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Introduction

I.1 The theory of holomorphic functions of several complex vari-
ables emerged as an attempt to generalize adequately onto the mul-
tidimensional situation the corresponding theory in one variable. In
the course of a century long, extensive and intensive development
it has proved to have beauty and profundity; many remarkable fea-
tures and peculiarities have been found; new and far-reaching no-
tions and concepts have been constructed. A multitude of applica-
tions to many areas of mathematics as well as to other sciences have
been obtained.

I.2 At the same time, the deepening of the knowledge in several
complex variables theory has been bringing those working in that
field to the revelation of more and more paradoxical differences and
distinctions between the structures of the two theories. S. Krantz,
the author of many books and articles on several complex variables,
writes in Preface of his book [Kr2, p.VII], that “Chapter 0 consists of
a long exposition of the differences between one and several complex vari-
ables.”

It is almost generally accepted that one of the deepest, most fun-
damental reasons for those differences lies in the absence of the uni-
versal and holomorphic Cauchy kernel i.e., a reproducing kernel
which serves in any domain of C', with reasonably smooth bound-
ary but of any shape, and most importantly, is holomorphic. As S.
Krantz writes on p.1 in [Kr2], “there are infinitely many Cauchy inte-
gral formulas in several variables; nobody knows what the right one is, but
there are several good candidates.”

In fact, what motivated us was exactly the desire to find the right
Cauchy integral representation in several complex variables. To re-



alize what it really is, it proved to be necessary to come to a com-
pletely new approach: the right Cauchy integral representation can
be constructed for a right set of functions which does not reduce to
that of holomorphic functions but must be much more ample.

I.3 To explain the origin of the above-mentioned idea, let us ana-
lyze the basic elements which underlie one-dimensional, not multi-
dimensional, complex analysis. There are many definitions of holo-
morphy there; all of them are equivalent, thus one can start from
any of them. We shall use the standard notation:

0 Lo .0 0 Lo .0

Null solutions to those operators provide us with the two classes
of functions, respectively, holomorphic and antiholomorphic. Cru-
cial is the fact that they factorize the two-dimensional Laplace oper-
ator Ag2:

o 9 90 0 1 A
020z 0z 0z 4

Combining this factorization with Green’s (or the two-dimen-
sional Stokes) formula, all the main integral theorems are routinely
obtained: Cauchy and Morera, Borel-Pompeiu (= Cauchy-Green),
Cauchy integral, etc.

As a matter of fact (although normally it is considered to be too
trivial to mention), the definitions (I.3.1) and the factorization (1.3.2)
are based on the excellent algebraic structure of C, the range of func-
tions under consideration. In particular, complex conjugation pro-
vides the possibility to factorize a non-negative quadratic form into
a product of linear forms: z -z = |z|2 > 0, and, of course, the
factorization (I1.3.2) is a manifestation of this property of complex
numbers.

It is worthwhile to note that the commutativity of the multiplica-
tion in C is useful and pleasant to work with, but just in the above-
mentioned integral theorems it is not of great importance.

(1.3.2)

I4Letw = f(z) = u+iv, z = x + iy, then the condition % =0is
equivalent to the system of the Cauchy-Riemann equations which



says that the components u, v of the holomorphic function f are not
independent, but are interdependent. In other words one can say
that the definition of holomorphy involves w and z entirely, wholly,
not coordinate-wisely. This (trivial) observation will be helpful in
realizing some essential aspects of what follows below.

I.5 Let now f be a holomorphic function in & C C™, ie, g—zfl =
0,..., 2L =0 in Q, m > 1. Equivalently, there exist all complex

,
partial %Zgrivates of the first order, with no relations between them.
One sees immediately, hence, that the definition lacks the above de-
scribed feature for m = 1: the definition includes certain conditions
with respect to each, partial complex variable, z,, and not with re-
spect to the entire variable z := (21, ..., zp,). Of course, this is
related to the absence of two mutually conjugate operators factoriz-
ing the Laplace operator in C™. What is called the Cauchy-Riemann
conditions in C™, should be more relevantly termed partial Cauchy-
Riemann conditions to emphasize the difference in principle of both
notions.

The idea of a holomorphic mapping loses much more from the
original definitionin C'. Indeed, if F = (f1, ..., f») isa holomorphic
mapping from @ C C” into C" then F keeps lacking any relation
between complex partial derivatives of its components, and there
are no relations, in general, between the components themselves.

I.6 Thus, looking for a one-dimensional structure in several complex
variables we are going to depart from the following heuristic rea-
sonings. Given a domain 2 C C™, try to find the following objects:

1°. A complex algebra A with unit, not necessarily commutative.

20, Two first-order partial differential operators with coefficients
from A, or from a wider algebra, denote them by ® and D%,
such that

DoD" =D 0D = Acm. (I.6.1)

The idea of such a factorization is very well known in partial differ-
ential equations (see, e.g., [T1], [T2] but many other sources as well),
and the fine point is contained, of course, in the last condition:



3°. Holomorphic functions and mappings should belong to ker®,
or to ker®”.

To show that such a program is feasible is the aim of this book.

