of the development
we shall not specify the spaces on which A, A', and & operate. We shall
assume only that X and Y are normed spaces and that

A:X->Y, H:X->Y and A':ran(A)->X (88)

The choice of different methods (see Sections 5.1-5.3) will determine the
spaces X and Y.

Let us return to Eq. (82). In the case when k = 0 the solution ¢ will
be unique, but only provided that (—«) consistency conditions are satisfied
when « < 0. We may write these as

$(f =) =0,  forj=1(1)(~x). (89a)

On the other hand, when « > 0 then Eq. (82) is solvable for every f €
H( p,, p2) but we shall need to specify a further x conditions for uniqueness.
We shall write these as

sy = 0, forj =1(1)x. (89b)

Finally we note that from the theory of Section 2, Eq. (82) is equivalent to
the equation

(I+ A'%)y = A'f + ', (90)

provided that f — ¥y € ran(A). The equivalence of (82) to (90) will be of
great assistance to us in our analysis of approximate methods to which we
now turn.
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The bottom line in all approximate methods is that we must replace
Eq. (82) by a system of linear algebraic equations whose behavior mimics,
as closely as possible, that of (82). One of the first questions raised is that
of coping with the index and here a simple observation is very pertinent.
The index of any m X n matrix is given by

e — ma o mae 01\
K =rnn LS \71)

for if A denotes any such matrix of rank k < min(m, n) then dim(ker A) =
n — k while dim(ker A™) = m — k, the transpose A" of A being the adjoint
of A. Recalling (28), Eq. (91) follows at once.

Let us recall now the theory of the solution of linear algebraic equations
of the form

Anxn = ym: (92)
where A,, is an m X n matrix of rank = min(m, n) (we choose equality for
reasons which will become apparent below), y,, is an m x 1 vector, and we
require the n x 1 vector, x,,. This theory can be conveniently given in terms
of the singular value decomposition of the matrix A, [see, for example,

Noble (Ref. 22, Section 10.8)]. First, when x = 0 we have, since the rank
of A, is n, that

Xp = A Vene (93)

Suppose now that x = 0; then there exist unitary matrices U,, V,, say of
order n, m respectively such that

VEA U, =%,  say, (94)
where 2, is an m X n matrix of the form

(Am,0), >0,
3 =

{ An) i
(\o/’

Here the matrix A, with k = min(m, n) is a diagonal matrix given by

(95)

<« N
~— U,

Ak =diag(”’ls”’2;'°‘!#’k)s (96)

where we may write g, = u, =+ -+ = u, > 0. The positive numbers u?,
i = 1(1)k, are the nonzero eigenvalues of A7 A, (or A,A}"). The numbers
i, § = 1(1)k are the singular values of A,. From (94) we have

A, =V,I U (97)
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so that we may rewrite Eq. (92) as
VHA,(UUNx, = Viiy.,

from which it follows on using (94) and (95) that

[(A.,0)(UPx,)=VHy., k>0, (98a)
A
( 0") (Ur’;’xn) = Vﬁ)’m. k <0, (98b)

When x <0 we see from Eq. (98b) that if we write V,,, = (v;, t5, ..., Up)
then

0=v!ym, i=mn+1)1)n— x). (99)

In order that a solution exists in this case, the vector y,, cannot be arbitrary
but must satisfy these (—«) consistency conditions. When k = 0 no such
conditions are needed. )

We can solve Eq. (92) by introducing the n X m matrix A}, defined by

A, =US.vH, (100)
where
Al
- >0
$1 = (0) o (101)
(AL, 0), Kk <0.

If we recall that u,, us,.-., p are positive, then

Ag = diag(uy', pats o), (102)
where k = min(m, n). Suppose that ¥ > 0; then from Eqgs. (97) and (100)
we have that

AA =1 (103a)

so that A’ is a right inverse of A,. On the other hand, the same two
equations give

Al A x, =x,+ U, (0 0) Ulx,,

0 I
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where I. denotes the unit matrix of order k. Since it is readily shown that
this last vector is in ker(A, ) we have

Al A x, =x,+ x99, (104a)

where x! is any arbitrary vector out of ker(A,). We can argue in an

analogous way when k <0, We now find
AlA, =1, (103b)
so that A’, is a left inverse of A,. Again
AdAL Y = Yo+ Y2, (104b)

where y'@ is an arbitrary vector out of ker(A%,). No matter what value of
x 1s chosen we always have

ALAAL = AL (105a)
and

AALA, = A, (105b)
which should be compared with Eqs. (37) for the operator M. Thus, for all

values of «, we find that provided y,, € ran(A,,), the solution of Eq. (92) is
given by

X, = Af,,,ym + x©9, (106)

With this analysis we can now consider the solution of m linear
algebraic equations in n unknowns given by

(A, + K)X, = Y, (107)
where A, is of index k. On assuming that y,, — K, x,, € ran(A,,) then we have
Xp = ALY — KoX,) + 5,

so that x, also satisfies the n equations in n unknowns given by

(I, + ALK,)x, = Al,y,, +x2, (108)
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and we may consider comparnng solutions of this equation with those of
Eq. (90). As in the preceding section we shall do this by matching up the
spaces X, Y with Euclidean spaces X, Y,, respectively by the use of
restriction and prolongation operators.

Since A and X are considered as mappings between normed spaces X
and Y, we shall consider A, as a mapping between Euclidean spaces X,
and Y,, of dimension n and m respectively, where throughout we shail
always have n — m = k. Thus we shall require two sets of restriction and
prolongation operators relating X, with X and Y,, with Y. These are defined
as follows, where we note that throughout the chapter ¢ will denote a generic
constant which will take different values at different places.

Definition 4.1. (a) To each n € N, a restriction operator r, maps X
into X, and a prolongation operator p, maps X, into X subject to the
following conditions:

(i) sup|r,|| = r <oo, || pal| = p(n);

(ii) lim [r.gl = @] for all g€ X;

n->o0
(iii) r,p, = I,;
(iv) | poray — ¢ < cen™®, 8, > 0, for all Y € dom(A).
(b) To each m € N, a restriction operator s,, maps Y into Y,, and a
prolongation operator g, maps Y, into Y subject to the following
conditions:

(i) sup|lsn.|| = s <00, ||gm]| = q(m);

(ii) lim ||s.f] = [/ Vfe Y;

(iii) $pmgm = In;
(iV) |gmSmf — f|| = cn™%, 8, > 0 Vf € ran(A).

Some comments are in order on these assumptions. Note that although
.................
require this of the prolongation operators. The functions p(n) and g(m)
may diverge as n - o although one would expect that the rate of divergence
will not be too great. Although we look upon A as defined on X we
shall at times choose dom(A) € X and for such x we expect Definition
4.1(a)(iv) to be satisfied. However, one might not have || p,r.y — ¢| > 0 as
n - oo for all ¢ € X. A similar comment applies to Definition 4.1(b)(iv).
Note that our use of the norm symbol || -|| will mean different things in
different spaces. However, the context will always make clear which norm
is being used and, when we consider specific choices of spaces, we shall
always give a precise definition of the norm. As in Section 3, we shall define
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projection operators P, and Q,, where
Pn = PnTn, (1093)

Qn = GmSm- (109b)

is immediatelv obvious that P?, =P, lellarlv

AR AR Y VY + o JLNLIRNCRE S

P, maps X into itself and it is
Q.. maps Y into ltself and Q2 = Q... Conditions (lv) give pointwise conver-
gence of P,y to ¢ and Q,.f to f on appropriate domains.

When we consider convergence we need to define two different sorts

of convergence.

Definition4.2. Asequence{x,} withx, € X,, n € N, issaid to converge
discretely to ¢ € X if lim,,.o||r,¢y — .|| = 0 and is said to converge globally

to ¢ if lim, el — p, X, || = 0

The extension of this definition to the spaces Y,, and Y is immediately
obvious.
We must now relate operators acting on the finite-dimensional and

infinite-dimensignal snagces. To do this the idea of consistency is extremelv

% WALENE RuF Spres SEA REANW ARSI WAE WS L b d g LS 4 Wikl wEiivay

important.

Definition 4.3. (a) Suppose operators B:X - Y and {B,}, where
B,:X, » Y, (with min(m, n) = 1), are given. The sequence of operators
{B,} is said to be consistent (of order v > 0) with B if

162y| < en™?, for all ¢ € dom(B), (110)

where
8:?'# = SmB'lb - BﬂrndL (111)

(b) Suppose operators C:Y - X and {C },where C,,:Y,, » X, (with

s - S |

min{m, n} > 1), are given. The sequence of operators {C,,} is said to be
consistent (of order y > 0) with C if

185 fl <en™,  forall f € dom(C), (112)
where
8 f = 1aCf = CouSin f- (113)

As we shall see later the matrix A, is of fundamental importance in
our convergence analysis and the behavior of its norm as a function of n
is crucial. This leads to the idea of stability,
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Definition 4.4. The sequence of operators {A,} is said to be weakly
stable if

IAL| = 4(n), forallmneN, (114)

where there exists r > 0 such that lim,_., n~"a(n) = 0 and Af,, are matrices
satisfying Eqs. (105).

If {a(n)} is uniformly bounded then we shall say that the sequence of
operators is stable,

We shall now see how these ideas come together by considering an
error analysis for the dominant equation Ay = f where we assume that
f € ran( A). The discretized system of equations is given by A, x, = y,, where
we assume that y,, € ran(A,). Thus we need to compare the solutions

{ g =A'f+ 4, (115a)
X, = ALy + x2, (115b)

and this is done in the next theorem.

Theorem 4.1. Suppose that
(i) {A,} is consistent of order y, with A;
(ii) {A,} is weakly stable;
(iii) y,, = s,.f and y,, € ran(A,) for all m, n € N,
Then
(a) to each @ € ker(A) there exists x'”' € ker(A,,) such that

'@ — x| < cl(n)n™;
(b) 82 || = cd(n)n ™

(¢) to each solution of A¢ = f there is a solution of A, x, = s,.f such
that

Iraty — xul| = ca(n)n™™, (116a)

| = Paxall = ¢ max{p(n)a(n)n™, n""}. (116b)

Proof. (a) From Definition 4.3(a), since ¢¥'” e dom(A) then
187¢”| = en™™. However from Eq. (111) we have that 8, '@ = —A,r, .

Consequently from (106) we can solve this equation to give

(0) _ Al oA (0) {0)
l‘"l,'l - _Amaﬂ'y’] + Xn's
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© js an arbitrary element from ker(A,). Hence

where x,,
Irgp@ — x| = |[-AL824'7|| = ca(m)n™™,

as required (we observe that this result is trivially true when x < 0, since
then a,lr“” 0 and xw) 0).

55 f = rA'AY — Al s, AY = (b + ') — AL{57Y + A,
on using Egs. (86) and (111),
=—ALs Y+ rg ¥ — x
on using Eq. (106). Hence

1827 A1 =< A%N - 18791 + Nrr ' = xS,

from which the result follows at once on using (a).
(¢) From Eq. (115a) we have

r, = r,,A'f+ r,,:,h(m,

so that on subtracting Eq. (115b) and using Eq. (113) applied to the operator
A’ we have

b — %o = 82 + (rap® — x©).

Equation (116a) follows at once on taking norms and using (a) and (b).
To prove (116b) we note that

'I’_ann =Pn("n'.”—xn)+(l!f_Pn"n'l’), (117)
cnr that the facnlf n"nurc Aan talbinog narme neino tha recnlt et ahtainad
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and recalling Definition 4.1(a). 0

This theorem gives the rates of convergence for both discrete and global
convergence of the dominant equation. It exhibits in particular the depen-
dence of the convergence on both p(n) and a(n), so that if these diverge
as n - oo they should not diverge too quickly. In one case (see Section 5.1)
we see that both these quantities are uniformly bounded so that convergence
is then guaranteed by the presence of the n~" and n~® terms; in the second
case (see Section 5.2) p(n) and 4(n) diverge only as log n which does not
affect the rate of convergence very much. We shall now turn our attention
to the complete equation and its approximate solution.
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Let us recall that we are starting with the singular integral equation
AY + i = f [see (82)], which we know is equivalent to [see (90)]

(I+A'%y=Af+¢y V=g  say. (118)

Our original equation is discretized to give a set of m linear algebraic
equations in 7 unknowns which we write as fA + K Yy = v repp {1071)1

A LAREIRL WEAAALEE WS ¥Y SEA WAL AE%Ww AT L Exnrsvn J Vww \a1vry|

and we know that this set of equations is equlva.lent to
(L, + AL K,)x, = ALy, +x® =g,  say (119)

[see (108)]. We shall be assuming throughout that (I + A'%)’ exists or, in
other words, that —1 is not an eigenvalue of the (compact) operator A%
We would like to show that, for large enough n, the matrix (I, + A:,,K,,)
occurring in (119) possesses an inverse and we should then like to obtain
bounds for ||r,¢ — x,|| and || — p,x.||- We shall write

J=A'% (120a)
J,=A'K,, (120b)

and since J is a compact operator on X into X we can, as we did in Section
3, quote results from the theory of the approximate solution of such
equations. A convenient starting point is the next theorem, a particular form
of which was given as Theorem 3.1.

Theorem 4.2. Suppose (I + J)' exists. Define
R, = r,(I + 1) (Jp, — puJ.). (121)

If there exists n, such that A, = |R,|| < 1 for all n > ng, then (I, + J,)’
exists for all n > n; and

1L, + 1) | =< ep(m)/ (1 — A,). (122)

Proof. See Thomas (Ref. 16, Theorem 3.2). 0O
[f we define the consistency error of J by

St = 1y = Jrdy (123)

for all y € dom(J), then we have the following result.
Theorem 4.3. Suppose that (I, + J,)' exists, then

ey = x| = (L, + 1) {lirug — gl + |87} (124)
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Proof. Operating on (118) with r, and subtracting (119) gives
Ty — Xp + 1aJif — JpXn = rug — gn.
From Eq. (123) we may rewnte this as
(L + LY rah — x,) = (r.g — g.) — 839, (125)

rll

from which (124) follows immediately on taking norms. 0

So much for the results on Fredholm equations. What we must do now
is to relate these results to the operators and functions appearing in our
singular integral equation. We shall always assume that the operator ¥ is
defined on dom(A) and furthermore that ran(%) < ran(A) = dom(A’). The
following theorem is a first step in this process.

Theorem 4.4. Suppose that
(i) {A,} is consistent of order 7, with A,
(ii) {K,} is consistent of order y, with %,
(iii) |Smf = Yl = cn™, y;> 0.
Then
162l < ca(n)n ™72 for all ¢y € dom(A), (126)

and

Ir.g = gall = cd(m)n ™77, (127)
Proof. Consider first (126). From Egs. (120) and (123) we have
Sub = Ay ~ ALKury = r, A" () - AL s.(30) + AL87 Y,
on using (111) for the operator . Consequently
Shp = 87 () + AL 8. (128)
From Theorem 4.1(b) and Definition 4.4 we find
I65¢|| = cd(n)n™™ + cd(n)n™ ™,

and (126) follows at once.
To establish (127), we have from (118) and (119)

rhg — 8gn~— (rnd’(o) - xEIO)) + (rnA‘_'f_' Ar’nym)

= (rh® = xO) + 83 £ + AL (50 = Yuu)s
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on using (113) for the operator A'. The result follows on taking norms and
using Theorem 4.1(b). O

From (124) we see that we must now establish an upper bound for
(L, + J,)"||. From Theorem 4.2 we see that this inverse exists only for those
n such that A, = ||R,|| < 1 and we require lim,_ . A, = 0. To express the
operator R, in terms of the operators of our singular integral equation we
first define, for the operator ¥,

@y =s,%p, — K,. (129)
Then, on recalling (120), we have from (121) that
R, = r,(I1 + A'K) {p,ALO% + (1 — p.r)A'%p, + p.6 2 %p,}.  (130)

Consequently, since we have assumed that (I + A'K)' exists and is
bounded, r, is stable and, recalling that A'% is compact (being the product
of a bounded and a compact operator), we have

A = I =8 s __yAs_ v~V fam 1y
Ba | Nall I 0 5, pyjdynn ', L1a1)

-

el =y A A H
cp(n) max{d(n)||©, |

If

where for the last term we recall Theorem 4.1(b). Given that A, - 0 as
n - oo, we then have from (122) that

I(I, + 1) || < ep(n),  for n large enough. (132)

We shall summarize the discussion thus far by stating a theorem which
will essentially be a check list for the particular methods we shall be
considering in the next section.

Theorem 4.5. Suppose that
(i) {A.} is consistent of order vy, with A,
(ii) {A,} is weakly stable with AL | < 4(n),
(i) {K,} is consistent of order y, with
(iv) [|5mf = ymll = en™™,
(V) lim,,ew p(n)@(n)||®¥ = lim,.. p(n)n~
= lim, o p*(M)d(n)n~" = 0.
Then there exists nye N such that for all n = n,

S

) B—]

Irath = %l < p(m)d(myn~nre22:79, (133)

where c is independent of n
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Proof. This follows from the above discussion. 0

Inequality (133) determines both the discrete convergence of x, to ¢
and also gives an upper bound for the rate of convergence. It is readily
observed that if p, is stable, so that the sequence {p(n)} is uniformly
bounded, then there is a considerable simplification of the above analysis.
A similar comment applies if {a(n)} is uniformly bounded. We might note
that we can obtain an upper bound for the global convergence of x, to ¢
by writing ¢ — p,x, as in Eq. (117) and using (133). This gives

¥ — puxall = ¢ max{n™", p*(n)d(n)n~™ 722}, (134)

We conclude this section by noting important simplifications which
occur when some further assumptions are made. These will enable us to
identify the matrices A, and A, in terms of A and A’, respectively. Let us
recall that P, = p,r, is a projection operator on X and that similarly
Q.. = gmS,, is @ projection operator on Y. For the operators A and A’ we
make the further assumptions that for large enough n

P, {ker(A)} = ker(A), (135a)
Q. {ker(A")} = ker(A"), (135b)
and
QnAp, = Ap,, (136a)
PA'g, = A'q,. (136b)

We can readily prove the following theorem.