It is meant neither that in this setting the problem has a unique
solution nor that the general case of arbitrary mappings will be cov-
ered. Our algebra A consists of 2 x 2 matrices whose entries are
taken from the Grassmann algebra generated by differential forms
with complex-conjugate differentials only, that is, of type (0,¢) in
conventional terminology. Notice that it is possible to consider 1 x 2
columns instead of matrices, but then we loose the structure of a
complex algebra in the range of functions, for which reason we
chose to work with matrices.

1.7 The book is organized as follows. Chapter 1 recalls some basic
notation which is necessary to work with functions and differential
forms in C™. Chapter 2 introduces the main object of the study, dif-
ferential forms whose coefficients are 2 x 2 matrices, as well as the
differential operators acting on such differential forms and possess-
ing the basic property (1.6.1).

The latter are called the hyperholomorphic Cauchy-Riemann oper-
ators. The fine point here is that their (2 x 2)-matrix coefficients
contain not only differential forms but the so-called contraction op-
erators also; the deep reasons for that will be explained in Chapter
9: aright algebra should be generated not only by differential forms.

As a matter of fact, the structure of the hyperholomorphic Cauchy-
Riemann operators determines a special structure of other (2 x 2)-
matrices involved — in particular, a unit normal vector to a surface
in C™ is represented as such a matrix, the representation itself be-
ing an operator, not a differential form with matrix coefficients. The
same about the hyperholomorphic Cauchy kernel, which is an operator,
not a differential form, and which can be considered as a kind of a
fundamental solution but in a specified meaning. All this leads to
the hyperholomorphic versions of both the Stokes formula and the
Borel-Pompeiu integral representation of a smooth differential form
(here with (2 x 2)-matrix coefficients, of course), i.e., those versions



which are consistent with the hyperholomorphic Cauchy-Riemann
operators. There is given a detailed analysis of the structure of the
hyperholomorphic Borel-Pompeiu formula and of its intimate rela-
tion with the Bochner-Martinelli integral representation.

In Chapter 3, hyperholomorphic differential forms with (2 x 2)-
matrix coefficients are introduced as null solutions of the hyperholo-
morphic Cauchy-Riemann operator. The class of such differential
forms in a given domain includes both holomorphic and antiholo-
morphic functions (the latter considered as coefficients of specific
differential forms), and all other holomorphic-like functions, i.e., those
holomorphic with respect to certain variables and antiholomorphic
with respect to the rest of them — all in the same domain and, again,
taken as coefficients of specific differential forms. But this is not
enough, and there are differential forms which do not correspond
to any holomorphic-like functions. What is highly important here
is the fact that just the whole class, not its more famous subclasses,
preserves the deep similarity with the theory of holomorphic func-
tions of one variable.

I.8 This similarity allows, in Chapters 4 through 7, to obtain quickly
the main integral theorems. But even if, for instance, the Cauchy in-
tegral and the Morera theorems go in the usual way, anyhow certain
peculiarities arise. The hyperholomorphic Cauchy-Riemann opera-
tor can be applied to a given matrix both on the left- and on the
right-hand side.

There is no direct symmetry between left- and right-hand-side
notions of hyperholomorphy, but we present versions of the Cauchy
integral theorem and its inverse, the Morera theorem, which in-
volves both types of hyperholomorphy.

The hyperholomorphic Cauchy integral formula (Chapter 6) rep-
resents any hyperholomorphic differential form as a surface integral
with the hyperholomorphic Cauchy kernel. In particular, for holo-
morphic functions it reduces just to the Bochner-Martinelli integral
representation of such functions which explains, in a certain sense,
why the latter holds in spite of non-holomorphy of the Bochner-
Martinelli kernel. One more manifestation of the above stated sim-
ilarity is the solution of the non-homogeneous hyperholomorphic
Cauchy-Riemann equation. In contrast to its counterpart for holo-



morphic Cauchy-Riemann equations, the hyperholomorphic case
becomes trivial, since there exists a right inverse operator for the
hyperholomorphic Cauchy-Riemann operator. All this is rigorously
analyzed in Chapter 7, where many interpretations are also given,
but the most remarkable applications are moved to the next Chap-
ter.

1.9 In Chapter 8, differential forms are considered which are, simul-
taneously, d-closed and @' -closed. They form a subclass of hyper-
holomorphic differential forms, but they are of independent interest
and of importance from the point of view of conventional multidi-
mensional complex analysis. That is why we, first of all, describe
the direct corollaries of the theorems which have been proved for
general hyperholomorphic differential forms. What is more, there
are several results here which may be viewed also as corollaries,
being at the same time much less direct and evident. One of them
concerns the d-problem for functions and differential forms in an
arbitrary, i.e., of an arbitrary shape, domain in C™ with a piecewise
smooth boundary. There is given a necessary and sufficient condi-
tion on the given (0, 1)-differential form ¢ in order for the equation
df = g to have a solution which is a function. The condition is
quite explicit and verifiable: a (0, 2)-differential form whose coeftfi-
cients are certain improper integrals of g should satisfy the complex
Hodge-Dolbeault system, i.e., should be O-closed and 9 -closed. A
particular solution is again quite explicit, being a sum of improper
integrals of the same type as above. If g is an arbitrary differential
form (with smooth coefficients) then for the problem df = g the
necessary and sufficient condition obtained is not that explicit, but
the particular solution has the same transparent structure as the one
described above.

There exists a huge amount of literature on the d-problem, see,
e.g., [AiYu], [Ko], [Li], [Ky], [R], [Kr1], [Kr2], but in no way do we
pretend that the above list is complete or even representative. It is
a separate task to compare what has been obtained already on the

0-problem with the approach of this book.

I.10 In the same Chapter 8, we establish also a deep relation be-
tween solutions of the complex Hodge-Dolbeault system and the



Koppelman formula. The latter one is a representation of a smooth
(0, 2)-differential form as a sum of a surface integral and of two vol-
ume integrals. For the case of functions, i.e., of (0,0)-differential
forms, the volume integrals disappear on holomorphic functions,
and thus it is important to have a class of differential forms on which
the volume integrals in the Koppelman formula disappear also. We
show that the Koppelman formula is a particular case of the hyper-
holomorphic Borel-Pompeiu integral representation, which leads im-
mediately to the conclusion that the volume integrals in the Kop-
pelman formula are annihilated by the solutions of the complex
Hodge-Dolbeault system.

We believe this will have deep repercussions for the theory of
complex differential forms.

I.11 Although all the eight first chapters are written in the language
of complex analysis, the underlying ideas were inspired by the au-
thors” experience in research in Clifford and quaternionic analysis.
What is the direct relation between those, at the present time, for-
mally different areas of analysis is explained in Chapter 9. It ap-
pears that the hyperholomorphic theory restricted onto (2 x 2) ma-
trices with equal rows is isomorphic to the function theory for the
Dirac operator of Clifford analysis, see the books [BrDeSo], [DeS-
oSo], [Mit], [KrSh], [GuSp1], [GiiSp2], [GiMu]. But we refer to many
articles as well; other important aspects of the Dirac operators one
can find in [BeGeVe] for instance. The general case of (2 x 2) matrices
does not reduce to the theory of one Dirac operator but is a kind of
a direct sum of the theories for two Dirac-like operators considered
in the same domain of C™. The peculiarity of this relation is the ne-
cessity to use not the canonical basis of the Clifford algebra but the
so-called Witt basis which fits perfectly well into the complex anal-
ysis setting. What is more, one half of the elements of the Witt ba-
sis generates the algebra of elementary differential forms while the
other half generates the contraction operators. Hence the function
theory using only differential forms lacks the symmetry of Clifford
analysis, which causes new phenomena, such as, for instance, the
fact that the hyperholomorphic Cauchy kernel is an operator, not a
differential form.



I.12 Only small fragments of the book have been published already
[RSS2], [RSS3], but the joint article by the authors [RSS1] may be
considered as directly antecedent to the book; what is more, it may
be seen as a direct impulse to realizing certain important ideas of
it. At the same time, in their preceding separate works one can
find many observations, hints, and indications on the relations be-
tween several complex variables theory and Clifford analysis ideas:
F.Sommen treated those relations in [So1] (considering integral trans-
form between monogenic functions of Clifford analysis and holo-
morphic functions of several complex variables), [So2] (deriving the
Bochner-Martinelli formula), [So3]-[So5], see also the books [BrDe-
So] and [DeSoSo]; M. Shapiro treated the applications of quater-
nionic analysis to holomorphic functions in C? in joint papers with
N. Vasilevski [VaSh1], [VaSh2], [VaSh3] and with I. Mitelman [MiSh1],
[MiSh2]; see also the paper [Shl1]; the papers by M. Shapiro [Sh2]
and by R. Rocha-Chavez and M. Shapiro [RoSh1], [RoSh2] do not
have any direct relation to several complex variables, but they con-
tain several important ideas which were very helpful in realizing
some essential aspects of the book.

We know of not too many other papers on the topic. J. Ryan
in [Ry1], [Ry2] considered a subclass of holomorphic functions for
which a function theory is valid with the structure quite similar to
that of Clifford analysis. V. Baikov [Ba] and V. Vinogradov [Vi] con-
sidered boundary value properties of holomorphic functions in, re-
spectively, C* and C™ using ideas from quaternionic and Clifford
analysis. Quite recently S. Bernstein [Be] and G. Kaiser [Ka] found
new connections between holomorphic functions and Clifford anal-
ysis.

I.13 In the course of the preparation of the book the Mexican au-
thors were partially supported by CONACYT in the framework of
its various projects and by the Instituto Politécnico Nacional via
CGPI and COFAA programs, and they are indebted to those bodies.



Chapter 1

Differential forms

1.1 Usual notation

We shall denote by C the field of complex numbers, and by C™ the
m-dimensional complex Euclidean space. If z € C”, thenby 2y, ...,
zm we denote the canonical complex coordinates of z. For z, 2’ €
C™ we write:

(21, cey Zm),

z
/ / /
<Z7 z > =212t ZmZs

(1 ++- -+ zm]?)

=

N

5

=/(z, Z).

R denotes the field of real numbers, and R™ denotes the m-
dimensional real Euclidean space.

Topology in C™ is determined by the metric d (z, 2') := |z — 2/|.

Orientation on C™ is defined by the order of coordinates (21, ...,
Zm ), which means that the differential form of volume is

2|

m
mm=1) (—1)

(20)™

m(m—1) ]_

dv = (-1) 2"

dz Ndz = (—1) dz A dz,

where

dz = dz' A...ANd2™,
dz = dz' A...AdZ™.