Theorem 4.6. Given that (135) and (136) are satisfied, if we choose

A, = §,Apn, (137)

then
r,(ker(A)) = ker(A,), (138a)
s (ker (A1) = ker(A'), (138b)

and

Al =rAlg,. (139)
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Proof. First we observe that if '’ € ker(A) then
A = 5, APY'” = 5, A9 = 0

where we have used Eq. (135a). Since if « > 0 this is true for each of «

linaarly indanandant fiincinne in ol A (“-:Q)\ lc ncfn"\llchnﬂ Accriming
mncany uxu\,ppuuyut TUICUIONS I KO\ A3, (13064) CSlalIIsnea. ASSUmMIng

that A!, is as defined by (139), (138b) follows for k < 0. Finally let us look
at (139). We have

Al A,x, = r,A'Q,Ap,x,
=r,(A'A)p,x,  by(136a)

= r{paxa + ¥'7} by (86a)
= X, +x(°).

Thus (104a) is established. By considering A,A”, y,, we recover, by similar
arguments, Eq. (104b) and this establishes the theorem. 0

Bearing in mind (137), which gives A, in terms of A, suppose we
similarly defined

K, = $.%p,. (140)

With this choice of K, we see from (129) that 2" = 0 and this simplifies
the definition of R, as given by (130). Making use of (136) we see that we
can write

R, =r,(I + A'K)'A'(I - Q..)%p.. (141)

Since the first three operators appearing on the nght of (141) are stable,
we have simply that

B = [Rall = ep(m) - (T = Q). (142)

Since we assume ¥ to be compact, we know that |(I — Q,,)¥#| > 0asn > co
and, provided it goes to zero more quickly than p(n) goes to +co, then
A, - 0 as n > co, This simplifies somewhat condition (v) of Theorem 4.5
in this particular case.
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5. Some Examples of Direct Methods

Inthelast section we set up a theoretical framework for the convergence
of approximate solutions of singular integral equations based on the direct
discretization of the operators A and % We shall now consider some
pdrticular cases. These are all based on the properties of the two sets of

P, rer venmzale wrdhzals e eey. It o nend AL Qanszne D Lot

UllllUBUllal pUl_yl.lUlllla.lb Wlll\;ll WwW<C I.llI.IUUUWU hl. uUi€ €N O1 SECIOoN L. £iTst
we shall consider a Galerkin-Petrov method based on weighted L, spaces,
the weights being those from which the orthogonal polynomials are derived.
Assuming that all the inner products may be evaluated exactly, we obtain
an elegant convergence analysis whose results are given in Theorem 5.3.
Next we shall discuss a collocation method whose collocation points are
chosen as the zeros of the polynomial u,,. Here the mathematics becomes
much more difficult and the application is restricted to equations where f
and k(-, 7) are Holder continuous on [—1, 1]. Much of the mathematical
detail is omitted here. Finally, in Section 5.3, we shall see how these two
methods come together when we use appropriate Gauss quadrature rules
to evaluate the inner products in the Galerkin-Petrov method.

5.1. The Galerkin—Petrov Method. Recall from Section 2 that when a
and b are real, both the fundamental function Z and r are positive so that
we can introduce two positive weight functions w, and w, where w, €
H(p,, p») and w, € H(q,, g,). Following Section 2 we introduce two sets
of polynomials {t,} and {u,} which, in this section, we assume to be
orthonormal with respect to the weight functions w, and w,, respectively.
Then if we assume that b is a polynomial of degree n with all its zeros on
[—1,1] (this was Assumption A), we shall have

U, = Alyse, for n = max(0, u — ), (143)

A

=A'u,_., forn=max(0, k + p); (144)

see Eqgs. (49) and (51), respectively.
Let %, i = 1, 2 denote two real, separable Hilbert spaces with inner
products denoted and defined by

(Y1, P2 = [ wi(7)gn(T)a(7) dr;  i=1,2. (145)
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For ¢ € %, its norm will be given by ||| s = (¢, ¥)i>. The operator A will
now be considered as an operator on ¥, into 3, and similarly A’ will be
an operator on #, into #,. Let us consider first the operator A. The
Hilbert-adjoint of A, A¥*: %, > #, is such that

(A’ybl ’ ¢2)2 = (‘l’l > A*'pr)l (146)

for every ¢, € ¥, and ¢, € #,. From the definition of inner product we
have immediately that

A*y = M*(y/ Zr), (147)

on recalling Parseval’s theorem and Eq. (13). The norm of A will be defined
by
IAl = supyese, | AW |l se/ |9 [l 5, - (148)

It is not difficult to show that A is a bounded linear operator from #, into
¢, . First, we have that

|AY (|3, = (A¥, Ag), = (¥, A*AYP),. (149)

Next, from the Poincaré-Bertrand formula [Eq. (11)] and Eq. (31), where
we are assuming that b is a polynomial, we find, after some algebra, that
forre (—1,1)

p-p.(bX'; 7) — p.p.(bX ;1)

T—1

) Y(7) dr.
(150)

(A*AP)(1) = ¥(1) —H w,(r)(

Finally, on applying Holder’s inequality to this equation we find that there
exists a constant ¢ > 0 such that

1A I3, = clly I3, (151)

The boundedness of A follows at once. Similarly we can show that Alis

a bounded linear operator on #, into ¥, , although we shall omit the details.
With these preliminaries we can now descnbe the Galerkin-Petrov

method. We assume an approximate solution ¢, € #, of the form

=T b, (152)
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which gives rise to a residual, (res),, where
(res), = (A+ )¢, — f (153)

The n unknown constants in (152) are obtained by requinng that

e feoncY A\ — N e 2 — 1 {1Yam {18AN
\U;_1, (T€S) )2 =V, ori = i(1)m. \134)

Equation (154) gives rise to our required system of m linear algebraic
equations in n unknowns which we wrnte in the usual way as

(A, + K,))X, = V- (155)

In this case
An = ((ui—ls A!}—I)Z)a (1563.)
K, = ((u—y, Ht;_1)>), (156b)

for i=1(1)m, j =1()n, and x, = (&, &, ..., &) with
Ym = (Uima, f)2),  i=1(1)m. (157)
From Eq. (143) we see that for 7 = 1(1)m and j = max(1 + u, 1 + &),
(U1, Al 1) = 821 j—1-s» (158)

so that much of the matrix A, has a very simple structure.
At this point it is convenient to identify appropnate restriction and
prolongation operators. We have

rn:%l > Xﬂ SUCh that rnX = ((tO; x)19- . '9(tn—l9x)l)T;

P":Xn —> %l SUCh thdt PnXn = 2 fiti—l Where Xp = (é-l, §2’ st §")T.
i=1

For x, € X, we define

Irallx, = ol = ( £ £, (159)

so that we have chosen the 2-norm in X,,. Then it follows that

lpall = sup [l paXalls6/ I1%allx, = 1, (160)

Xn€ X,
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so that in this case the prolongation operators are uniformly bounded.
Similarly ||r,|| = 1. Between the spaces ¥, and Y,, we define

Sm: ¥ > Y, such that s,y = ((ug, Y2, - + - » (Ypm—y, Y)2) "3

Qiﬁ: l/ar“r- e gfz Wi!h Qrﬁyﬁ‘- = Z T,’juj—} Wh._!"@ }’m = (1?1; 7}2-3 LR ) T;,ii)T‘
j=1
Again with the use of the 2-norm in Y,, we find that ||s,..|| = ||g..]| =1, m € N.
In terms of these operators we see at once that
A, = 85,Ap,, (161a)
K, = s5,%p,. (161b)

Thus we appear to be constructing an example similar to that discussed

in Theorem 4.6. Let T, =span{ty, t,,...,t,-1}; then P, = p,r, is the

orthogonal projection of %, onto T,. Similarly, if we write U, =

span{ug, ¥,,..., U, ,} then Q,, = g,.5,, is the orthogonal projection of ,

onto U,,. In this case we have even more useful relationships than those
given by Egs. (136) as the following theorem shows.

Theorem 5.1. For n = max(u, )

AP, = Q,A, (162a)

PA' = A'Q,. (162b)

Proof. We shall consider just the first of these two equations. For any

¥ € 3, we have ¢ = Y ;o4 (t;, Y)1;, so that Py = Y [20 (4;, ¥), t; and we have
that, for n = max(u, x),

A(I - Py = ; (4 Yh AL = ; (t, Yhu;_, by (143).

Now recall that
t;, = pp(4;_,X"') by Eq. (48(b))
= M*(u;_,./Zr) by Egs. (13) and (31)

= A*uy,_,  byEq.(147).
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Consequently we can write

A(I - Pﬂ)']’ = Z (A*uj-lc, l’l)luj-—x = z (uj—K,A‘l’)Zuj-—n
= j=n

j=n

T (w, A, = (I = Qu)AY:

J

We can proceed similarly for the second of (162) and the theorem is
proved. O

It remains to show that Eqgs. (135) are satisfied. From Eqs. (87) we see
that ker( A) is either {0} when x =< 0 or a polynomial of degree (u + k — 1)
when x = 1. Similarly ker(A' ) is either {0} when x = 0 or a polynomial of
degree (i — x — 1) whenever « < —1. Consequently Eqs. (135) will be
satisfied in all cases whenever n = max{u — 1, u + « — 1}. Thus all the
conditions of Theorem 4.6 are satisfied in this case so that

&7

g, a7 ,
Ay, =TA g,. {

—
o8
(S

e

We shall now gather together some useful results before applying the
convergence theorem (Theorem 4.5) to this method.

Lemma 5.2. For the Galerkin-Petrov method
(i) 8¢ =0, for all ¢ € ,,

(ii) ®¥x, =0, for all x, € X,,

(iii) a(n) = ¢, for some constant c.

Proof. (i) From Eq. (111) with A, given by (161a) we have
8?¢ = SmA'J’ - SmAPn"l’ since Pn = Pnl'n

= $,,AY — 8,,Q,,AY by (162a)

I

0 since $,, Q. = (8:Gm)Sm = S

Thus we can write y, = oo in this case.
(ii) This follows at once from the definition of ® as given by Eq.
(129) and the definition of K, in this case; see Eq. (161b).
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(iii) Consider any y,, € ran(A,); then

LAL Yullx, = 17aA Grymllx, by (163)

= | putwA G Yml5, DY (159)
= l(A'Qn)gm¥mllz, by (162b)
= ||A’qm Vou | 2, since Q,, = ¢S, and §,,g,, = I,

-~
= A" - N ymll v,

Since A’ is a bounded linear operator from 9 into %, it follows at
once that [|AL| = |A’| so that 4(n) = ¢ for some constant c. 0

In the light of this analysis let us restate the convergence theorem for
this method.

Theorem 5.3. Let % be a compact operator on 3, into #,. Suppose
feran(A) and let A,, K, be given by Eqgs. (161). Then for all n =
max(1l + u, 1 + x) the equations (A, + K, )x, = s,.f possess a solution such
that

Iray — xull = - n ™%, (164)
| — puXa| = c- max{n™, n~"}, (165)

Proof. Since we have chosen y,, =s,.f, then we can also choose
v; = 0. We have already commented that y, = co0 so that the discrete
convergence will depend only on the rate at which ||, ¢|| tends to zero.
Global convergence as given by (165) is obtained at once by noting that

'yb = DPnXn = pn(rnd’ - xn) + ('.b - pnrn‘.b):

taking norms and using (164). 0
We might comment that

167%|| = l|s. % — B[ < |H(I - P)g| < en ™,

since ¥, being compact, is certainly bounded. The value of §, will depend
upon properties of the function ¢ which, in turn, depend upon those of f
and k(-, 7). We shall pursue this topic in a little more detail in the next
section.

So much for the analysis of this method. When it comes toimplementing
the algorithm there are many problems to be considered. We must, for
example, know Z explicitly or at least be able to compute it for a given
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t € (—1,1). We must be able to evaluate the inner products in both #, and
3¢, and this will inevitably require the use of some appropriate quadrature
rules. In Section 5.3 we shall consider these evaluations using Gauss-type
quadrature rules based on the zeros of the polynomials ¢, and u,,. But these
zeros, together with the associated Christoffel numbers, must also be com-
puted and this is not always straightforward. The polynomials ¢, and u,,
are in fact generalized Jacobi polynomials and, for a review of their proper-
ties, the reader is referred to Nevai (Ref. 23). However, in the special case
when both a and b are constants, the polynomials 7, and u,, turn out to
be Jacobi polynomials and much can then be made of the known analytic
properties of these polynomials.

Finally, mention should be made of the use of the iterated Galerkin
method. This will be similar to that already discussed in Section 3 and for
further details the reader is referred to Elliott (Ref. 24).

5.2. A Collocation Method. For this method we must put further
restrictions on both f and k. In particular we shall assume that both f and
k(-, 7) are Holder continuous on [—1, 1] (a function f is said to be Holder

constant A = 0 such that

|f(t,) = f(t2)| = Alt, — 1", (166)

for all r,, 1,€[—1,1]). Later we shall be even more restrictive on the
functions f and k.

In order to discretize (82) we shall first introduce two quadrature rules.
These will be based on the zeros of the polynomial t, which, from Section
2, were orthogonal on [—1, 1] with respect to the weight function w,. Since
most of the results of Section 2 are based on Assumption A we shall,
throughout Section 5.2, assume that b is a polynomial.

For any n€ N, let 7,,,j = 1(1)n, where

N < Ty < Tpogn < < 7.<1 (167)

denote the n simple zeros of the polynomial t, [see Eq. (47)]. Let w;,,
j = 1(1)n, where

Hin = 7T(Wit,; 7,..) th(7pn) (168)

denote the corresponding Cotes numbers where, as before, w, = Z/r. The
Gauss quadrature rule based on the zeros of ¢, is given by

I—] wi(7)Y(7) dr = '2":1 ;Lj_,,l,b(q}',,) + Rf(d;), (169)
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where RS () = 0 whenever ¢ € P,,_,. For Cauchy principal-value integrals
there exists a comparable quadrature rule [due initially to Hunter (Ref. 25),
but see also Rabinowitz (Ref. 26)] which can be written as

][‘ wi(7)e(7) U(5) | mP(1)

-1 T— 1 Tin — 4 t"(t)

dr =Y pyn T(wit,; 1)+ Ry (g5 1), (170)
j=1

where t € (—1, 1) and we assume ¢ # 7,,, j = 1(1)n. The remainder is such
that R (¢ t) = 0 whenever § € P,,. The right-hand side of (170) needs
modification if t = 7;, for some j, but we shall not consider this modification
here. With these two quadrature rules we can now consider the discretization
of Eq. (82). Substituting (169) and (170) into (82)-(84) and recalling (49),
which defines the polynomial u,, in terms of ¢,, we find

um(t) " l-"'j,nb(t)'pb('rj,n) "
t"(t) "l’(t) +j§l 17(1}-'" . t) +j§l #'j.nk(ts Tj’.n)"’(q}.n)
=f(f)—%)-Rf(df; t) — R (k(1, - )), (171)

where t # 7;,. We shall obtain m equations for the n unknowns §(7;,) by
choosing t = t;,,,, i = 1(1)m, where

N <ty <lpoym<- "< h,<l (172)

are the m simple zeros of the polynomial u,, [recall from Eq. (50) that the
polynomials u,, are orthogonal on (—1, 1) with respect to the weight function
w, = 1/(Zr)]. If we also neglect the remainders R} and RY arising in (171),
we obtain a system of m linear algebraic equations in n unknowns given by

(A, + Kp)X, = Yo, (173)

where, if we write A, = (a!}’) and K,, = (k{}’), we find, provided 7;,, # 1.,
that
(n) _ I-Lj,nb(tl‘,m)

i‘j ‘]T(',}." _ t"m) 2

(174a)

ksj) = I-Lj,ﬂk(ti,ma Tj,n): (174b)

for i = 1(1)m and j = 1(1)n. If it should happen that 7,, = t;,, then Elliott
(Ref. 27) has shown that

) {0, j#*J,

a;; = 175
i Z( tl,m) Sgn a(tl,m)9 j = "' ( )
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Finally, in Eq. (173) we have

ym = (f(tl,m)s.f(tZ,m):“'1.f(tm_m))Ts (176)

and we want to solve for x, = (&, &...., &), where & will hopefully be
a good approximation to (7 ,)-

We now have the required discretization for the method of classical
collocation and in order to discuss convergence we need to choose appropri-
ate spaces and the restriction and prolongation operators between these
spaces. Let us choose X = C[—1, 1], the space of all continuous functions
on[—1, 1] equipped with the uniform norm. Then dom(A) will be a subspace
of C[—1, 1] which we shall identify later. Since fe H,[-1,1],0< v <1,
we shall choose Y to be the space of all such functions equipped with the
Holder norm. That is, if g € H,[—1, 1] then

lglly = max{| gll, suplg(t,) — g(t)|/|t: — 1"}, (177)

where the supremum is taken over all ¢,, 1, € [-1, 1] provided 1, # t,. The
operator A’ will now be considered as mapping Y into X and we shall
define the norm of A" by

1A'= sup [IA'gl/lglly- (178)

SEHV[_'I-IJ

Before proceeding any further we need to show that A’ is a bounded linear
operator on Y into X. To do this we need the following result.