If z € C™ then

zj = Re(zj)€eR
y;j = Im(z;) eR

So, one can write z = (x1 +y1 - 4y ..., T + Ym - ). Hence C™ =
R2™ as oriented real Euclidean spaces, where the orientation in R2m.
is defined by the order of coordinates (z1, yi, ..., Zm, ym), which
means that the differential form of volume on R*™ is dz! Ady'A...A
dz™ N dy™.

The word domain means an arbitrary (not necessarily connected)
open set. The word neighborhood means an open neighborhood.

Some more standard notations:

1. N denotes the set of all positive integers,
2. B(z;e):={CeC™||z-(] <e},

3. 5(z ) :={CeC" [z = (| =¢},

1 0
4' E2><2 = ( 0 1 )I

v 01
5. E2><25:<1 0)

Mention that £3,, = Eaxo.

1.2 Complex differential forms

The term “differential form” (or simply “form” and d.f. some-
times) will be used for differential forms with measurable complex-
valued coefficients. The support of a differential form F’ will be de-
noted by supp (F). For a fixed k € N, C*-forms are those forms
with & times continuously differentiable coefficients (this definition
is independent of the local coordinate system of class C**1). Con-
tinuous forms will be called also C°-forms, and F € C*> means that
F is a form of class C* for any k € N.



A form F of class C* defined on C™ is called an (r, s)-form
(i.e., a form of bidegree (r, s)) if, with respect to local coordinates

(21, ..., zm) of class CF*1,0 < k < oo, itis represented as
F(z)= Y Ful(z)dd ndz¥, (1.2.1)
dl=r |k|=s
where the summation runs over all strictly increasing r-tuples j =
(415 - .-, jr) and all strictly increasing s-tuples k = (k1, ..., k) in
{1, ..., m},and d23 := dz/t A...ANd2Tr, dZ5 .= dZFP A AdZFs, with

the coefficients Fjj being complex-valued functions of class C*.

It is worthwhile to note that although we use the same letter
z both for independent variable and for differentials dz?, dz?, it is
sometimes convenient and necessary to distinguish between them,
so we will write d¢?, d(P or dw?, dwP, etc. This causes no abuse of
notation, because these differentials do not depend on z. In that
occasion, we will write F (z, d(, d() instead of F (z).

1.3 Operations on complex differential forms

Consider the followmg 1mportant differential operators. The linear

contraction operators dz% and dz9 are defined as endomorphisms by
their action on the generators:

1. if ¢ = kp, then
dzi [dzj A dzk] = dz9 A d A dZF =
= (—D)PFP @b A dzb AL A dER AR AL A dEP
2. ifqg ¢ {ky, ..., ks}, then
dzi [dzj A dzk} = dz9 A d A dES =
3. if ¢ = jp, then
dz [dzj A dzk] = dz9 A d A dZF =

= (=1)P7 d2 A LA 2 NI AL N A dEE



4. ifqg ¢ {j1, ..., jr}, then

dzt [dzj A dzk} ‘= dzd Ad A dF* =

Now for F of the form

F =" Fyda AdZ¥, (1.3.1)
ik

with {Fjc} € C' (M C C™; C), we set, as usual,

_ F,
d[F] = ZZaJkdq/\dzJ/\dz
Jkg=1
F, :
d[F] = ZZ%dzq/\dzJ/\dik,
j,kq—l 1

0" [F] = ZZ dz’l [dzJ Ndz } =

J,kql

= ZZ dzq/\dzJ/\dz

J,kql

o' [F] = ZZ Jkdzq[dzj/\dz}:

J,kql

= zq/\dzj/\dik
ZZ :

Jikg=1
d[F] := 8[ ]+8[F]

(these definitions are independent of the local coordinate system
of class C?), where

o . _1(o ;9 9 1[99 _, 9.

0z, 2 \0mg ' 'Oyg)’ 0z 2 \0z, Oy
Observe that dz¢ only looks like a differential form but it is not;
it is an endomorphism, so its wedge multiplication does not possess



all usual properties, and one should be careful working with such
products. )
Anyhow, with the above agreement, the differential form 0 [F]
can be interpreted as a specific exterior product of a differential form
F with the differential form whose coefficients are partial derivations (not
_ m
partial derivatives of a function), i.e., with 0 := ) a%qdzq? what is
_ q:1
more, in this sense F’ is multiplied by 0 on the left-hand side:

ONF :=0[F]. (1.3.2)

Of course, it is assumed here that a scalar-valued function com-
mutes with basis differentials. The same interpretations are valid
for all other operations introduced above.

This observation is heuristically relevant, since it leads to the
question, is it worthwhile to change the order of multiplication in (1.3.2)?
We define now

o.[F] = FA ZZ@ dz3 A dz5 A dz,
J,kq 1

0, [F] = F/\a_zza dz A dZ* A d2,
Jkg=1

JF] == FAO = ZZ dzJ/\dz A dzd,
J,kq 1

OF[F] == FAO = ZZ dJ/\dz A dz,
Jkg=1

d.[F] == FAd:=0.[F ]+8,«[F]

(this definition is independent of the local coordinate system of class
C?). Note that in contrast with the first two formulas (which lead to
differential forms as a result), the next two formulas give operators
acting on differential forms. So when we simultaneously use both
Oy [F], 0, [F] and 0} [F], 97 [F], then we identify 0, [F], 0, [F] with
operators of multiplication by them. Notice that we will not use the



notation like F' A d to avoid possible confusion, in particular since
F A 0 canbe seenas F o 0.
Note that for all (r, s)-form F of class C*,

O [Fl=(-1)""0ANF:=(-1)""°0[F].

This apparently insignificant difference will become essential later.
Let

Lo (0% 0? 1
A mo .= = — —_— _— = —A om
© kzl 92,0z, 4 2 (axg - ayg> 4

k=1

be the complex Laplace operator in C™ whose action on a differen-
tial form of class C? is defined naturally to be component-wise: for
F being as in (1.3.1) we put

Agm [F]:= Acm [Fu] d2) A dZ*. (1.3.3)
Jhk

Then, the following operator equalities hold on differential forms of
class C%: I
00" + 00 = Acn,

90% + 09 = Ao (134)

they are of extreme importance for the whole theory.

1.4 Integration with respect to a part of variables

Let X, Y be real manifolds of class C!, and let F be a differential
formon X x Y. Let p = dimr X, v = dimr Y, let (21, ..., z,) belo-
cal coordinates of class C'! in some open V C X and let (¢1, ..., ()
be local coordinates of class C'! in some open U C Y. Consider the
unique representation

F(z, ) =) Fal(z Q) Ad,

where o runs over all strictly increasing r-tuples a = (aq, ..., o)
in {1, ..., v} with0 < r < v, dC := d(® A ... Ad(®, and F, =
F, (-, ¢) is a family of differential forms on X which depends on



F
¢ € U. If X is oriented and the integrals [ F, (z, () exist for all
v

fixed ¢ € U and any strictly increasing r-tuple o in {1, ..., v} with
0 <r <vy,then

/F(z, Q)= (/ F, (z, g)) c*, (e, (1.4.1)

1% * \v
where a runs over all strictly increasing r-tuplesin {1, ..., v}, with
r =0, ..., v. The result of this integration is a differential form on

U, that is independent of the choice of the local coordinates (1, ...,
¢v). Therefore [ F (z, ¢) is well-defined for all ¢ € U. Notice that
14

this definition implies that [ F, (z, () = 0 if F,, does not contain
v

monomials which are of degree 1 in X.

1.5 The differential form |F|

For an oriented real manifold X of class C! with dimg X = p and
for a differential form F on X, the differential form | F| is defined as
follows: if (z1, ..., x,) are positively oriented coordinates of class
C'insomeopensetU C X and F = F|_,dz' A...Adz" on U (with
F;.., a complex-valued function), then

|F| = |Fy_uldz' A...Ads"  onU. (1.5.1)

If | F'| is integrable then F is also integrable and

)ZF §X/|F|.

Given two p-forms F, G on X, we write
G| < |F|
if for their respective representations (1.5.1) one has on U:

|G1...,u| S |F1;L| -



If this holds, then we have

/|G| §/|F|. (15.2)
X

X

1.6 More spaces of differential forms

Let F be a differential form defined on a domain Q C R”. If F is a
complex-valued function then

I|IF||(2) == |F ()]  forall z € Q.

If (x1, ..., z,) are canonical coordinates in RV and
F =) Fyda!
J

then

2

1] (2) := (Z |E5 (Z)2>
j

Thus, the (Riemannian) norm of the differential form F at a point z
is determined.

Given an arbitrary set 2 in C™ and a differential form F on it,
we introduce the following natural definitions (see [HL2]):

1Fllg := sup {I|Fl| (2) |2z € 2}, (1.6.1)

andfor0 < a <1

M

(z B (2) - Fy (4)l2>

Fl|| =||F
1Fly = [F]lg + sup P

z#C%. (1.62)

F is called a-Holder continuous on € if

|||, < oo (1.6.3)



for all compact subsets of (2. Synonym: differential form of class
C% @ €% will stand for “continuous” differential forms. Now let (2
be a domain in C™. Given k € N, F is said to be a form of class C*
on Q if, for any «, F, has all partial derivatives of orders up to k in Q
which extend continuously onto Q. F is said to be of class C* on 2
if itis a form of class C* on Q for any k € NU{0}. C* @ (Q)nC* @ (Q)
stands for the subset of C* on (2 consisting of the differential forms
on  being a-Holder-continuous on Q.



Chapter 2

Differential forms with
coefficients in 2 x 2-matrices

2.1 Classes G, (), G, ()

Let Q2 be a domain in C" with the canonical complex coordinates
z=(z1,..., z2m). Givenk € {0, 1, ..., m}, p € {0} UNU {o0},
denote by ?l; (©2) the set of all (0, k)-forms on 2 of class C?, and by
G, (2) the set of all (s, 0)-forms of the same class; and set G, ((2) :=

G ?I; (Q),6,Q):=U g{; (€2). Natural operations of addition and
k=0 k=0

of multiplication by complex scalars turn each of them into a com-
plex linear space. Moreover, we shall consider G, () as an algebra
with respect to the exterior multiplication “A”; thus, G, ({2) is a com-
plex algebra which is associative, distributive, non-commutative,
with zero-divisors and with identity. The same is true for G, (£2).

2.2 Matrix-valued differential forms

Throughout the book, we shall deal with matrices whose entries are
from different algebras which require careful distinction between
matrix multiplication of two matrices and that of their elements. We

shall use “x” just for the matrix multiplication, providing it some-
times with precise symbols (subindex, superindex, etc.) related to
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the multiplication in the algebra of their entries.