Theorem 5.4. Supposedp € H,[—1,1],0 < v <1 and ¢(x1) = 0. Then
T$p € H[—-1,1].

Proof. See Muskhelishvili (Ref. 1, Section 19). O
Before proceeding we need to make assumptions concerning the values
of @ and 8 and the weight w,.

Assumption B. We shall impose the following conditions:
(i) —1/p2<a <0, -1/py<B<0;
(ii) w,e H [-1,1],0<v< 1.

In practice, Assumption B(i) is not too restrictive even though in (20)
we allowed —1/p, < a <1/g,and —1/p, < B < 1/g,. As a consequence of
this we have, since w,=1/(Zr)=(1—-7)"%(1+7) Q7 '(7)/r(7), that
wy(£1) = 0 and in any case we assumed w, was Holder continuous on every
closed subinterval [¢, d] say of (—1, 1). This leads to the following result.
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Theorem 5.5. Suppose ge H, [-1,1], 0<wv <1 and w, satisfies
Assumption B. If

G(t)=j wz(f)(g("l_g(')) dr, te[-11], (179)

— 1

then G € H,[-1, 1].
Proof. We can write
G(1) = T(wog)(1) — g(1)(Twy)(1).

Since both w, and g are in H,[—1, 1], so is w,g. Furthermore, w,(+£1) =0
so that we can apply Theorem 5.4 to each term in this equation and the

result follows at once. 0O
We now have the result that we require.

Theorem 5.6. Under Assumptions A and B, A’ maps H,[—1, 1] into
[—1, 1]

- - PR, 12 m _ P —~ - ¥r

itself when 0 < » <1 and is a bounded linear operator on H,[—

Cl-1,1].

Proof. The linearity of A’ is obvious from (85). From (31) with P = 1
we have

aw, = p.p.( X" 1) + T(bw>),
so that substituting this into (85) gives

g(7) — g(1)

T— 1

(A'g)(1) = (r)o(t)—(—” ) 2(7)(

) dr, (180a)

T RANWwE W

b(7) - b(')) dr.  (180b)

_ 1 (!
Q(1) = p.p(X ‘;r)+—J' w:('r)(
mJ T—1
Now Q is a polynomial so that gQ € H,[—1,1]. That the second term in
(180a) is in H,[—1, 1] follows from Theorem 5.5. Hence A’ maps H,[—1, 1]
into itself and therefore into C[—1, 1]. From (180a)

('r) —g(1)
— 1t

dT}, (181)

(g0l = e{ls(ol + J wi(7)
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where c is a constant independent of both g and . Recalling (177) we have
that

1A'= ¢ lIgllv, (182)
where ¢ is independent of g. This establishes boundedness. 0
Having established that A’ is a bounded linear operator on Y into X

let us now consider restriction and prolongation operators between the
Euclidean spaces X, Y,, and the spaces X, Y respectively. We define

rn :X > Xn SUCh that rn',b = (d’(Tl.ﬂ)s "’(72.11)9 ey 'I’(Tn_n))Ts
pn :Xn > X SUCh that ann = (Lnx—lxn)(t); Xy = (§l, §29 LR ) fn)T9

where

(L)) = § -2k

i=1 ta( 70 )t — 75.0)

, (183)

this being the Lagrangian interpolation polynomial of degree (n — 1) based
on the zeros of t,. Obviously r,p, = I,. The projection operator P, = p,r,
is such that for all ¢ € C[—1,1], || — P.¢|l- does not tend to 0 as n > oo,
We define

r" on Hxn (=9}
Il el (150

r = Su
Irall = sup S ol

pex [Pl ’

where we have chosen the infinity norm on the Euclidean space X,,. Then
|Ir.]l =1 but || p.|| will not be bounded as n - co.
Again, between the spaces Y and Y,, we define

Sm: Y - Y, suchthat s,.g = (g(t;.m), 8(tam), - - - » 8tmm )",

+ V o Vanrh that
< & 23 [ 8 L 8

v o
Ijm + 4 LA 0]

y \(f\
AN 4

. = (. o m VT
-1J>m \r Iml

1l Tf23+ ==y ’

where L)._, denotes the Lagrangian interpolation polynomial of degree
(m—1) based on the zeros of the polynomial wu,, and such that
(LY _1¥m)(tim) = M, i = 1(1)m. Again we have s,.,q,, = I,, and the projec-
tion operator Q,, = g,,.8,, 1s such that Q,.g € P,,_, forevery g € Y. We define

| 58l | Gy
Ismll = sup—=2— gl = sup - (185)

gev llglly yue Yo | Yenlleo

where the infinity norm has been used on Y,,..
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Having defined these operators let us reconsider the discretization of
the operators A and % as given by Eqs. (173) and (174). We see that

A, = 5.,Apn, (186a)

K, = Sy P, (186b)

so that again we have a situation similar to that given at the end of Section
4. Now p,x, € P,_, and since both AP, ,€P,_, and Q,,P,,_, € P, , it
follows that Eq. (136a) is satisfied. The same is true for Eq. (136b). Again,
let us note that since ker(A) is either {0} when « <0 or a polynomial of
degree (u + « — 1) whenever « = 1, then P,{ker(A)} = ker(A) whenever
n = u + k — 1. Consequently Eq. (135a) is satisfied and, by a similar argu-
ment, so is (135b). Hence by Theorem 4.6 we have

-~

A= r,,ﬁ'-qm, (187)

and r,(ker(A)) = ker(A,), s.(ker(A")) = ker(AL).

We need to display the elements of Al explicitly. In order to do this
we need to introduce another quadrature rule, comparable to (170), based
on the zeros t;,,, i = 1(1)m, of the polynomial u,,. If t # t;,, and ¢ € P,,,
then

'»b(tjrrI) + (1)

o=t ur) T(w,u,,; t). (188)

‘Jt' wa(7)g(7)

m
dr=Y v,,
-1 T—1 j=1

Substituting this into (85) for A’ and recalling that mVm € Po_1, we find,
g g q

Alm)

after a little algebra, that if AAfn = (a;, ) then

stmr _ D)

~ w(Ton — f,-,m) ’

i=1n,  j=1(1)m, (189)

provided that 7, # {, ...
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We shall now give an estimate for the upper bound of || A% [l.-
Theorem 5.7. Under Assumptions A and B
IAR o< ¢ + c2log n, (190)
where ¢, and ¢, are constants independent of n.

Proof. See Elliott (Ref. 6, Appendix B). 0

In order to prove convergence we could evaluate all the quantities
arising in Theorem 4.5, but we can obtain a better result in this case if we
proceed a little differently. From Eq. (125) we have

(L + 1) (rth — %) = (r.g — 8a) — 50¢, (191)

where J = fi'.%’, J, = /if,,K,,, g= AA'f+ dr(m, and g, = Af,,ym + x? Now
we see that

where we have written
Vn = S f- (192)

Now we can choose r,'? — x!! = 0 so that, on recalling (113), we have

simply that

&n Yn J- \

ng
Again we have seen from (128) that
saip = 87 (Hp) + AL 57w,

so that we can rewrite (191) as

(I, + ALK, )y — x,) = 82 (f — ) — AL 6%y
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Now, as we have seen, for n large enough (I, + AAf,,K,,)' exists so that
rab = X%, = (I, + ALK,)' {87 (f — ) — ALs7 ), (194)

and we shall take this as the starting point for our error analysis. We shall
obtain an upper bound for ||r.jy — x, || by putting a bound on each term
on the right-hand side of (194). But before doing this we shall make one
further assumption.

Assumption C. For some nonnegative integer r and 0< v <1 we
suppose

(i) e HI-1,1];

(ii) both d'k/ét” and 9'kfo7" are in H,[—1, 1]

The case r = 0 corresponds to the function itself. With this we now
have the following theorem:

Theorem 5.8. Under Assumptions A, B and C

(i) all solutions of (A + %) = f are such that ¢” € H,[—1, 1];
(i) |8 ]leo=en™"*";
(iii) |82 (f — Hlee =< 0" (c1 + 2 log n).

Proof. See Elliott (Ref. 6, Appendix C). 0
From this result our convergence theorem follows immediately.

Theorem 5.9. Under Assumptions A, B, and C, if ¢ is any solution
of (A + )¢ = f then there is a solution x,, of (A, + K,,)x, = s,,.f such that

7ty — Xalleo < p(n)n """ {c) + ¢, log m}, (195)
where ¢, and ¢, are constants independent of n.

Proof. This is obtained immediately by combining (132) with (194)
and the results of Theorem 5.8. O

The question remains as to an estimate for p(n). Now p(n) is an upper
bound for the norm of the prolongation operator p, which is Lagrange
interpolation based on the zeros of the polynomial t,, which in turn are
orthogonal with respect to w, = (1 — 7)*(1 + 7)°Q(7)/ r(7). Nevai (Ref. 28)
has shown that if y = max(«, B) then
y+1/2

cn , if y > -1,

p(n) S{ (196)

clogn, if y < —3.



356 D. Elliott

This can be inserted into (195). Finally, for global error we have that since

Y = PuXy = pa(ray — x,) + (¢ — puradr),
then

I = paxnlloo =< p2(n) - n~ (¢, + ¢, log n). (197)

This completes the analysis of the rate of convergence for classical
collocation under some assumptions which, in practice, turn out not to be
too restrictive. The rate of convergence may be looked upon as being
satisfactory within the restriCtions given.

5.3. A Discrete Galerkin Method. In Section 5.1 we discussed a
Galerkin- Petrov method for the approximate solution of (A + )¢ = fand
in Section 5.2 we discussed the so-called classical collocation method. These
two methods come together when we consider a particular discretization
of the Galerkin- Petrov method. Let us recall from Section 5.1 that we looked
for an approximate solution, which here we shall write as ¢, of the form

Y = -§1 &iti-1.- (198)

On substituting this approximation into the complete equation we obtained
a residual (res), given by

(res), = (A + )y — f (199)

The unknowns &, j = 1(1)n of (198) are obtained by requiring that
{U;_,y, (1€8),), =0 fori=1(1)m. (200)
This gave rise to m X n matrices A,,, K,, whose elements involved inner
products. These were assumed to be evaluated exactly. In general, of course,
this will not occur and use will have to be made of some appropnate

quadrature rules. Let us suppose that for inner products {( , ), we use the
Gauss quadrature rule given by (169) while for { , ), we use

j wo(7)(7) d7r = § v, (L ) + remainder, (201)
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where the remainder is zero whenever ¢ € P,,,,_, [c¢f (188)]. From (199)
and (200) we have

(ui-ls(A+9{)¢f)2:(ui—l)f)Z: i= l(l)m)
which is of course equivalent to
(A*+ A%y, ) = (U, f),  i=11)m, (202)

where A* is the Hilbert-adjoint of A [see (147)] and ¥*, the Hilbert-adjoint
of 3, is defined by

(H*g)(1) = J: wa(7)k(7, YY(7) dr. (203)

From the quadrature rule given by (188) we have

m . Lra Yas f a AY
E Vr,mO\ g m JWi 1\ Lk m )
k=1 77(7}‘,:: - tk,m)

(A*u;_1)(7,) = . exactly, (204)

while from (201) we have

(%*ui—l)("_'i,n) = Y, Vigmk(tim, Tin) U1 (B m) + remainder  (205)
k=1
and

(iers Y2 =3 Vet (tom)f (i) + remainder. (206)
k=1

On neglecting the remainder term in (205) and (206), substituting the
resulting expressions and (204) into (202), and evaluating the inner product
on the left using the quadrature rule (169) we obtain a system of linear
algebraic equations given by

U;— l(rk,m)b('rk,m)
17(7}‘," - tk,m)

i Mj,n{kri:l I’k,mli + k(tk,m: 'rj,n)ul—l(tk,m)]}gj

F=1

= )"f Vimtlio () f(Bem),  fori=1(1)m. (207)
k=1
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On solving for §;, j = 1(1)n, arising in (207) we obtain an approximate
solution ¢S say to ¢ where

TEr

+ 1k (tims '.-,_,,)] &=/ tk,m)} = 0.
(209)

J=

If we introduce the m X m matrices
N,, = diag(v ),
Um = (ui—l(tk)))

then, on recalling Eqs. (173) and (174), we may write (209) in matrix form
as

Un.Nn{(A, + K,)%, = ym} = 0. (210)

Since both the matrices N,, and U, are nonsingular we have that (210) is
equivalent to

(A, + K,))x,, = y» (211)

which was the system of equations for classical collocation. Thus each
method gives rise to the same vector x, from which we obtain ¢S through
(208) or ¢, say, through (183) which gives ¢S = LX_,x,. From the theory
of orthogonal polynomials we have that

..G — . O - - <, P X R 2"
Yn = Yo on|—1,1]; \212)

consequently the results obtained in the previous section for ||y — ¢5 |l
now hold for the uniform norm of ¢ — cﬁf

Returning to Eq. (199) we may obtain m equations for the & arising
in (198) by requiring that (res), be zero at m distinct points of (—1,1). If
we choose these zeros to be those of u,, then, using Gauss quadrature again,
we recover the linear algebraic equations of classical collocation. A vanant
of this method is to choose the m points not to be the zeros of u,, but the
zeros of a polynomial not directly related to the singular integral equation.
Thus Cuminato (Ref. 29) has chosen this polynomial always to be T,,, the
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Chebyshev polynomial of the first kind of degree m, and has given a
convergence analysis in the case when a and b are constants. We shall not
pursue this matter any further here.

One might also note that if instead of concerning ourselves with errors
in the uniform norm we had considered ¢ — J,,G in the space #,, then a
much simpler analysis would have ensued. Again, we shall not pursue this
matter here but refer the interested reader to the papers of Golberg (Ref.
30), Fromme and Golberg (Ref. 31), and Miel (Ref. 32).

6. Conclusions

This attempt at a unified theory of convergence is far from complete
but does reflect the considerable progress that has been made in this topic
in the past decade. Much remains to be done in the application of this
theory to different algorithms. Many topics, such as the analysis of
algorithms involving splines on the one hand and the Whittaker cardinal
function on the other, have only been touched upon in this chapter. The
use of splines with direct methods has been ignored and for some progress
Keer (Ref. 34), and Gerasoulis (Ref. 35). Most of the work in the past
decade has been influenced by global approximation techniques based on
the orthogonal polynomials which arise so naturally with these equations.
For an alternative approach to that taken in this chapter the reader is
referred to the paper by Junghanns and Silbermann (Ref. 36).

We have made no mention here of methods for singular integral
equations in more than one dimension, but it is hoped that a thorough
understanding of the methods for one-dimensional equations will lead to
a better understanding for methods in higher dimension. For the theory of
such equations, the book by Mikhlin (Ref. 37) remains the standard text.
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Planing Surfaces
E. O. TUCK

Abstract. The planing surface problem is reviewed. Simplifications
leading to the generalized airfoil equation can be solved by using known
numerical techniques. The more complete two-dimensional case leads
to novel integral equations whose numerical solution presents challeng-
ing computational problems.

1. Introduction

Planing is a state of steady motion of a boat in which the wetted draft
is small compared to the wetted length and beam, and hydrodynamics, not
hydrostatics, provides the support for its weight. Most hulls are capable of
planing if driven sufficiently fast, the lift generated by hydrodynamic forces
increasing like the square of speed, and causing the draft reduction necessary
to maintain planing.

Planing is just one facet of the great unsolved problem of ship hydrody-
namics. The basic ship-hydrodynamic problem is to solve Laplace’s equation
in three space dimensions, subject to a Neumann boundary condition on
the given ship hull surface, free-stream and radiation conditions at infinity,
and a pair of wickedly nonlinear boundary conditions on the (unknown)
free surface of the water. No useful numerncal results have ever been
obtained for this problem.

Under some circumstances, the free-surface boundary conditions can
be linearized and applied on the undisturbed plane surface y = 0. The
resulting “Neumann-Kelvin” boundary-value problem, although linear, is
still too difficult to solve for routine application to ship design. Doctors
and Beck (Ref. 1) have recently come to quite pessimistic conclusions about

E. O. Tuck ® Applied Mathematics Department, University of Adelaide, Adelaide, SA,
Australia 5001.
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this matter. There is also some doubt (Ref. 2; see also other articles in that
conference proceedings) about the legitimacy of lineanzation for a general
ship.

However, no such doubt exists for planing surfaces as defined above,
linearization being justified on account of the smallness of draft. At the
same time, the Neumann boundary condition on the hull can also be
simplified, and applied on the projection of the hull onto the plane y = 0.
Thus the linearized planing problem is a boundary-value problem defined
in the whole lower-half space y < 0, with boundary conditions only on the
plane y = 0 and at infinity. Such half-space problems have a much greater
chance of being solvable, and indeed the planing problem is now in principle
(and, to a large extent, in practice) solved.

In order to indicate how one might proceed to solve it, it is convenient
first to discuss another ship-hydrodynamic problem for which linearization
is justifiable, namely, that of a hovercraft. From the theoretical point of
view, the action of the fans of a hovercraft can be modeled by a prescribed
distribution of pressure p(x, z) in the air over a portion of the undisturbed
free-surface plane y = 0. This pressure (excess over atmospheric) will cause
the free surface to be displaced into a surface with equation y = 5(x, z).
Linearization is justified if the magnitude of p(x, z) is sufficiently small,
and then so is the magnitude of the free-surface displacement 5(x, z).

We can now observe that every planing surface is hydrodynamically
equivalent to some hovercraft. That is, y = n(x, z) may now be taken as
the equation defining a planing surface, and our real task is to find p(x, z),
given 7(x, z). The direct problem of finding n(x, z), given p(x, z), has long
been solved, and can be expressed as an integral over that portion W of
the plane y = 0 where p(x, z) is nonzero. The inverse problem, of finding
p(x, z), given n(x, z), therefore reduces to an integral equation on the
domain W.

The two-dimensional special case, on which most work has been done,
is discussed in Section 2, and three-dimensional and other generalizations
are given in Section 3. In the following, the pressure p has been made
nondimensional with respect to pU?, where p is water density and U the
speed of the boat. We also use a parameter y = g/ U?, where g is the
acceleration of gravity.

2. The Planing Equation
In the case of two-dimensional flow, when there is no dependence on

the lateral coordinate z, the problem reduces to a standard Cauchy-singular
integral equation in one variable. That is, suppose a pressure distribution
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p(x) acts on the free surface, for —I < x < [ Then (Ref. 3) this causes the
free surface to be displaced to y = 5n(x), where

‘n(x)=J P(OK(x — §) d¢. (1)

The kernel function K(x) in (1) is expressable in terms of sine and cosine
integrals, namely,

1 2 sin yx, x>0,
K(x)=—— — 2
(x) = ~—g() {0’ =0 2)
where
! nt
g(x) = cos x SO—S—dt+sm|x|j -S-lt—d (3)
Ix] [x]

The even auxiliary function g(x) can be computed very easily, e.g., by the
rational approximations given in Ref. 4.

If the shape of the submerged hull is prescribed for —/ < x < [, then
7n(x) is known, and (1) is an integral equation to determine the unknown
pressure p(x). However, this integral equation is not yet of Cauchy-singular
type, since it has a logarithmic singularity, with

1
K (x) » —log|x|, as x » 0. (4)
Y
A Cauchy-singular equation arises if we differentiate once, giving

1
n'(x) = J_lp(cf)K'(x —¢) d¢. (5)

The integral in (5) has a Cauchy principal-value interpretation.
Equation (5) may be called the “planing equation,” by analogy with
the ““airfoil equation™

(6)
x— g

(Ref. 5). In each case, we have a singular integral equation of the first kind
on a finite interval, with a Cauchy-singular kernel. In each case, the unknown
function p(x) can be identified with the pressure on, and the given function
n'(x) with the slope of, a body in contact with a fluid.

Indeed, this analogy becomes an identity in the limit as y - 0, since
in that limit (4) determines K (x) and (5) reduces exactly to (6). This limit
corresponds to planing at very high speed, and in such a case the flow
beneath a planing surface is identical to that past the lower surface of a
thin airfoil of the same shape.
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The analogy with the airfoil equation enables us to assert that Eq. (5)
does not possess a unique solution. Specifically, there exists a one-parameter
family of solutions, of the form

p(x) = pi(x) + Cpo(x), (7)

where p = p,(x) is any solution with the given n'(x), p = po(x) is a solution
of the equivalent homogeneous integral equation [i.e., that with »’(x) = 0],
and C is an arbitrary constant. In the case of the airfoil equation, p,(x)
can be obtained by a quadrature, and

po(x) = (P =)™,

However, in the case of the planing equation, both p,(x) and py(x) must
be determined computationally.

The particular member of the family (7) that is of interest in the present
application is the one that satisfies a “‘smooth-detachment™ condition at
the trailing edge x = [ This simply demands that the pressure p(x) vanish
there, 1.¢.,

p(l) = 0. (8)

Note that since p is defined to be the excess over atmospheric pressure,
Eq. (8) really states that the actual pressure has returned to the ambient
atmospheric value at the trailing edge.

Exactly the same requirement holds in the case of airfoil problems,
where p means the jump in pressure between lower and upper surfaces,
and (8) is called the “Kutta condition.” We retain the name Kutta condition
for it in the planing case. It is not hard to show that (8) guarantees
smoothness of detachment from the trailing edge, in the sense that when
(8) holds, the free surface at x = I, has the same displacement and slope
as the hull at x =1 _,

Early work on the planing equation (5) was done by Sretenskii (Ref.
6) and Maruo (Ref. 7). These authors [and others such as Squire (Ref. 8),
and Cumberbatch (Ref. 9)] borrowed heavily from techniques that had
proved successful for the airfoil equation, particularly involving truncation
of a Fourier-like series. In such methods, the Kutta condition (8) is built
into the numerical solution of the integral equation, as a constraint on the
form of the series, which also has a special first term to model the inverse-
square-root pressure singularity at the leading edge.

An alternative procedure used by the present author (Ref. 10) and
others (Refs. 11-12) involves actual computation of the separate constituents
pi(x) and po(x) of the general solution (7). The procedure for doing this
is revealing, in that it throws light on an aspect of the problem not fully
appreciated by the early investigators.
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First we note that (5) is not only the planing equation for an input
hull n(x), but also corresponds to every hull that is obtained from it by a
vertical shift. That is, if we integrate (5) back again, we do not necessarily
get (6), but in general we get

I
n(x)+ C = J[ p(E)K(x — &) d¢, (9)
el
where C is an arbitrary constant that can be identified with that in (7).
The numernical procedure is now quite straightforward. Equations such
as (1) with a logarithmic kernel possess (almost always, the exceptions
being not of practical importance here) a unique solution for any input
n(x), and this solution can be obtained numerically by methods discussed
thoroughly in Ref. 13. Given an algorithm for solving (1), we use it twice,
first with n(x) taken as given, calling the output p,(x), and second with
7n(x) replaced by 1 (for all x), calling the output py(x). We now implement
the Kutta condition (8) by setting

C = —lim p\(x)/ po(x), (10)

x=!

noting that the numerical equivalent of this limit has to be performed
carefully, since both p,(x) and py(x) have inverse-square-root singularities
at x = [

The above numerical method works well and efficiently. Using it with
minor modifications, Oertel (Ref. 11) obtained 2-3 figure accuracy with a
50-point grid. He provided plots of p(x) for various surfaces n(x), over a
range of values of yl Similar, but somewhat less accurate, pressure plots
were obtained by earlier investigators.

It is notable that this procedure uniquely determines not only the
pressure (and hence important practical outputs like the net lift force and
center of pressure), but also the constant C. That is, there is no solution for

a given general n(x); instead, there is a solution for a modified input
n(x) + C, where C is uniquely determined! At first sight, this is very
disturbing; can we not solve the planing problem for a given hull? In fact,
we can not, for a given hull of a given length 2/, at a given speed (determining
v)! Instead, the flow insists on changing the given hull, by shifting it upward
through a certain displacement C that it determines. In general, this shift
C is of the same (small) order of magnitude as the input n(x).

This y-shift also occurs (in principle) in the case of the airfoil equation,
but is not of practical significance in the aerodynamic context; the piece of
sky at y = y; 1s dynamically indistinguishable from that at y = y,. This is
far from the case for planing surfaces, since their vertical location relative
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to the free surface at y = 0 is crucial to the dynamics of their motion. This
is manifest in the dramatic variations that occur in the angle of attack and
wetted length of a high-speed planing boat as its speed is varied. In fact,
it is the wetted length (21) that provides the key to resolution of the paradox
discussed above.

Although we fix the range of integration (—/, I) in the planing equation
(5), this is only for computational convenience. The problem would fit the
application better if we were to allow this range to vary, i.e., to join the
pressure p(x) in the list of unknowns. We must pay a pnce for our perverse
preference for a fixed wetted length, and that price is an inability fully to
specify the shape function 7(x). Actually, the price is not too high, at least
in two dimensions, since inverse methods can be used (Refs. 8, 11) in which
results are computed with ! fixed, and subsequently replotted as if I were
an output parameter.

Another interesting issue for the planing equation concerns “premature
detachment.” Most planing surfaces have a “transom,” i.e., are sharply cut
off at their trailing edge. Therefore, when the above inverse method deter-
mines the wetted length 2/, it is really determining the location of the leading
edge, relative to the (fixed) trailing edge. Well-designed planing surfaces
have p(x) > 0 for —I < x < [; after all, they are intended to provide positive
lift forces. In fact, if p(x) < 0 near the trailing edge, it 1s almost certain
that the flow will not remain attached to the hull up to the transom, and
will detach at some point forward of it.

Premature detachment is undesirable in practice (and also in the
mathematics, since the solution has been computed assuming it did not
occur!). It cannot occur for flat or concave-down hulls and, in practice,
planing-boat designers (see, e.g., Ref. 14) avoid positive (concave-up)
curvature, at least near the transom. Nevertheless, the mathematical problem
of computing flows with premature detachment on hulls with such positive
curvature is a very interesting one (see Refs. 11, 15). One simple but laborious
approach is to compute a family of solutions, with the supposed trailing
edge moved progressively forward until negative pressures no longer occur.
The point at which this first happens is the required premature-detachment
point; clearly it will be such that not only the pressure, but also the pressure
gradient vanishes. More direct methods could clearly be developed, but
haven’t been.

3. Generalizations

Within the context of two-dimensional flow, various other physical
phenomena can be included to generalize the planing equation (5). For
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example, Doctors (Ref. 16) allows the planing surface to deform under the
action of the pressure p(x). This gives a coupled elastic-hydrodynamic
problem, in which the shape of the planing surface determines the flow,
which in turn determines the shape of the surface.

In the same spirit, the present author (Ref. 17) has considered flows
caused by an airfoil in air moving very close to a water surface. Again,
there is a coupling between the pressure p(x) and water surface deformation
1n(x), neither of which is an input quantity. The planing equation (5) is
one branch of this coupling, and the aerodynamics of the air flow in the
gap between airfoil and free surface provides the other. The work reported
in Ref. 17 was of a preliminary nature, and used a hydrostatic (y » o)
approximation to (5). The full problem at finite y was solved by Grundy
(Ref. 12), a special feature being that the resulting nonlinear integral
equation possesses nonunique solutions for some 7.

Another interesting extension involves the inclusion of surface tension.
In fact, it is surprisingly easy to modify the kernel K(x) to take this into
account, sine and cosine integrals being still the only necessary special
functions. However, there are some major qualitative differences and, in
particular, the integral equation is no longer of Cauchy-singular type. This
has profound consequences for both the numencal algorithms and the
physical interpretation of the results, and a full discussion is provided in
Refs. 18-19,

It is also appropriate at this point to mention fully nonlinear planing
theories, in which gravity is usually neglected, the free surface then becoming
one of constant flow speed. The hodograph technique enables exact solution
of some such two-dimensional problems (Ref. 20). In practice, such a
Zero-gravity situation is approximated for high speed, i.e., as ¢ - 0, a limit
in which the lift becomes large, and hence the draft small, so that lineari-
zation could have again been justified. Nevertheless, there is considerable
theoretical interest in this case, and one important class of studies is that
in which one attempts to put gravity back into the problem, at least as a

perturbation for small yI; see Ref. 21.

The above generalizations retain the two-dimensional flow assumption,
and hence from the mathematical and numerical point of view the advantage
of reducing to an integral equation for a function of one variable only. The
most important generalization in practice is however to three-dimensional
flow, and hence to an integral equation involving a double integral, with
an unknown function p(x, z) of two vanables.

Specifically, the three-dimensional equivalent of Eq. (1) is

n(x,z)ZJJWP(&?)K(X—E,Z—DCE% (11)
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where W is the projection onto y = 0 of the hull surface, and (Ref. 3)

K(x, z) = lez Jo seci 6 I:j cos(kx cos 0) cos(kz sin )
) 0 k — vy sec’ 0

0 ar

k dk
—yar sec” 0 sin(yx sec’ 0) cos(yz sec? 0 sin 0)] i (12)

The k-integral in (12) is a Cauchy principal value, and should be interpreted
as the limit y7T0 of an integral containing an extra factor exp(ky), where
y < 0 1s the depth coordinate.

There are two obvious increases in the difficulty of the problem. In the
first place, the integral equation involves an extra variable, and is bound
to be harder to solve, irrespective of the kernel K. But, of perhaps greater
significance, the new kernel K(x, z) is very much harder to compute with
efficiency (Ref. 22) than the simple combination of sine and cosine integrals
in Section 2. Mainly for this reason, few attempts have been made to solve
the full three-dimensional problem (see Ref. 11 for an attempt and a
discussion of the difficulties).

It should be noted that in the limit y - 0, we recover the “lifting
surface™ integral equation, which is the aerodynamic generalization to three
dimensions of the airfoil equation (6). Since even the lifting-surface problem
presents considerable numerical difficulties (see Refs. 23-24), it is hardly
surprising that little progress has been made with the very much harder
case of nonzero y.

There is a third respect in which (11) is more difficult to work with
than (1). This is the fact that instead of the single wetted-length parameter
21, we now have an unknown region W of the plane y = 0 to determine in
an inverse manner. If we prescribe W in advance, the flow will not accept
any input n(x, z), but will distort such an input to the form 7n(x, z) + C(z2),
where C(z) is uniquely determined. Such a distortion of the desired input
hull (in constrast to the simple vertical shift when C is independent of z)

1(- nnlikaly tAa he arcantahle 1n nracticre SO that thare anneare little chAalere
13 UILIIARIY W Uv alivpiudaviv il plaviive, Ov |.uut UIVIV dppudlo 1Iwiv LIy

but to allow some freedom for the program to determine W.

Some progress has been made by geometrical simplification. The most
obvious case to examine is that of “nearly-two-dimensional” flow, in which
one seeks three-dimensional corrections to the results of Section 2. The
aerodynamic analog is with Prandtl’s lifting-line theory (Ref. 25) for wings
of high aspect ratio, and Shen (Ref. 26) has exploited this analogy to give
results for planing surfaces of high aspect ratio.

At the other extreme, one can consider planing surfaces of low aspect
ratio, i.e., those whose width is much less than their length. This case has
been studied in Refs. 15, 27-30. The simplification is quite worthwhile, and
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numerical results seem to be obtainable for arbitrary hulls n(x, z). In view
of the fact that the hulls of most actual planing boats (at least as seen
outside the water!) are slender, and therefore fall in the low-aspect-ratio
category, this would seem to be one of the more promising theoretical
approaches.

However, it is worth noting yet again that planing is a high-speed
phenomenon, and that the wetted length varies with flow conditions.
Specifically, for a fixed weight and centre of mass, as we increase speed,
the wetted length tends to decrease dramatically, until at very high speed
the boat is “flying,” with only its extreme rear end in the water. From the
hydrodynamical point of view, such a configuration is no longer necessarily
of low aspect ratio, even if the hull is slender. It 1s this vanability in the
domain of the problem, associated with dramatic vanations in the wetted
area, that makes the planing-surface problem difficult and mathematically
challenging.
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8
Abel Integral Equations

R. S. ANDERSSEN AND F. R. pDE HOOG

Abstract. Even though they have a rather specialized structure, Abel
equations form an important class of integral equations in applications.
This happens because completely independent problems lead to the
solution of such equations. After an initial survey of Abel integral
equations, this chapter focuses on the numerical solution of these
equations when the only available data are observational. Computa-
tionally, this is quite challenging, because Abel equations are (weakly)
improperly posed. The chapter ends with some general advice about
choosing numerical methods.

1. Introduction

The integral equation derived by Abel (Ref. 1), which now takes his
name, had the form

j (x—y) u(y)dy =s(x), O=<y=x<co, (1)
]

where the right-hand side s(x) is a known function and Eq. (1) must be
solved for u(y). Its importance then related to how Abel used the relation-
ship between the kinetic and potential energies of falling bodies instead of

-
o abmon W o e

Newton’s laws, to determine the path along which a particle must be
constrained to fall, under constant vertical acceleration, in order that its
time of fall be a prescribed function s(x) of the distance fallen (see Lonseth,
Ref. 2, Section 2). Abel not only formulated the integral equation (1) but

also derived (Ref.-1 and Ref. 2, respectively) the following two inversion
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formulas for Eq. (1):

u(y) = J (y —x)72s'(x)dx,  s'(x) = ds(x)/dx, (2)

0

I'y
_ i, AT V. Y L

uy —li[ \y —X) S\A}u.al.
a dy ) J

-
(8]
S

In the time since Abel formulated Eq. (1), many authors have generalized
it [see, for example, Linz (Ref. 3)]. However, we shall consider only
equivalent forms of Eq. (1) obtained by some simple transformations of
the dependent and independent variables—that is, equations obtained from
Eq. (1) by the transformations

x=g(r), y=g(1),

where g is a monotone function. Equations obtained in this way obviously
have inversion formulas corresponding to (2)-(3) and particular examples
of practical interest will be given in the sequel.