The main object of this paper is the set of 2 x 2 matrices with
entries from G, (). Occasionally we shall consider its symmetric
image replacing G by G. We use the following notations:

—k —k
@ = (G® 8“”)
o = (T R
11 12 B _
= {( §21 §22 ) | {F”} C gI; (Q)}
and
s _ (95 G,
& = (Za o)
Fll F12

-l

F21

> |{FU}(:§%(Q)}.

F22

The same for &, () and &, (). The structure of a complex lin-
ear space in G, () (and in G, (?)) is inherited by &, (Q) (and by
&, (2)): it is enough to add the elements and to multiply them by
complex scalars in an entry-wise manner. We will use sometimes
the abbreviation m.v.d.f. for “matrix-valued differential form(s)”.

Given F, G from &, (Q) (or from &, (Q2)), their “exterior prod-
uct” F A G is introduced as follows:

Fil ol 12
G22 )

F12
F/*\G:<F21 F22>/*\<G21
F1 A G2 4 F12 A 22 >

-

This product remains to be associative and distributive (it is
straightforward to check it up):

Fll A Gll + F12 A GZI;
F21 A Gll + F22 A G21. F21 A G12 + F22 A G22

(F/\G)AH -

* *

— FAH+GAH,
* *

— HAF+HAG.
* *

(F+G)/*\H
HA(F+G)

ro(6nH):



At the same time, the anti-commutativity rule is now of the form
, tr
FAG=(-1)" (Gt’" A F”) , (2.2.1)
* *

where F € &, (), G € &, () (or F € &k (Q), G € 6 () and
“tr” stands for transposing of the matrix.

Thus we shall consider &, (Q) as a complex algebra which is
associative, distributive, non-commutative, with zero divisors and
with identity. The same with &, (€2).

2.3 Thehyperholomorphic Cauchy-Riemann op-
erators on &; and &

1 /l 7

Abusing perhaps a little the notation, we shall use the symbo
to denote a (well-defined) composition of any pair of operators we
shall be in need of.

The differential operators introduced in Subsection 1.3 as oper-
ators acting on differential forms, extend naturally onto &; () and
®; (Q) by their entry-wise actions, for instance, given F' € &; (Q)
or F' € &, (), we have

dlF] = (jﬁﬂ%: j%Q%)a

BFk k OF 12 _k
—dzk; Y Skdz
—aF - k 21 k
0z aFk k. 8Fk _k
j 7%, dz®; %: dz

Now we need certain matrix operators composed from scalar op-
erators of Subsection 1.3 and acting on matrix-valued differential
forms. We put

_ b o — o* 0

and similarly

o o . (0 0\
e (20) pe(70) esy
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ie., for F € & (Q) we define D [F] and D" [F] to be

DIF] - ONF" + 0" NF?; ONF2 40 NF?
- PFNFIL4LONF?, O*ANF1240NF?2
_ (?[Fll]—}—gi[FZl]; 8[F12 —}—6* F22
- o* [F11]+3[F21]; o* [FIZ +a F22
(2.3.3)
B — O*ANFYL +ONF?; 0* ANF124 9N F??
7] ONFU +0* ANF?Yy OANF2 + 0" NF??
B 5* [F11]+5[F21]; a* [FIZ +a F22
- 5[F11]+5* [FZI]; 8[F12 —}—6* F22
(2.3.4)
analogously for D and D*.

Let I be the identity operator acting on some linear space of
differential forms; then we shall denote by E,. and ]]:ngg, respec-
tively, the operators of the (left-hand-side) multiplication by E3y»
and Fsyo (see Subsection 1.1) on the corresponding linear space of
m.v.d.f., ie.,

I 0\ « (0 I
]E2><2§:<0 [>3E2><2-—(I 0)-

Then the following operator equalities hold on &, (C™) and &,(C™),
respectively; they are of extreme importance for the whole theory:

DoD =D oD = AcmEpyo, (2.3.5)
and similarly,
DoD*=D* oD = AcnEoyo. (2.3.6)

Recalling the observation in Subsection 1.3, we can interpret the
matrix D [F] as a result of the “matrix wedge multiplication” of F
by D on the left-hand-side:

_ g O Fl1 pl2
D/*\F':<a* 9 >/*\(F21 F22>'



Now we introduce the right-hand side operator D, by the rule

— oy [F'] + 0 [F'?]; or [FY] + 0, [F"?
D, [F] = ( 5, %Fﬂ} + %FQZ} . %Fﬂ% 43, %FZ% > , (2.3.7)

which may differ greatly from D A F = DJ[F): the latter is an
m.v.d.f. while the former is a family of operators acting on m.v.d.f.,
which depends of z € (2. Analogous definitions and conclusions are
true for the right-hand-side operators D,, D,, D}.

The above operators, D, D', D, and D*, as well as their right-
hand-side counterparts, are called the hyperholomorphic Cauchy-
Riemann operators, although the right-hand-side case has its pecu-
liarities which will be explained later.

The equality (2.3.5) may be seen as a factorization of the matrix
Laplace operator,

AcnEyo = ( OAOn OA(Cm ) .