Because explicit inversion formulas exist for Eq. (1), it might be thought
that obtaining a numerical approximation to u is straightforward, since a
cursory glance at (2) suggests that a differentiation followed by an integration
should be stable. The fallacy of this argument is the singularity in the
integral and it turns out that the inversion is actually (weakly) unstable.
We can see this by defining

(As) = L (x —y) ?s(y) dy, (4)

(Ds) = ds(x)/dx, (5)
from which we obtain, using (2)-(3) and then (1),
ADs = DAs = 7, (6)

and
A’Ds = ADAs = s, (7)
when s(0) = 0. Thus, the operator A can be thought of as a half integration

and its inverse, a half differentiation. In fact, the definition of a fractional
derivative can be based on the Abel integral equation [Eq. (36) in the sequel].
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It may therefore be expected that difficulties will arise when seeking
the solution of Eq. (1), and generalizations of it, which are similar to those
associated with obtaining estimates of derivatives. As is well known [see,
for example, Anderssen and Bloomfield (Ref. 4)], difficulties associated
with estimating derivatives can become quite severe when the data is in
error. It turns out that similar difficulties arise in the numerical solution of
Eq. (1). Consequently, the problems which Abel integral equations modei
are improperly posed in the sense that certain small perturbations in the
data s(x) can lead to arbitrarily large perturbations in the solution u( y).

A further complication arises due to the fact that, in general, s and u
are not both smooth. For example, if u(x) = 1 then s(x) = 2Vx while, on
the other hand, if u(x) = v/x then s(x) = #x/2. This means that care needs
to be exercised when constructing numerical schemes as some of the obvious
candidates may have a slow rate of convergence.

We shall see in Section 2 that Abel integral equations arise in a large
number of physically unrelated ways, and that the available information
about s(x) varies greatly, depending on the context of the application.

Since the analysis of such equations will vary greatly depending on
the structure of s(x), the subsequent examination is categorized in terms
of the properties of s(x) in the following ways:

(i) Exact Analytic. When s(x) corresponds to a known function of x,
then, formally in terms of (2) and (3), we also know u( y). This knowledge
is explicit when either (2) or (3) can be evaluated exactly. Consequently,
exact solutions of Abel-type integral equations are known for a wide variety
of situations and are tabulated as Riemann-Liouville fractional integrals
(see Erdélyi, Ref. 5, pp. 185-201). The existence of such solutions plays an
important role in the construction and analysis of numerical methods for
Abel integral equations, for example, in the construction of pseudoanalytic
methods, which will be discussed in some detail below, and the study of
certain interrelationships in integral geometry (geometric probability)
[Moran (Ref. 6) and Santaldé (Ref. 7)].
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be evaluated exactly to determine u( y), it will be necessary to work with
discretized (numerical) values of s(x) and to resort to numerical (computa-
tional) procedures in order to determine an approximation to u( y). Because
of the inherent improperly posedness of Eq. (1) (mentioned above), the
construction of stable numerical processes for the solution of (1) poses
additional challenges. Even though some standard numerical methods yield
good approximations to u(y) when the discretized values of s(x) are
evaluated with sufficient accuracy (Ref. 8), it is much more difficult, from
the point of view of the underlying numerical analysis, to characterize when
such numerical methods will work successfully. But discretized (numerical)
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data are like very accurate observational data, and thus only a mild form
of stabilization is necessary to control the inherent improperly posedness
and thereby yield good approximations to u(y) [Anderssen (Ref. 9) and
Lukas (Ref. 10)].

(iii) Nonexact Observational. Here, the only available information
about the exact data s(x) is the discrete observational data

d_;:""s(xj)+8jv j==1,2,...,n, a<xl<x2<“'<xn<b’ (8)

where the g denote observational (measurement) errors. This typifies the
circumstances of a wide variety of applications (as the discussion of Section
2 will indicate) including the situation where s(x) is a probability distribu-
tion function and the only available information is a histogram approxima-
tion. Now, the problem is to recover as much information about s(x) and
u(y) consistent with the information in the available data d;,j = 1,2,..., n.
Because of the underlying numerical differentiation which must be per-
formed implicitly or explicitly on the data d;, j =1, 2,..., n, in order to
recover information about the solution u(y), some form of stabilization
must be used. There are different ways in which this can be done including
regularization [Lukas (Ref. 10), Baev and Glasko (Ref. 11)], constrained
optimization, linear programming inversion [Anderssen and Gustafson
(Ref. 12)], and low-dimensional parameterization in the characterization
of the approximations. An alternative strategy is to simply limit the informa-
tion determined and used for inference purposes about the solution u(y)
to bounded linear functionals

b
Le(u)=J 0(y)u(y) dy, 6(y) = known, 9

a

defined on u(y) such as the statistical moments of mean, variance, and
kurtosis which are defined in terms of linear functionals characterized by
0(y) =y ',y

Though much of the literature devoted to the numerical solution of
Abel-type integral equation is only concerned with the discrete (numerical)
situation, it is the nonexact observational situation which is the most
important, from the point of view of applications. Consequently, attention
is focused on the latter aspect in this chapter.

2. Abel Integral Equations in Applications

Because Abel integral equations arise naturally when formulating
mathematical models from a variety of independent starting assumptions,
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such equations are central to the analysis of a wide variety of applications
[Anderssen (Ref. 13) and Jakeman and Anderssen (Ref. 14)]. The following
examples aim to give some impression of the scope of the computational
considerations which arise with respect to the numerical solution of Abel
integral equations. In particular, they indicate that such equations must be
solved regularly when the only available information about s(x) is observa-
tional data.

2.1. First-Kind Abel Integral Equationé in Geometric Probability. See
Wicksell (Refs. 15-16), Santald (Ref. 7), and Moran (Ref. 6):

s(y):'-;':;-‘[ -(-xz_li(f'z)_”idx’ O=y=x<oo, (10)
m = J"" u(y)dy = w/2H, H = wa(y—yl dy, (11)
0 0

where
(i) u(x) denotes the size distribution of spheres distributed by a
Poisson process in three-dimensional space;

(ii) s(y) denotes the size distribution of the circles obtained on random

plane sections through the space;

(iii) m denotes the average radius of the spheres.

In such applications, one is interested in the analytic properties of u(x)
relative to those of s(y), and thus the data s(y) are analytic. Clearly, it is
necessary to first evaluate H in order to remove the inherent nonlinearity
in the formulation (10) and (11).

2.2. First-Kind Abel Integral Equations in Interferometry. See Merz-
kirch (Ref. 17, Chapter 8, Section 3.A):

2 J"R ru(r)

s(y)=— , (P )7

X dr, O0=y=r<R<o, (12)

where

(i) u(r) denotes the refractive index (or gas density) at a particular
cross-section in an axial symmetric flow;

(ii) s(y) denotes the fringe shift function seen on interferograms of
the flow at different cross-sections obtained using an inter-
ferometer;

(ili) A denotes the wavelength of the light used in the interferometer:

(iv) R denotes the radius of the cylinder containing the flow.
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Since the fringe shifts can only be measured accurately relative to the
peaks and troughs in the fringes, the available observation

d, = s(y;) + &, i=0,1,2,...,n, g; = random errors, (13)

though quite accurate, are limited in number (typically, 25-50). In such
applications, one is interested in estimating the change in density of the
gas at different points along an axial symmetric flow past some obstacle.
Thus, it is necessary to solve (12) at a sequence of cross-sections using the
accurate but limited number of data available.

2.3. First-Kind Abel Integral Equations in Stereology. See Wicksell
(Refs. 15-16), Moran (Ref. 6), and Jakeman and Anderssen (Ref. 14):

“ u(x
S(y)=;'}':‘J. '('xz—_(;z)—”z'dx, O=sy=x=a<o, (14)
y
[ [“s(»)
m =J u(y)dy =#/2H, H =J dy, (15)
0 o ¥

where
(i) u(x) denotes the size distribution of spherical particles (such as

carbon particles in steel [Hyam and Nutting (Ref. 18)], or second-
phase copolymer spheroids dispersed in a continuous first phase
of polystyrene [ Meisner (Ref. 19)]) in some aggregate;

(ii) s(y) denotes the size distribution of the circular sections of the
particles on random plane sections through the aggregate;

(iii) a denotes an upper bound on the maximum size of the spherical
particles;

(iv) m denotes the average radius of the spheres.

In contract tna the oenameatric nrahahilitv annlicatinn diccucead o

one is now interested in estimating u(x) from realizations
d; = S(yl-) + E;, i= O., 1, 2, I (8 E; = random €rrors (16)

of s(y) on random plane sections taken through a given sample. What we
observe are independent realizations of a random variable with probability
density s(y), and not s(y) itself. Obviously, the approximate distribution
which such data yield is very noisy. In such situations, (14)-(16) can only
be solved to yield a reliable estimate of u(x) when the number of available
observations is sufficiently large (n > 100).
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2.4. Second-Kind Abel Integral Equations in Stereology. See Gold-
smith (Ref. 20) and Jakeman (Ref. 21):

2y ¢ u(x)
+ T = - d Osy=x=<a<oo, (17
s(y)+ Tu(y) om+ ij o — )12 X y=x=ada (17)
_|° _ _[“s(»)

m = u(y)dy = & /2H, H = dy, (18)

] o Y

where
(i) u(x) denotes the size distribution of spherical particles in some
aggregate,

(ii) s(y) denotes the size distnibution of the circular sections of the
particles observed using transmission electron microscopy on
random thin sections of the aggregate;

(ili) T denotes the thickness of the thin sections;

(iv) a denotes an upper bound on the maximum size of the spherical
particles;

(v) m denotes the average radius of the spheres.

One is now interested in estimating u(x) from realizations

d, = s(y;) + &, i=012,...,n g; = random errors (19)

of s(y) on random thin sections taken through a sample. As in Section 2.3,
we observe {d;} as independent realizations of a random variable with
probability density s(y). Thus, the approximate distribution which such
data yield will be very noisy, and the need for a sufficiently large sample,
to guarantee a reliable estimate of u(x) from solving (17)-(19), will again

apply.

2.5. The Abel Integral Equation of Seismology. See Jeffreys (Ref. 22),
Bateman (Ref. 23), Knott (Ref. 24), and Macelwane (Ref. 25).

From observations of the epicentral arc of travel A(p) on a spherically
symmetric Earth and the corresponding time travel T(p) for various
earthquake waves with parameter p, the problem is to calculate the elastic
wave velocity v(r) as a function of depth (radius) r. The basic equation is

RV
dlog r/ou
s(p)=p L (2 — pA)7? du,
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with p = dT/dA the ray parameter, s( p) = A(p)/2, r the radius at which
ray with parameter p bottoms, u = r/v(t), V = v(R), and R the radius of
the Earth.

The integral equations which relate epicentral arc of travel A( p), travel
time T(p), and velocity v(r) as a function of radius r are nonlinear in v(r),
the unknown of interest. They are usually derived on the basis of Fermat’s
principle of least action which implies that the time of travel of any ray
through the Earth must be stationary. Thus, equations for the path of travel,
and hence v(r), can be derived from the Euler- Lagrange equations for the
functional which defines the time of travel. By redefining what the dependent
and independent variables are (i.e., by introducing an approprnate change
of variables), the basic nonlinear equation becomes a linear Abel-type
equation [Jefireys (Ref. 22, Section 2.05) and Macelwane (Ref. 25, p. 273)].
The computational methods of solution applied to real data are based on
this redefinition of variables.

It is clear from these examples that, in applications, Abel integral
equations have to be solved for various forms of data which range over the
full spectrum of possibilities from analytic to very noisy observational.

We conclude this section with an example where Abel equations play
an implicit role in the formulation process in that they are used to derive
a mathematical model, the final form of which is not an Abel integral
equation.

2.6. Abel Integral Equations in Tomography. Reconstruction of two-
dimensional structure from projections, which reduces to the solution of
the Radon transform, is a basic tool in nondestructive testing and diagnosis.
One of the better known aspects is tomography, which is the name given
to its use in medical diagnosis [Gordon et al. (Ref, 26)]. Without the formal
mathematical tools which have been developed for the solution of the Radon
transform, the design of sophisticated CAT scanners, now available for

mandirnl Ainme antin satiemanos zzrea: 1d ot hinen oo seacciledla QA A 10w
Hivuival Ulagliudsuuvy puipusvd, woulld 1UL 1lave Uil poudsiviv | Jvliuuuld
(Ref. 27)].

Among the various methods used to invert the Radon transform, one
of the more popular is circular Fourier averaging, which leads naturally to
nonstandard Abel integral equations that possess inversion formulas.

In fact, it is easily illustrated that Abel integral equations represent a
natural framework in which to study reconstruction from projections. Con-
sider the situation where we take axial projections of radius R of an object
with variable cross-sectional density p(x, y). Since the relationship between
projections and density is linear, it follows that circular averaging of the
projections to yield s(r), 0 < r =< R, corresponds to circular averaging of
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the cross-sectional density p(x, y) to yield u(r), 0 <r=< R A standard
argument (Merzkirch, Ref. 17, Chapter 8, Section 3.A) shows that

s(y)zZI_ (rzr_u—(y?)mdr, O0<sy=<r=R<c, (20)

Since s(R) = 0, it follows from the known inversion formula [Eq. (29b)
below] that

1 R ’
u(r) = — ‘[(y—s(%dy, s'(y) = ds(y)/dy, (21)

which proves the uniqueness of the reconstruction from projections for an
axial symmetric geometry. The interesting point about this result is that it
is in full accord with Radon’s original result that the reconstruction is
uniquely determined by the continuum of projections, since, for an axial
symmetric geometry, one projection defines the continuum.

In addition, it follows from (21) because the circular averaging leaves

R, . vt dlé

he density unchanged on the axis of rotation, that

R

p(0,0) = u(0) = ﬂ S';” )y, (22)
[4]

which corresponds to one of the inversion formulas often used in tomogra-
phy [Vest (Ref. 28)], since a change of origin is all that is necessary to
make it generally applicable.

If, instead of simply averaging the projections, circular Fourier averag-
ing is applied to them, the relevant mathematical framework becomes

R T.(r]7
Sm(r)=2 [ Tmfr/?\-')f_z u,,(7) dr, (23)

s r N\

where s,,(r) and u,,(r) denote, respectively, the mth circular Fourier averag-
ing of the projections and density, and T,,(z) denotes the Chebyshev
polynomial of degree m. This is the basis of Cormack’s (Refs. 29-30) work
which has been used widely in applications such as TOokAMAK monitoring
in plasma physics [ Sauthoff and von Goeler (Ref. 31)]. In fact, Cormack
was the first to show that (23) possesses the inversion formula

1 d j'R T,.(7/r)7s,.(7) dr 24)

Un(r) = a dr r(v? — r?)?
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3. The Numerical Analysis of Abel Integral Equations

As the list of applications of Section 2 indicates, a general analysis of
Abel integral equations is beyond the scope of this chapter. We therefore
limit attention in the sequel to first-kind equations of which the following
canonical forms are representative:

(a) s(y)=2 .F: (xzxj‘_(;z))uz dx, O=sys=sx=a<ox; (25)
(b) s(y)=2 .~0y (yzxf(;cz))uz dx, 0=x=y<oo; (26)
(©) ﬂykitaf%%ﬁﬁ; 0<y<x=sa<ow @7)
(d) nn=336£%§ﬁm; 0<x=<y<w, (28)

Under mild regularity constraints [ Kowalewski (Ref. 32, Section 1, pp-
80-82)], they possess uniquely defined solutions with known explicit inver-
sion formulas:

_ 1 d 1 ys(y)
(a) u(x) = x dx J; (¥ — x*)'72 dy, (29a)
I U R 16, (69,
T . (¥ = )2 dy, s'(y) dy (29b)
if s(a) =0,
1 d (7 )
(b) u(x) = o dx L (xzyi(jz)llz dy, (30a)
L[ s oy 45()
. L (x*— yz)uz dy, s'(y) = dy (30b)
if s(0) = 0;
1 d(° s(y)
() ulx)= . L (y—_i)—lfi dy, (31a)
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1 {* s'(y) ds(y)
— ! 1b
if s(a) =0;
1 d (" s(y)
(d) u(x) = ; a Jro (x _i)uz dy, (32a)
L * s'(y) ds(y)
— d (v) = 7
ar 4[0 (x . y)l/Z Y, s (J’) dy ] (3 b)
if s(0) =0

At this point, it might appear that it is only necessary to choose a grid

G={y;0=yo<y<: " -<y,=ay=ihh=a/n}

and to evaluate the appropriate inversion formula using discrete methods.
This can certainly be done when s( v\ is given analytically, but (as explained

can certainly be done s given analytically
in the Introduction) the situation is more complex when s( y) is only
available as observational data {d;}.

To illustrate, we examine one of the most popular discrete methods
for the inversion of (25) via the evaluation of (29a), namely, that of Nestor
and Olsen (Ref. 33). On the grid G, their method reduces to the evaluation
of

LL:_"_—ZBS i=0,l,...,n, (33)

with
Ay = 1{IG+H1) - P12+ 177 - %10

If perturbed data s; + 8s; (i = 0, 1,..., n) are used in (33), the resulting
approximations are U; + 8U; where

&U. -:_"EJZIB,]BSE, i:O,l,-..,n
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In particular, the effect of a single perturbation &8s, is such that

0 i=k+1,.... n
8U — 2 2 > » 4
' {_"2Bik83k/(77h)a i=0,1,...,k (34)

For k = i, (34) yields
8U; = —8s;/ w[h(2y; + h)}'. (35)

Thus, an error in s(y) is amplified locally by a factor of the order of
h~'/%. On the other hand, it is well known that, for standard finite-difference
approximations to the denvative of a function, the corresponding
amplification factor is of the order of h™'. This leads naturally to the
conclusion that, from a numerical point of view, the inversion of first-kind
Abel-type integral equations of the form (25)-(28) is as badly posed as a
“half-differentiation.” This connection to differentiation can be made more
precise, if we recall that [Sneddon (Ref. 34) and Erdélyi (Ref. 5)]

s = [y -xrdx 0<a<t, @9

)
11 @y Jo

can be used formally to define fractional differentiation of order a.