There are other ways of factorizing the matrix Laplace operator.
Indeed, the operators D and D" are not independent:

D' =D ol = o oD, (238)
or equivalently
5 = 5* o ]E2><2 = ]E2><2 o 5* (239)

This leads to factorizations of another matrix Laplace operator,
v (0 Acm \ |
Alfgxz = ( Acn 0 ) '

DoD = A(CW'EZx%

Xk

D" oD = Acm 'IE:2><2-

The same type of relations hold for D and D*; we chose the factor-
ization (2.3.5) just to fix one of them.
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2.4 Formula for d (F /*\ G)

LetF € 6?, G e @i, then for any pair of their entries we have that
d (Fo‘ﬂ A GW) = dF*? NG5 + (=1)F FOP A dG.
It is straightforward now to verify that the same is true for matrices:
*

d(F/\G) = dF A G+ (-1)"F A dG.
* *

The same formula is valid for F € &%, G € &3,

2.5 Differential matrix forms of the unit normal

The following operators acting on m.v.d.f. are of special importance.
Let{ = ({1, ..., {m)and z = (21, ..., 2zpy) be canonical coordinates
in spaces C* and C]* respectively. Then the following objects are
defined (for (¢, ) € C7* x C"):

o = 0¢ .= chdé[ﬂ ANdC A dfj,
7=1
ot = 527 = (_1)m chdf/\ dC[]] A d/f\j,
7j=1
and similarly,
m - .
o = o¢ .= (-1)"Y cdl AdlAde,
j=1
m _ —
of = of ,= chdg“m ANd¢ A dzd,
7j=1
where
(_ m(zfl)
cj = (1)1



They will serve as entries of the following matrices:

N

o =

q

M
A~
Qr Ql

*
Qr Qi

|
*
Il
q
M
xR
Il
A~
Qr Qi
*
STRRSY
*
N——

and similarly:

The structure of all these matrices shows that there is a relation like
(2.3.8) between &* and & as well as between * and o. By definition

all symbols d¢7, d(/ commute with all symbols dz’, dzJ dzJ d.

Recalling the definition of the contraction operators dzj and dz], we
see that o, 0" and o, o™ should be seen as operators on some spaces

of m.v.d.f. F with entries F¥ (¢, z) = az FY |5 (Cy 2) Ndz® A dZP

(C € A1,z € Ay) and each of FY ; = Fi/ , (-, 2) is a family of d.f. on
A; which dependson z € Ay, ie.,

= 11 4 = 21, = 12 | =% 292
E[F]::EAF;:<0/\F +0*ANF*y GANF“+0"NF )
*

GEANFYN 6 ANF?Y 65 ANF'2 +6 A\ F??
where
o[F) =0 AF7 =

m
ZZ §dC) AdC A FY o Adz Adz® A dzP,
a, B j=1

o* [FY] :=6" NFY =

m
SOl Adl AFD  Adz |dz A dzP]

a, B j=1
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This means, in particular, that here we identify the differential
forms & and o with the operators of (left) multiplication by them.

Consider now the relations between the above-introduced ma-
trices 7, o, and o, o*, and the normal vector to a surface in C™.
Let I be a real (2m — 1)-surface in C™ of class C'. Denote by n; =
(ni¢, --., nm¢) the outward pointing normal unit vector to I' at
¢ € I and let dS be a surface differential form on I". Consider now
on the surface T’

n;dS = {( 1)@= (dg‘l +d¢y) A (—%) (d¢y — d¢y) A
A g (@G5 +dG1) A (_2i> (d6—1 — ;1) A
M=) @6 - ac)
N (@i + dia) A (=g ) (@i = ) A
N (ot ) A (=5 ) (o = ) +
(1)) (4 +di) A (—%) (dly = déy) A
Ny (@it d) A (=) (@1 = d6ga)
/\% (d¢; + d¢;) A

1.
/\— (dCj1 +dCjsa) A ( > dCj1 — dCjy1) A

‘:”I'—‘

(de+de ( %) de—de)} Il =
_ ﬂ(dg._dg.)/\}n\(—mdf A dCp—
- 22m—1;m J J k Ck
e
_ﬂ(d§.+dg.)A 7\(_2)d§ AdC, $ |0 =
22m71im J J ! k Ck | -

o
W
R



1 N o

ki
(m—=2)(m—1)
(_1 2 _
= @y {dC; A dCiyy A } T =
(D"
= 2 @)™ (=17 {d{; ndC}IT.
Therefore
(-
njdS = 2W (1)~ {dly AdCY T
Analogously, we have
()5

g8 = 2 (<" = o (1P {al ndcyy} T,

and hence

njd/E\J:; ’ﬁ]dij dS; =
’fljdij; njdij

<
Il
-

9l

|

Il Il
N | — N | =
[ T N

njdEjEQXQ + ﬁjcié\jE’ng) dSe,

’fljdiji; njdfj dSC,
n;dz’; n;dzl

<
Il
-

&P =
1

DN =
/N

J

and symmetrically

m . /\.

oll' = 12 ( L ngdZ )dsca
2 o\ nydzl; nydz
1 S [ nydzi; ngde

oIl = —Z( e T )dsg.
2 = n;dz’; njdz

(2.5.1)

(2.5.2)

(2.5.3)

(2.5.4)
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Thus these matrices will serve for integrating m.v.d.f. of two vari-
ables, ¢ and z, with respect to ¢ over surfaces in c.