The correspondence with fractional differentiation represents the rea-
son why first-kind Abel equations are classified as improperly posed even
though inversion formulas exist. Such equations are however improperly
posed in terms of the sensitivity of the solution ¥(x) to small perturbations
in the data s(y). The connection with fractional differentiation indicates
that, if order of differentiation is used to quantify the degree of such
sensitivity, then first-kind Abel-type equations are only weak improperly
posed.

Remark 3.1. The essential improperly posed nature of Abel equation
inversion appears to have been overlooked by a number of authors such
as Chan and Lu (Ref. 35) and Deutsch and Beniaminy (Ref. 36). They first
observe that there exist inversion formulas (corresponding to those listed
above) which do not involve the explicit differentiation of s(y). Next, they
denive finite-difference methods for such inversion formulas and conclude
(from numerical experimentation) that they are stable. The flaw in such
arguments has been explained in some detail by Anderssen and de Hoog
(Ref. 37) who observe that

*“...computational difficulties associated with the inversion
of improperly posed problems such as Abel integral equations
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cannot be removed by simply manipulating the problem
mathematically into an alternative form. Stabilization can only
be obtained through the introduction of additional structure.”

The above comment about an amplification factor of k"' now becomes
crucial. Numerically, it implies that, if standard finite-difference methods
are used to evaluate inversion formulas, there is a minimum grid spacing
below which A cannot go if reliable approximations are to be guaranteed.
This will of course lead to a loss of resolution. On the other hand, since
the data are observational, it is important statistically to use more rather
than less observations. Such tradeoffs are typical of situations which arise
when simple numerical methods are used to solve improperly posed
problems.

Remark 3.2. We note in passing that the stable finite-difference for-
mulas developed by Anderssen and de Hoog (Ref. 38) for numerical
differentiation could be generalized to cover fractional differentiation and
hence Abel-type integral equations. However, this aspect is not pursued
here since such formulas are only applicable to situations when there is an
abundance of data on a fine grid.

Though this leads to the conclusion that specialized methods rather
than simple ones are required when the data are observational, the choice
is not so straightforward. In fact, the choice must be based on the accuracy
and number of data available. If the data are limited in number (such as
occurs in the interferometry application discussed above in Section 2.2),
then only simple methods should be used, but are unlikely to yield reliable
results unless the data are sufficiently accurate. If the number of data are
such that specialized methods can be applied, the use of simple methods
will invariably yield inferior results. Clearly, more sophisticated methods
should be used in such situations.

However, the utility of simple methods, in situations where limited but
accurate data are available, should not be used as justification for excessive
grouping or pruning of observational data when the data are quite noisy.

There is, of course, a great deal of technology, such as regularization,
which has been developed to deal with improperly posed problems which
could be applied to obtain numerical solutions of Abel equations. In fact,
regularization has been proposed by Baev and Glasko (Ref. 11). However,
since such equations are very tractable analytically, we take the view here
that features, such as the availability of inversion formulas, etc., should be
fully exploited in any numerical schemes.
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The three classes of methods we shall consider can be classified as:

(a) Pseudoanalytic Methods. To illustrate what we mean by such
methods, we examine (25) under the assumption that the data take the form
(8), and let {¢,} denote a system of functions for which the inversion of
(25) can be performed analytically to yield {¢, }. The essence of the method
is to approximate s( y) by

Sa(y) = Z ai"o(y), ai™” =const, m<n, (37)

for then the required approximation i,,(x) to u(x) is automatically obtained
by

da(x) = ): ai™ i (x). (38)

Such methods are very popular because, computationally, they reduce to
parameter estimation for which reliable algorithms are available; for
example, determine the a™ as the minimizer of

I- - -I:’l

m:nI A N A v) a—{n._ -

RARLE iad ] y & “k‘lvk\-’_l-’J J’ b A1 2y ~**3“m
a _r OI. k=1

They are often used when the data are limited, but, as will be shown in
Section 4, the approximation they yield can be grossly inaccurate when
they fail to cope with the weakly improperly posed nature of the Abel
integral equation being solved.

(b) Wiener Filtering. The work of Anderssen and Bloomfield (Refs.
4, 39) on the use of Wiener filtering methods for the numerical differentiation
of observational data extends naturally to the solution of Abel-type
equations, since they correspond (after an appropriate change of variables
when necessary) to fractional differentiation. Such methods are discussed
in Section 5, though the full potential of this approach has yet to be exploited.

(c) Stabilized Evaluation of Inversion Formulas. To date, the most
successful methods have been based on the stabilized evaluation of inversion
formulas. The direct evaluation of inversion formulas will be discussed in
Section 6. It is shown that best results are obtained if (a) and (b) are viewed
as compatible methods and used to construct the stabilized evaluation so
that their advantages complement each other.

In many applications, it is not the solution u(x) of (25) which is used
for inference purposes, but linear functionals (e.g., moments) defined on
u(x), namely,

my(u) = J.a 0(x)u(x) dx, 0(x) = known. (40)
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Often, such functionals can be redefined as functionals on s(y) (i.e., data
functionals), namely,

me(s) = _[ ©(6; y)s(y) dy. (41)

0

Thus, the estimation of the linear functionals required for inference purposes
reduces to evaluating the corresponding data functionals (41) on the
observations {d;}. The need to solve an Abel equation in conjunction with
observational data before estimating the required functionals (40) is thereby
circumvented and replaced by the better-posed problem of evaluating (41)
on the data. The utility of this approach will be discussed in Section 7.

4. Pseudoanalytic Methods

A specific property of Abel integral equations on which such methods
are based is the existence of complete sets of basis functions for which the
inversion of (25) is known analytically. We initially define and examine
such methods for a general densely defined operator equation

SPu = s, £:5,-5,, (42)

where S; and S, are Hilbert spaces with norms denoted by |- ||, and || - |2,
respectively. We assume that the inverse of £, namely &', formally exists,
and let {¢, } denote an explicitly-known coordinate system which spans the
domain of &, D(¥), such that the corresponding system {¢x = £, } is also
known explicitly. If & is bounded, then {¢,} spans the range of £, R(¥).
For the canonical Abel equation (25), it is only necessary to evaluate the
integrals (25) with u replaced by ¢, to obtain the corresponding ¢,.

Remark 4.1. Because these norms will be used to characterize the
extent to which pseudoanalytic methods will fail to stabilize the half-
differentiation associated with the inversion of the Abel equation, it is
assumed that they are unweighted norms from Hilbert spaces in which
half-differentiation remains unbounded.

For such systems, if
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then the inversion of (42) can be performed analytically to yield

m

u= Z ai™d.,, m<oo.

Because of the obvious connection with variational and projection methods,
we shall refer to the dual system {Yy, ¢}, @ = LYy, as an L-invertible
coordinate system. Some examples of Z-invertible coordinate systems for
the canonical Abel integral equation (25) are listed in Table 1.

In order to cope with the observational nature of the data {d,}, the
existence of an Z-invertible coordinate system {i., ¢} is utilized in the
following way. The data {d;} are smoothed using the model

sm(¥)= ¥ ale(y), m«n, (43)

k=1

and an appropriate statistical fitting strategy, such as least squares, is applied
to yield an estimate of s(y), viz.

= ¥ 4" a), (44)

where the 4\, k=1, 2,..., m, denote the estimates of the a{™, k=1,
2, ..., m. This estimate of s( y) is then inverted analytically to yield the
pseudoanalytic approximation to u(x) defined by

i) = 5 G000 @

The tacit assumption of such methods is: if

]2

s(y)— Z a"en(y)

is small, then

u(x) — Z A" P (x)

is also small Though this is true when £ is properly posed, it is not
necessarily the case when & is (weakly) improperly posed.
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The difficulty can be formally identified in the following way. For a
general s, there exists an r, orthogonal to span(¢,, .- -, ¢..), such that

S =S,+r, Sm = 2 ajp;(x). (46)
i=1

Assuming for the moment that s,, i estimated exactly, it follows as an
immediate consequence of the pseudoanalytic method that the correspond-
ing approximation u,, satisfies

Fu,, = s,,, (47)
and, since £ ! exists, that
U—Up,=F s —8m)=ZL'r. (48)

This result clearly indicates that, even if || r||, and other appropriate measures
are small, ||# — u,||; and the corresponding measures can be large when
£~ is unbounded.

l\ﬂl‘ﬂ'll
L¥)

Nivrnarionlly, co o 1€ 2 3R]
1L whiltliow 3 19 Gawvila

aNUmeniany,

where the ¢; denote random observational errors, the g; of (46) are only
estimated approximately as 4;™. Thus,

$—8n= ¥ (a - G5™)g;(x) + r(x), (49)
Jj=1
and hence
u— 1ty = 3 (g~ &™)y(x) + L7r(x). (50)

This indicates that terms of the form (a; — @;™);(x) also contribute to the
error in u — i,,.

In order to justify the extra effort involved in replacing pseudoanalytic
methods by more sophisticated ones, it was shown by Anderssen (Ref. 9)
that there exists data for which: (a) some pseudoanalytic models are inap-
propriate numerically; and (b) some pseudoanalytic approximations differ
globally from the exact solution.

The data used were obtained from a study of steady supersonic flow
past a cone [ Landensberg and Bershader ( Ref. 40)]. A feature of these data,
as shown in Fig. 1, is the near discontinuity in s(t) in the neighborhood of
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Fig. 1. Abel equation data from shock tube experiments.

t=a (a =447 in Fig. 1). In order to study such methods, the following
synthetic data were used by Anderssen (Ref. 9) to model the above super-
sonic data:

s(y) =2 j xu(x)/ (x>~ y*)/* dx (1)
y
with @ =1 and
_ [K + b(5— x)” sin(cmx — 7/2), 0=<x=<l,
u(X)—{K+q(5_.x)p’ lox=1, (52)

where K, b, ¢, p, and g are positive constants. A particular case is illustrated
in Fig. 2.

For different values of K, b, ¢, p, and g, the coefficients a;™ of (43)
were estimated using least squares. Both the Minerbo and Levy (Ref. 41)
model (Table 1) and the model of Piessens and Verbaeten (Ref. 42) (Table
1) were used. For both these models, the values of a\™, for fixed i, failed
to converge as m increased. In addition, the values of a\™ for the Minerbo
and Levy (Ref. 41) model tended to grow quite rapidly for fixed i and
increasing m. It follows that, for the data derived from (51)-(52), the
Minerbo and Levy (Ref. 41) model for s( y) is inappropriate.

Since there is a nonzero difference between the fitted and actual struc-
ture in the data (even when it is exact), it follows from the improperly
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Fig. 2. Synthetic data for shock tube experiments.

posed nature of Abel’s equation that the pseudoanalytic approximation to
the required solution may differ radically from the exact. That this is in
fact the case is illustrated in Fig. 3 for the application of the Minerbo and
Levy (Ref. 41) method to the data shown in Fig. 2.

The above discussion and exemplification pinpoints qualitatively the
defect associated with the use of a pseudoanalytic method for the solution
of Abel integral equations. To quantify it rigorously, it is necessary to
establish the sense in which the direct least-squares solution defined by

= 1 by, (53)
i=1
with the 5}-””, Jj=1,2,...,m the unique minimizer of

mln

Uu— Z b'!ll_," b=(blsb2s-'-,bm)-r1

is equivalent to the corresponding pseudoanalytic solution #,,(x) of (45).

In fact, they are equivalent, when the systems {¢;} and {);} are such
that there exist inner products (-, - ), and (-, -),, respectively, with respect
to which the {¢;} and {y;} are orthogonal. It follows from Fourier analysis
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Fig. 3. Minerbo-Levy solution for synthetic data.

< (u, wj)l
jgl (U, Yih

u

- (54)

In addition

_ < (s ¢'j)2
) jgl ((bj, ¢'j)2 ¢j,

and hence

U= $lg= E (s, ¢’j)2

<1 (dys )2 i
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Since the coefficients in the Fourier expansion (54) are uniquely defined,
it follows that

b(m) (us llb_p)l (S (.b )2 a(m)
W eh (B

Hence, in this case, the pseudoanalytic solution is equivalent to the least-
squares solution (with respect to || - ||,)-

This result indicates that pseudoanalytic approximations can be quite
inferior when the {¢;} are chosen arbitrarily. Ideally, we would like to
choose an Z-invertible system which is orthogonal. However, even if this
is possible, it should be noted that the data are not given continuously, and
hence, that the estimate for § must be calculated using discrete least squares.
Thus, the corresponding pseudoanalytic solution may not be optimal.

5. Wiener Filtering

We recall that an operator % is a linear (Fourier) filter if there exists
a function { ). inderendent of t, such that

.......... (w), independent ch that
Z exp(iot) = l(w) exp(iowt). (55)
Clearly, when &' exists, we have
£ expliot) = I Y(w) exp(iowt).

Examples of such filters are differentiation, for which /(w) = iw, and the
Abel transform defined by [Bracewell, Ref. 43, p. 263; Erdélyi, Ref. 5, pp.
8 and 64]

Au I ”(") (56)

for which a(w) = im'*(iw)~ "2 Clearly, the inverse & = {~' of the Abel
transform, when written in the canonical form of (56), is half-differentiation
for which ) = —in ™" *(iw)">

Consider the set of observations

{vp; k=0,1,2,...,n} (57)

of some phenomenon at the evenly spaced time points f, = kA (k =
0,1,2,..., n) where A denotes a constant steplength. We say that a time
series is statistical (as opposed to deterministic), if its future values can be
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described only in terms of a probability distribution. Further, if a statistical
phenomenon evolves in time according to probability laws, then it is referred
to as a stochastic process. Thus, we can regard a time series as a realization
of a stochastic process, the properties of which we wish to investigate on
the basis of information contained in the time series.

The concept of a stationary (stochastic) process is based on the assump-
we say that a stochastic process is strictly stationary if its properties are
unaffected by a change of time origin. Thus, for a discrete process to be
strictly stationary, the joint distribution of any set of observations must be
unaflected by shifts in the time origin of length jA (j an integer). It follows
from this result that the mean and vanance of a stationary stochastic process
are constant.

Let P, denote the probability density function of the random variable
v Since P, is the same for all k, its shape can be inferred from the histogram
of the observations v,, vy, v5,..., t,. This is the fundamental result on
which the analysis of a stationary stochastic process hinges: The analysis
of the properties of a stationary stochastic process which generated the given
time series can be derived from the statistical properties of this time series.
This has led to the development of a very powerful theory for the analysis
of time series. For the breadth and depth of the subject, the reader is referred
to Box and Jenkins (Ref. 44) for an introduction to time series and the
autoregressive approach, to Hamming (Refs. 45-46) for an introduction to
the frequency approach in numerical analysis, to Doob {Ref. 47) for the
basic analysis of stochastic processes, to Hannan (Refs. 48-49), Jenkins
and Watts (Ref. 50), and Grenander and Rosenblatt ( Ref. 51) for the spectral
approach to time series, and to Bloomfield (Ref. 52) and Tukey (Ref. 53)
for the use of the fast Fourier transform to compute the numerical spectrum.

In this section, we show how the results from this general theory can
be used to estimate from observational data the effect of applying a linear
filter to the underlying signal. The central assumption is the stationarity of

........
is often easy to introduce some transformation of the data [for example,
the removal of a (linear) trend] which reduces it to near stationarity. Any
transformation is valid as long as it does not prevent us from filtering the
data or does not enhance the sensitivity of the method with respect to
observational errors.

For the transformed data

{dk;kzosla--',n}s

we assume that s(¢) defines the underlying signal to which we wish to apply
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the linear filter &. In addition, we take s(t) to be a stationary stochastic
process with a continuous time parameter f, that is, a random function.
Without loss of generality, we shall also assume that s(t) is observed, or

sampled, at the times #, = kA,

k=0,1,...,n=1/A, and that the measure-

ment error in the kth observation is g,. We assume further that {g.} is a
stationary stochastic process with the discrete parameter k, that is, a random

sequence. Thus

Without further loss of ge

de = s(1) + & (58)

nerality, we take both s(t) and {¢.} to have

zero means. The Wiener-Khintchine theory of generalized harmonic analy-
sis [Wiener (Ref. 54) and Khintchine (Ref. 55)] now implies that s(¢) and

{er} may be represented as

s(t) =

o

=
[ =3

k
J

where the terms Z(w) and

o,

exp(iwt/A) dZ (w),

-—00

{ 1eal-
\ UL

S T
‘IAP

-

Z.(w) are referred to as random spectral

measures [ Koopmans, Ref. 56, Chapter 2]. The term exp(iwt/A) is not
standard, but is chosen here since we have a natural time unit A.

From the point of view of the present discussion, it is not the actual
definitions of Z(®) and Z,(w) which are important, but the mathematical

properties of the representati

on {(59). If & is the linear filter we wish to

apply to s(1), then it follows from the properties of the above representation

for s(t) that

o0

Fs(t) = I

—00

Kw/A) expliwt/A) dZ (w). (60)

The basic strategy is the construction of a discrete linear filter of the form

Z:i—oo irdk—r’

o0

fwy= Y I, explior),

r=—o0

(61)

which estimates £s(1;) so that the difference

Zs(n)— Y Fdi,

oo

(62)

r=—o0
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is suitably small with respect to some appropriately chosen criterion such
as variance.

On using the property that Z;(w) = Z(w) + Z,(w), the value of the
difference follows naturally from (59) to be

oC

© [ A
Ls(th)— L lrdk—r=J_ exp(ivk) {w/A) — w)] dZ(w)

r=-—00

- I" exp(iwk)f(w) dZ (w). (63)

-

To compute the variance of this difference, we use the fact that the variance
of an integral of the form

J 6(w) dZ (w)

is given by

L 6(w)]* dG,(w),

where G,(w) is the nondecreasing function called the spectral distribution
function of s. An analogous result holds for Z_.(w). We shall assume that
neither the s(t) nor the {&.} process contains any purely oscillatory com-
ponent, for then there exist spectral density functions g.(w) [and g,(w)] such
that the last integral becomes

Thus, it follows from (63) that

vaf[-‘fS(tk)— § irdkﬂr]=j (/) — Kw)*g(w) dw

r=—o0

+[ |{(0)g(w) do. (64)



398 R. S. Anderssen and F. R. de Hoog

Since it is essential in guaranteeing that Wiener filtering works, we now
assume that A has been taken to be sufficiently small so that little or no
detail of s(t) has been lost in the sampling. This implies that g,(w) is either
small or zero outside the interval [—a, 7] [Hannan (Ref. 49, Section 111.6)],
so we can approximate (3.10) by

=

J_ [[{w/A) — [(0)Pg.(o) + |{(w)g. (v)] do. (65)

From the point of view of the subsequent analysis, it is more appropriate
to work with I (w) = I{e)/w/A). Using this notation, (65) becomes

j Plw/M)|1 - L(e)’g(w) + |1 (@)]’8(0)] dw, (66)

— T

which we denote by L(/ (w)).
The key point to which we have been working is:

Theorem 5.1. Set

W(w) = g(w)/[g(w) + g.(w)]. (67)
Then
L(’*) = L( W)+ " W — I*"i, (68)

where ||- || denotes the L,-norm with weight function
Flo/b)[g (o) + g.(w)].
Proof. Because

L(l,)=L(W+1,— W)

- j P/ 8)]1 - W(w) - L(w) + W(w)Pg,(w)

+ | W(w) + L (0) — W(w)|’g(w)] dow

= L(W)+ "W_’*chx

) Rej P(w/ D)1 — W(w)]ll, (@) — W(w)]g.(w)

— W(w)[l(0) - W(w)]g.(w)} do,
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the required result follows since it is easily verified that this last integral
vanishes. O
As an immediate consequence, we obtain

Corollary 5.1. The filter (61) which minimizes the variance (64) is
defined by

() = Ko/A)W(w). (69)

Mathematically, this can be interpreted in the following way. Let d(t),
—00 < t < 00, represent a ““continuous realization™ of the signal and noise
processes which generated {d,}. In addition, let & denote the filter defined
by I (w) and let & denote the Fourier transform. Then, formally, (69) yields

Zd(t) = F 'Nw)Fd(t) = F oA W(w)F d(1)
= F ' w/D)Fs(t) = Ls(t). (70)

That 1s, the filter <, when applied to the “observed™ d(t), is such that it
gives the required Ls(1).
Because of the central role it plays, W(w) 1s called the Wiener window.
As the above discussion indicated, its role is essentially that of windowing
the data in the frequency domain to remove the observational noise {&.}
from the signal s(¢), so that & can be applied directly to s(t) to yield the
desired Z£s(t). In reality, the situation is much more complex, since
(i) we must work with the {d;}, not d(1), —© < t <0
(i1) though the structure of W(w) is known formally, it is necessary
to invoke additional assumptions about the form of s(¢) and {¢,}
before it can be estimated using the {d,}.
In fact, if %_{d;} denotes the discrete Fourier transform of {d,}, then
in essence we compute

Fo il 0/ D) W(w) F d Y = [Ls(D]E,., (71)

as our estimate of Ps(t,), where w, = 2@k/n and W(w) denotes an
appropnate estimate of W(w).

Except for some remarks about the role and estimation of W(w), the
actual details of implementation will not be pursued further in this paper,
since the details for numerical differentiation, which we shall utilize below,
can be found in Anderssen and Bloomfield (Refs. 4, 39).
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From a practical point of view, because its role is that of removing the
higher-frequency components of %,{d;} (which are associated with the
observational errors {£,}) and retaining only the lower components [associ-
ated with s(1)], the estimates obtained using (71) tend to be stabilized with
respect to small perturbations in {d;}. In addition, these estimates yield
good approximations to &s(1,), especially when s(t) is a smooth process
with power in its spectrum concentrated at low frequencies, and the power
in the spectrum of {g.} is flat and much smaller than that of s(t).

As a result, Wiener filtering can be viewed as a form of regularization.
The implicit nature of this connection has been discussed by Wahba (Ref.
57). The explicit nature was first established by Anderssen and Bloomfield
(Ref. 39) for numerical differentiation. In fact, they showed that Wiener
filtering and regularization are equivalent in the following sense: if
§(te; a, || ||s) denotes the regularized derivative of s(t) constructed using
Cullum’s (Ref. 58) procedure with a Sobolev norm ||-||s as the smoothing
norm and a as the regularization parameter, and (1, ; W(w }) the correspond-
ing spectral ( Wiener) derivative, then there exists a function A(w; a, ||*||s)
such that

Ele « YL A — &fa o o Mo A 79\
SV, VY W) — S8, U || ||S) \r<y

if and only if
W(w) = AMw; a, || -|Is)- (73)

The indeterminacy in regularization (involving the choice of |- ||s and «)
is also present in Wiener filtering, since W(w) can only be estimated using
the data {d;}.

This result extends naturally to any filtering process &£ The details are
not given here, because they do not relate directly to the subject matter of
this paper; namely, Abel integral equations. We therefore only pause to
note that not only does this result characterize the sense in which Wiener
filtering and regularization are equivalent, but it can also be used to construct
maximum likelihood estimates for the regularization parameter a directly
from the data {d;} [Anderssen and Bloomfield (Refs. 4, 39)].

6. Stabilized Evaluation of Inversion Formulas

On the basis of the discussion of Section 5, an obvious strategy for the
solution of Abel equations is the use of Wiener filtering methods. Unfortu-
nately, this is easier said than done. A number of important practical factors
prevent their direct application. They are:
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(i) In many applications, the data {d;} are not given on an even grid,
and consequently the general theory of discrete Fourier transform analysis
is not applicable [ Bloomfield (Ref. 52)], and the use of fast Fourier transform
algorithms for the evaluation of {71) is not possible.

(ii) Even when the data are given on an even grid, the form of the

associated Abel transform may not correspond to that of half-differentiation,
viz. (56). Thus, a transformation of variables is necessary to take the
associated Abel transforms into the desired form (56), which automatically
destroys the original grid of the data. The analytic form of the inverse filter
corresponding to the given Abel transform could be constructed and used
but, as indicated by Bloomfield (Ref. 59), this is not a tnvial matter from
both a theoretical and practical point of view.

This leads naturally to stabilizing the evaluation of the associated
inversion formulas as the basis for solving Abel integral equations numeri-
cally. To illustrate, we examine (25) and its inversion formulas {29a) and
(29b). The choice is between (a) the evaluation of the singular integrals of
(29a) with respect to the given {d;} using product integration followed by
the spectral differentiation of the resulting data, and (b) the spectral
differentiation of the data {d,} followed by the evaluation of the singular
integrals of (29b) using product integration. Except when the data are given
on an even grid, the choice is in fact limited to (a) since it allows naturally
for data given on a noneven grid to be integrated onto an even one
[Anderssen (Ref. 9)], and thereby guarantees that spectral differentiation
can be used in the stabilization.

The difficulty associated with the differentiation of data on a noneven
grid, and hence the general use of (29b) rather than (29a), can be circumven-
ted using smoothing splines [Wahba (Refs. 60-61)]. Though it represents
a viable alternative it is not pursued here, partly because the choice of «
via generalized cross-validation is based on the best smoothing of the data
and not on the best smoothing for the derivative which is the case for
spectral differentiation.

However, the stabilized evaluation of inversion formulas poses a major
difficulty. The use of spectral differentiation requires that the data to be
differentiated be stationary-like—a strong regularity constraint not usually
satisfied by arbitrary given data. On the other hand, though they do not
stabilize, pseudoanalytic methods can be viewed as simple strategies for
generating first-order (low-parameterized) approximations to the required
solution independently of the signal structure in the data {d;}, but not more
accurate approximations, while the stabilized evaluation of inversion for-
mulas defines a sophisticated method for computing an accurate approxima-
tion to the solution but only when the signal structure in the data {d;}
satisfies conditions compatible with the application of such a method (i.e.,
with the use of spectral differentiation).
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Thus, the sensible strategy would appear to be to use them as compatible
methods so that their advantages support each other at the expense of their
disadvantages. In particular, for given data {d,}, generate a first-order
(low-parameterized) approximation to the required solution using a
pseudoanalytic method in such a way that the residual data have a form
compatible with the assumptions which underlie the use of the stabilized
inversion formulas. This is the basis for the computational strategy proposed
by Anderssen (Ref. 9) and studied in some detail in Jakeman (Ref. 21) and
Anderssen and Jakeman (Ref. 62).

7. The Data Functional Strategy

As mentioned in the Introduction, it is often not the solution u(x) of
(25) which is used for inference purposes, but linear functionals {e.g.,
moments) defined on u(x), namely,

mg(u) = J"l f(x)u(x) dx, 6 = known. (74)

]

An illustrative example has been discussed in some detail by Anderssen
(Ref. 65). When such functionals can be redefined as functionals on s(y),
i.e., as data functionals

m,(x) = I @(6; y)s(y) dy, (75)

0

the possibility exists of circumventing the difficulties associated with the
evaluation of u(x).

Such a strategy is not limited to Abel equations. In fact, if we consider
the general problem

Lu = s, Z:D(&¥) - R(Y), (76)

where D(¥) and R(Z) denote respectively the domain and range of %,
then the applicability of the data functional strategy can be characterized
as follows:

Theorem 7.1. Let &£* denote the adjoint of & with respect to the
L,-inner product

(1, b) = I up dx. (77)

0



Abel Integral Equations 403

If the known 6 which defines m,(u) is contained in R(£*), then the required
¢ which defines m,(s) is given by

Fro = 6. (78)
Proof.
me(u) = (6, u) = (£*p, u) = (¢, Lu) = (@, s) = m,(s). O

It follows that, once we have solved (78) for a given 6, the evaluation
of (74) reduces to the estimation of (75) with respect to given observational
data {d;}. The need to use product integration methods has been examined
in some detail by Anderssen and Jakeman (Ref. 63).

Golberg (Ref. 64) has used this result to explain the use of the data
functional strategy for Abel integral equations, and reverse flow theorems,
but has not explored its more general applicability. This is limited by the
requirement that # be contained in R(Z*).

Conditions under which given classes of 6 are contained in R(Z*)

when &£ defines a Volterra or a Fredholm operator have been examined by
Anderssen (Ref. 65). In that paper, numerical experimentation with real
and synthetic data is used to confirm the viability of this strategy in size
distribution analysis, which is an important applications area for Abel
integral equations.

In conclusion, we note that if & is improperly posed, then so is £*.
The advantage of solving £*¢ = 6 over Lu = s is that the data 6 of the
former are analytic so that, if £*¢ = 6 cannot be solved explicitly, solving
ZF*@ = 6 numerically is more tractable than £u = s for which the data are
only observational. A more detailed discussion of this and other aspects
associated with the linear functional strategy can be found in Anderssen

(Ref. 66).

Computationally, when solving improperly posed problems, the
decision making is more involved than for properly posed problems. It is
not simply a matter of being able to rely on standard procedure, such as
Gaussian elimination for (nonsingular) linear algebraic equations. For
example, even though the use of singular value decomposition has been
popularized as the standard procedure for the solution of discretizations
of improperly posed problems, its actual use in such situations is not
straightforward. In order to ensure that such procedures produce reliable
information, the user must have a clear understanding of the degree of
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improperly posedness of the actual problem being solved and, within the
framework of that knowledge, decide how the singular values should be
filtered before the actual singular-value solution is constructed. Although
this can be automated to a certain extent, it adds a complexity which does
not exist for standard procedures such as Gaussian elimination.

Thus, just as the above analysis of Abel’s equation depended crucially
on the form of the data s(x), so the choice of aigorithm to use in a particular
situation must be based on similar considerations.

Thus, for analytic data s(x), the first step is to examine whether the
relevant Abel equation can be solved exactly (using, for example, tabulated
fractional integrals, etc.). Once it is apparent that this is either impossible
or not very likely, the next step is not to immediately replace s(x) by a
discrete (numerical) counterpart. Since the solution of the relevant Abel
equation for discrete (numerical) data only yields an approximate solution,
the aim should be to exploit this availability of analytic data s(x) so as to
minimize the (approximation) error introduced. One therefore checks
whether a decomposition (not necessarily unique)

s(x) = s.(x) + r(x)

can be found such that

(i) the relevant Abel equation can be solved exactly for s,(x) to yield
u(y);

(ii) the residual r(x) is such that the corresponding solution u,{ y) (of
the relevant Abel equation) is suitably small when compared with . ( y), e.g.,

max|u,( y)| « max|u,(y)-
y y

Clearly, there is a tradeoff between these two constraints which must
be handled with some care. For example, it would be best not to invoke
such a decomposition, if it were unlikely that «,(y) only made a small
contribution to the solution u(y) when compared with u,(y).

The biggest challenge arises when the data are discrete (numerical).
In theory, such problems can often be solved with high accuracy, using
simple algorithms. However, such accuracy can only be guaranteed if the
types of tradeoff, which must be implemented for the numerical differenti-
ation of discrete {(numerical) data using simple finite-difference formulas,
are rigorously respected, in particular, the need to control the step length
between data points (impose a lower bound) with respect to the accuracy
with which the data has been evaluated and will be manipulated. However,
such discipline is really a form of intuitive (implicit) stabilization (regulari-
zation), and therefore implicitly acknowledges the overriding conclusion
of this chapter that some form of stabilization is always necessary.
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For obvious reasons one would like, where possible, to use simple
algorithms. Consequently, explicit stabilization (using, for example, regu-
larization techniques, or constrained optimization) does not in general
represent a viable alternative, because of the inherent (computational)
complexity of such procedures. The choice is further complicated by the
fact that discrete (numerical) data are like highly accurate observational
data so that, for the Abel equation, only some miid form of stabilization is
required. As a general guide, implement simple methods in situations where
the user has explicit interactive control over the solution process, and apply
some form of explicit stabilization when the relevant Abel equation will be
solved automatically within a larger context with little or no user interaction.

Whatever the choice, at all cost avoid the algorithms (discussed in
Remark 3.1 above) for which claims are made that they bypass the inherent
improperly posedness of the Abel equation. Though the claim may have
limited validity, the scope of that validity will not be apparent. The fact is
that “‘computational difficulties associated with the inversion of improperly
posed problems such as Abel’s equation cannot be removed by simply
manipulating the problem mathematically into an alternative form™
[Anderssen and de Hoog (Ref. 37)]). Thus, the required stabilization can
only be achieved through the introduction of additional structure (con-
straints) into the computational representation used to solve the improperly
posed problem. As already shown above, such constraints can even take
on an intuitive (implicit) form, as long as they ensure that, computationally,
the underlying problem is properly posed.

When the data are observational, there is no choice but to implement
some form of explicit stabilization. The choice again depends on the form
of the data as the following guidelines indicate:

(i) For highly accurate data on a fine grid, which recovers accurately
the structure of s{x), the above discussion for discrete (numerical data)
applies.

(ii) For observational data on a fine grid, which recovers graphically
the basic detail of s{x), mild stabilization is all that is required such as
regularization with a small regularization parameter and a second derivative
regularizer.

(iii) For highly inaccurate data on a fine grid, which tends to smear
out the basic detail of s(x), strong stabilization is required such as regulari-
zation with a large regularization parameter and a second or higher deriva-
tive regularizer.

(iv) For observational data on a medium grid which only allows a
partial picture of the form of s(x) to be recovered, a strong form of
regularization is required. Now, however, it is not simply a matter of
stabilizing the computational process with respect to the observational
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errors, It is also necessary, where possible, to choose a regularizer which
is consistent with the missing information (structure) (i.e., choose a regu-
larizer which reflects some property of the solution, such as minimum
energy).

(v) Forinaccurate data on a medium grid, or observational (or inaccu-
rate) data on a coarse grid, which only recover a very poor (or inadequate)
picture of the structure of s(x), the role of the stabilization reduces to
extracting from the available data as much information as possible about
the specific properties of u( y) required for decision-making purposes, when
those properties can be determined as properly posed operations to be
performed on the data. The linear functional strategy plays a crucial role
in such situations.

Though the choice of the actual form of and manner of implementation
of the stabilization is at the user’s discretion, it is crucial not to lose sight
of the key fact that, for best results, the algorithms used should be tailored
to and exploit the mathematical structure of the problem being solved.
Consequently, a general-purpose regularization algorithm will not perform
as well for the Abel equation as one tailored to its underlying half-differenti-
ation (such as a Wiener filtering method). The use of the linear functional
strategy to only extract the information about u( y) which will be used for
decision-making purposes is applicable to all the situations discussed above.
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Abel integral equations

algorithm choice in computation, 403-406

complications related to, 375-376
data functional strategy, 402-403
first-kind
in geometric probability, 377
in interferometry, 377
in stereology, 378
numerical analysis of, 382-387
original formulation of, 373-374
pseudoanalytic methods, 386, 387-394
second-kind, in stereology, 379
in seismology, 379-380
stabilized evaluation of inversion
formulas, 386-387, 400-402
in tomography, 380-381
Weiner filtering, 386, 394-400
Accelerated projection methods, 89-90
Affine operator, 142, 143
Airfoil equation: see Generalized airfoil
equation
Approximate methods, computer use and,
323
Aspherical gravitational potential, in
numerical method in astrodynamics,
147-148
Astrodynamics: see Numerical methods in
asirodynamics
Atkinson-Bogomolny direct analysis, 110

Banach contraction theorem, 153
Banach space, 73-74, 76
Boundary element methods, 11, 14-21
coliocation methods, 19-20, 21
strongly elliptical operator framework,
14-15
theorems in, 15-19, 20-21
Boundary integral equations
boundary element methods, 11, 14-21
collocation methods, 19-20, 21

Boundary integral equations (cont.)
boundary elements methods (cont.)
strongly elliptical operator framework,
14-15
theorems in, 15-19, 20-21
iterative methods, 25-29
two-grid method, 26-29
Laplace equation reformulations
direct BIE methods, 4-5, 7
indirect BIE methods, 5-7
piecewise smooth boundaries, 8-9
smooth boundary case, 7-8
numerical integration, 22-25
boundary element integrations,
22-25
numerical methods for, 10-14
collocation methods, 11
Galerkin methods, 10, 12, 15
global methods, 12-14
problems with, 1
superapproximation, 37
Boundary value problem: see Planing
surface problem

Canonical function, 315
Cauchy-Schwarz inequality, 216
Cauchy singuiar iniegral equations, 72, 73,
89
applications of, 183-184
collocation method, 220-229
continuous data, 221-222
polynomial collocation, 228-229
convergence, 272-296
of collocation method, 284-287
of discrete Galerkin method, 287-293
of Gaussian quadrature method,
293-296
mean square convergence of Galerkin
method, 273-281
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Cauchy singular integral equations {(cont.)
Sloan iterate, 283-284

uniform convergence of Galerkin method,

281-283
conversion to logarithmic equation,
250-254
degenerate kernel methods, 207-209
determining unknown constant ¢,
190-193
Kutta condition, 191-193
direct methods, 197-198
Galerkin method, 209-220
generalized airfoil equation
analytical solution of, 185-190

mapping properties of airfoil operator,

198-204
numerical methods for, 193-194
operator formulation, 204-207
indirect methods, 197-198
Kalandiya method, 247-B249
Kantorovich regularization, 241-246
planing surface problem in, 364-365
polynomial approximation methods,
258-272
Chawla and Kumar method, 270-272
Cohen method, 269-270
collocation method, 263-264
Galerkin method, 262-263
Gaussian quadrature method, 264-266
Hashmi and Delves method, 272
Lobatto quadrature, 266-268
piecewise polynomial methods, 272
quadrature method, 264
product quadrature, 246-247
quadrature methods
Gaussian quadrature method, 233-236
Lobatto quadrature, 236-241
quadrature rules for principle value
integrals, 230-233
of second kind, 157-168
superconvergence and, 37
Chawla and Kumar method, Cauchy
singular integral equations, 270-272
Chebyshev polynomial of degree, 77

Chebyshev polynomials, 198, 199, 218-219,

251, 257
Cochen method, Cauchy singular integral
equations, 269-270
Collocation method
boundary integral equation
reformulations, 11, 19-20, 21

Index

Collocation method (cont.)

Cauchy singular integral equations,
220-229, 263-264
continuous data, 221-222
polynomial collocation, 228-229
convergence, 284-287
direct analysis of discrete method,
113-117
discrete collocation method, 222
and multidimensional problems, 79
singular integral equations, 328
superconvergence
collocation at Gauss points, 59-63
discrete collocation method, 64
iterated collocation method, 56-63
versus iterated Galerkin method, 63-64
for piecewise polynomials, 58-59
for Volterra equations, 117-120
zeros as collocation points, 229

Compound integration rule, 117
Conjugate gradient method, 26
Consistency conditions, 317
Convergence

Cauchy singular integral equations,
272-296
of collocation method, 284-287
of discrete Galerkin method, 287-293
of Gaussian quadrature method,
293-296
mean square convergence of Galerkin
method, 273-281
Sloan iterate, 283-284
uniform convergence of Galerkin
method, 281-283
Fromme-Goldberg rule and, 224-225, 227
Gaussian quadrature method, 235-236,
293-296

Convergence analysis, of projection

methods, 81-84

Convergence theorems and singular integral

equations
collocation method, 328, 349-356
discrete Galerkin method, 356-359
Galerkin method, 323-328
Galerkin-Petrov method, 342-348

Correction step, 27

Data functional strategy, Abel integral

equations, 402-403

Degenerate kernel methods, Cauchy

singular integral equations, 207-209
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Degenerate kernel operator, 207
Dellwo-Friedman method, perturbed
Dellwo-Friedman method, 95
Direct boundary integral equations, Laplace
equation reformulation, 4-5, 7
Dirichlet problem, 4, 8, 19, 28
Discrete collocation method, 222
superconvergence, 64
Discrete Galerkin method, 213, 219, 327
convergence, 287-293
superconvergence, 55
Discretization error, 327

Earth satellite orbits
equation for, 148-149
in numerical method in astrodynamics,
148-149
Eigenvalue problem, 37
Erdos-Turan theorem, 286

Fourier transform techniques, 77

Frechet derivative, 142, 143

Frechet differentiable, 141

Fredholm equation, 92, 96, 140, 143, 163,
166, 168, 198, 230, 241

Fredholm operator, 140, 319

Fromme-Goldberg quadrature rule, 224-225

Fundamental function Z, 314-315

Fundamental Theorem of Calculus, 136

Galerkin method, 77-80, 95-106
boundary integral equation
reformulations, 10, 12, 15
Cauchy singular integral equations,
209-220, 262-263
convergence
of discrete Galerkin method, 287-293
mean square convergence, 273-281
uniform convergence, 281-283
direct ‘analysis with quadrature errors,
106-110
discrete Galerkin method, 213, 219, 327
convergence of, 287-293
iterated Galerkin method, 327, 348
in numerical method in astrodynamics,
158-161, 164-165
perturbed Galerkin method, 141,
158-161, 164-165
in numerical method in astrodynamics,
158-161, 164-165
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Galerkin method {cont.)
for positive-definite dominant part
equations, 120-126
singular integral equations, 323-328
superconvergence, 36, 38-40
discrete Galerkin method, 55
versus iterated collocation method,
63-64
iterated Galerkin method, 51-53, 55
linear functions of Galerkin
approximation, 48-51
Galerkin—Petrov method, 211-212
singular integral equations, 342-348
Gaussian elimination, 403-404
Gaussian gravitational constant, 146
Gaussian quadrature formula, 24-25, 37
Gaussian quadrature method
Cauchy singular integral equations,
236-241, 264-266
convergence, 235-236, 293-296
Gaussian rules, 231-232, 263
Gauss-Legendre quadrature rule, 133
Gauss points
collocation at, 59-60
quadrature points, 79
Generalized airfoil equation
analytical solutjon of, 185-19(0
mapping properties of airfoil operator,
198-204
numerical methods for, 193-194
operator formulation, 204-207
Geometric probability, Abel integral
equations, 377
Gibbs-type phenomenon, 214
Global methods, boundary integral equation
reformulations, 12-14
Global positioning system
in numerical method in astrodynamics,
149
perturbative forces on, 149
Global superconvergence, 36
Gravitational constants
of central celestial body, 146
Gaussian, 146
of Newton, 145
Green’s function, 132

Hammerstein equation, 65, 141, 143, 153
Green’s function, 132

Hammerstein operator, 141, 144, 154, 157

Harmonic coefficients, 148
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Hashmi and Delves’ method, Cauchy
singular integral equations, 272

Hilbert space, in numerical method in
astrodynamics, 138-140

HMP method, superconvergence, 53-55

Hodograph technique, 369

Hohmann orbit, 175

Indirect boundary integral equations,
Laplace equation reformulation, 5-7
Inner-product space, 74
Interferometry, Abel integral equations, 377
Iterated collocation method
superconvergence, 56-58
versus iterated Galerkin method, 63-64
for piecewise-polynomial spaces, 58-63
Iterated Galerkin method, 327, 348
superconvergence, 51-53, 55
Iterated Kantorovich method,
superconvergence, 45-48
Iterated Kantorovich regularization, as
variant of projection method, 88-89
Iterated projection method,
superconvergence, 40-45
Iterative methods
boundary integral equations, 25-29
two-grid methods, 26-29

Jacobian of the transformation, 17

Kalandiya’s method, Cauchy singular
integral equations, 247-249
Kantorovich method
iterated method, 45-48
perturbed method, 93-94
Kantorovich regularization, 45
Cauchy singular integral equations,
241-246
iterated regularization, 88-89
as variant of projection method, 87-88
Kantorovich theorem, 153, 157
Keplerian motion
Lambert’s problem and, 147
in numerical method in astrodynamics,
147, 155-156
perturbed Keplerian motion, 155-156
two-body problem, 147
Khevedelidze theorem, 317
Kutta condition, 191-193, 195, 252, 366

Index

Lagrangian interpolation polynomial of
degree, 352, 355
Lambert problem, 147, 156
Laplace equation reformulations
integral equation reformulations
direct BIE methods, 4-5
indirect BIE methods, 5-7
piecewise smooth boundaries, 8-9
Poisson equation, 9
smooth boundary case, 7-8
Legendre polynomials, 77
in numerical method in astrodynamics,
136-138
Leibnitz formula, 135
Lifting line theory, 370
Linear functions of Galerkin
approximation, superconvergence,
48-51
L-invertible coordinate system, 389, 394
Lobatto quadrature, Cauchy singular
integral equations, 266-268
Lobatto rules, 117

Mean square convergence
Galerkin’s method, 273-281
direct method, 276-278
indirect method, 273-276
v=1, 278-281
Motion, equations of
astronomical units in, 146
earth satellite orbits, 148-149
Gaussian gravitational constant, 146
in geocentric coordinate system, 145
gravitational constant of the central
celestial body, 146
in heliocentric coordinate system, 145
Keplerian motion, 147
Newton universal gravitational constant
in, 145
perturbative forces on global positioning
system, 149
Multidimensional problems, collocation
methods as preference in, 79

Neumann-Kelvin boundary value problem,
363-364
Neumann problem, 4, 25
Newton-Kantorovich method
astrodynamics numerical technique, 133,
141-144
iteration, 157, 165-167
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Newton universal gravitational constant,
145
Noether operators, 319
Nonlinear integral equations,
superconvergence, 64-66
Numerical method in astrodynamics
equation of motion, 144-149
Green’s function, 132
mathematical preliminaries, 134-135
Hilbert space, 138-140
integral equation and, 135-136
Legendre equation and, 136-138
Newton-Kantorovich method, 141-144
operator equations, 140-141
numerical examples
Earth-Mars trajectories, 174-177
trajectory optimization, 177-178
parallel algorithms, 165-174
constant vector setup in, 168-169
Legendre polynomial expansion,
171-172, 173
matrix setups in, 167-168
solution of linear system, 170-171
perturbed Galerkin method, 158-161,
164-165
analytic principle in, 163-164
convergence result, 164-165
equivalence in, 161-163
well-posedness issue, 149-150
method of patched conics, 151-152
Newton-Kantorovich iteration, 157,
165-167
perturbed Keplerian motion, 155-156
Picard iteration, 154-155
Voyager II example, 152-153
See also Motion, equations of
Nystrom method, 77, 110, 131, 133, 158,
161, 162-163, 165

Panel method, 21
Parallel processing, 150
See also Numerical method in

astrodynamics

Parseval theorem, 312-313, 343

Patched conics, method of, 151-152

Perturbation theory, 72

Perturbed Galerkin method, in numerical
method in astrodynamics, 158-161,
164-165

Perturbed Keplerian motion, in numerical
method in astrodynamics, 155-156
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Perturbed projection methods, 91-95,
287-293
perturbed Dellwo-Friedman method, 95
perturbed Kantorovich iterate, 94
perturbed Kantorovich method, 93-94
perturbed Sloan iterate, 92-93
Picard iteration, in numerical method in
astrodynamics, 154-155
Piecewise polynomials
Cauchy singular integral equations, 272
iterated collocation for, 58-59
Piecewise smooth boundaries, Laplace
equation reformulation, 8-9
Planing surface problem, 363-371
generalizations, 368-371
surface tension, 369
two-dimensional flow assumptions,
368-369
planing equation, 364-368
airfoil equation analogy, 365-366
Cauchy singular integral equation,
364-365
Kutta condition, 366
premature detachment in, 368
Poincare-Bertrand formula, 312, 313, 317,
322, 343
Polynomial approximation methods
Cauchy singular integral equations,
258-272
Chawla and Kumar’s method, 270-272
Cohen method, 269-270
collocation method, 263-264
Galerkin method, 262-263
Gaussian quadrature method, 264-266
Hashmi and Delves method, 272
Lobatto quadrature, 266-268
piecewise polynomial methods, 272
quadrature method, 264
Polynomial basis functions,
superconvergence, 36
Positive definiteness property, Galerkins
method and, 120-126
Premature detachment, planing surface
problem in, 368
Probability density function, 395
Product quadrature, Cauchy singular
integral equations, 246-247
Projection methods
collocation methods, 110-120
direct analysis of discrete method,
113-117
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Projection methods (cont.)
collocation methods (cont.)
superconvergence for Volterra
equations, 117-120
convergence analysis of, 81-84
definition of projection method, 75
Galerkin method, 77-80, 95-106
direct analysis with quadrature errors,
106-110
for positive-definite dominant part
equations, 120-126
perturbed projection methods, 91-95
perturbed Dellwo—Friedman method,
95
perturbed Kantorovich iterate, 94
perturbed Kantorovich method, 93-94
perturbed Sloan iterate, 92-93
variants of
accelerated projection methods, 89-90
iterated Kantorovich regularization,
88-89
Kantorovich regularization, 87-88
Sloan iterate, 84-86
Prolongation operator, 27, 324
Pseudoanalytic methods, Abel integral
equations, 386, 387-394
Pseudodifferential operators, 124
Pseudoinverse, 318

Quadrature errors
collocation method with, 110-120
Galerkin method with, 106-110
Quadrature methods, Cauchy singular
integral equations
Gaussian quadrature method, 233-236
Lobatto quadrature, 236-241
quadrature rules for principle value
integrals, 230-233
Quasi-linearization. See
Newton-Kantorovich method

Radon transform, 380-381
Restriction operator, 27, 325

Seismology, Abel integral equations,
379-380
Ship hydrodynamics
hovercraft, 364
See also Planing surface problem

Index

Singular integral equations
direct methods, 328-359
collocation method, 349-356
discrete Galerkin method, 356-359
Galerkin-Petrov method, 342-348
indirect methods, 323-328
collocation method, 328
Galerkin method, 323-328
theory for, 310-322
Singular value decomposition, 330
Sloan iterate, 105, 115
convergence, 283-284
perturbed Sloan iterate, 92-93
as variant of projection method, 84-86
Smooth boundary case, Laplace equation
reformulation, 7-8
Smoothing step, 27
Sohngen inversion formula, 191, 192, 197
Sokhotski-Plemelj formulas, 314
Spectral density function, 397
Spectral distribution function, 397
Sphere of influence, of planet, 151
Stability, 334-335
Stabilized evaluation of inversion formulas,
Abel integral equations, 386-397,
400-402
Stereology, Abel integral equations, 378,
379
Stochastic process, stationary/strictly
stationary process, 395
Strongly elliptic operators, boundary
integral equation reformulations, 7,
14-15
Superapproximation, 37
Superconvergence
Cauchy singular integral equations and,
37
of collocation for Volterra equations,
117-120
discrete collocation method, 64
discrete Galerkin methods, 55
Galerkin method, 36, 38-40
global superconvergence, 36
HMP method, 53-55
iterated collocation method, 56-58
versus iterated Galerkin method,
63-64
for piecewise-polynomial spaces,
58-63
iterated Galerkin method, 51-53, 55
iterated Kantorovich method, 45-48
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Superconvergence (cont.)
iterated projection method, 40-45
linear functions of Galerkin
approximation, 48-51
nonlinear integral equations, 64-66
use of term, 35-36
Volterra integral equations and, 37

Taylor expansion, 143

Tomography, Abel integral equations,
380-381

Tuck method, 252-254

Two-body problem, 147

Two-grid method, boundary integral
equations, 26-29
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Two-point boundary value problem
computational aspects, 133-134
equivalence to Hammerstein integral

equation, 132
See also Numerical method in
astrodynamics

Uniform convergence, Galerkin method,
281-283

Volterra equations, 116
superconvergence and, 37
Voyager 2, 152-153

Weiner filtering, Abel integral equations,
386, 394-400