2.6 Formula for d; (F Ao A G)

Let F and G be two elements from & (£2), consider

dC(FQEQG):dC (F/*\E[G]).

Forany F' ((, dz), G (¢, dZ) we have

with

12
Al

A21

All A12 )

F(Ca di) QEC, z (Ca dZ < gl 52

= FM (¢, d2) NGe,  ANGM (¢, dZ) +
+FY (¢, dz) NGE L ANGPH(C, dZ) +
+F2 (¢, dz) NGE L ANGH(C, dZ) +
+F'2 (¢, d2) Aag, . ANGPH(C, d2);

= FM (¢, d2) Aoe , NG (¢, dZ) +
+FM (¢, d2) Aol ANGP (¢, dz) +
+F2 (¢, d2) Aol , NG (¢, dz) +
+F (¢, d2) No¢, . AG*2(C, dz);

= F2((, di)/\ag,z/\G” (C, dz) +

+F* (¢, d2) ANGE , NG (C, dZ) +
+F? (¢, dz) NG, A G11 (¢, dZ) +
+F* (¢, dz) No¢, . ANG*H (¢, dz);



AP, = F* (¢ d2)Noc . NG (¢, dz) +
+F* (¢, d2) Aol , ANGP (¢, dz) +
+F? (¢, d2) ANGE , NG (¢, dZ) +
+F? (¢, dZ) NG¢, . NG*(C, d7).

Because of linearity of d it is enough to consider

F (¢, dz) = (Faﬂ (<7d2)>1§ﬁ§2

1<a<2’

1<6<2

G (¢, d2) = (67 (¢, d2)
with entries of the form

FP (¢, d2) i= pag (¢) dF*°

1<y<2’

and s
G (¢, d2) =15 (¢) dZY",

Where jaﬂ = (Jilﬁa L J]gi) q75 <Q1 R ] qgf&) and 9004,3 (C)/
s (¢) are functions of class C*.
Take F'! (¢, d2) = 11 (()dZ " and G (¢, d2) = 911 (¢) d22”,

de (F"" A" NG =

= d¢ <<P11dzj11 A ((‘Um chdét/\ dCs) A j}) A

s=1
Apndze) =

= (_l)chst (gollwlldf/\dc[s]) A (dzjll A 672\5 /\dqul) _
s=1

= (—1)’“2058(“’5721#”) (1)~ Ldl A d¢ A (dzi“ A dz5A
s=1 s

A dzq“) -

= (=)™ e ( a‘”c,ﬂwnwu ;”C“> (=)™ dE A dg A
s=1 s 5
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A (dzj“ A dz A dzq“> .
Completely analogously we have

de (FO‘5 AT A G75) =

“ P o T
Z(AWZ%(Q%wwwiﬁvh+1@Mm
s=1 $ s

A (dzj"‘f’ Adzs A dzq”‘s) ,

for all the other possible combinations of indices.
Consider now

de (F“ﬁ NG A G75) =

m
= d¢ | pagd# A csdCrg AdC A dZ* ) Apagdz®” | =
¢ B [s] B

s=1
m

= ) cude (Papthysdlis) AdC) A (dijaﬂ Adz* A d2q75> =

s=1
= > 0578 ($agiins) (=1)* L d¢ A d¢ A (dzj"‘ﬂ A dz* A dzq”5) =

= D (%5 Y16 + Pas 8¢?5) (~1)" "l nd¢ A (a5 A
9Cs
AdZ* A dzqw) .
Completely analogously for F, G € &; (©2) we have

de (FO‘5 Ao A G75) =

" Ipa, 9 T
Z(AWZ%(Q%wwwiﬁvh+lawm
s=1 s s

A (dzj"‘f’ AdZ* A dzq"‘s) :

de (Fo‘ﬁ Ao* A GW) =



m

« 8 S— e
= S (s pan g ) () N

s=1

A (dzJ Adzs A dze” ) :
Hence we have, respectively, the relations
de (FP Ao AG™) (¢, dz) =
= —dy¢ (F‘W AG A G”‘S) (¢, dz) =
- (& [Faﬂ] (¢, d2) A G (¢, d3)
+F(C, d2) A |G (¢, d2)) dve,

de (F*P N5* A GY0) (¢, dz) =

= —dy (Faﬁ AG* A G”‘S) (¢, dz) =
= (8 [F?] (¢, a2) A GO (¢, dz)+
+F (¢, d2) A D" |G (¢, d2)) v,
d¢ (F¥ Ao ANG) (¢, dZ) =
= —dy (FW Ao A G7‘5> (¢, dz) =
AN PPt
+F(C, d2) A0 [G77] (¢, d2)) aVL,
d¢ (F% A o* AGY) (¢, d2) =
= —dy¢ (F“ﬂ Ao* A G”‘s) (¢, dz) =

= (0 [F*7] (¢, a2) A G (¢, d2)+

FFOB (¢, dZ) A O [Gﬂ («, dz)) dv;.



2x%x2

2.7 Exterior differentiation and the hyperholomor-
phic Cauchy-Riemann operators

Theorem Let F and G be arbitrary m.v.d.f. from &, (Q) and F', G' be
arbitrary m.v.d.£f. from &, (). The following equalities hold:

d¢ (F/*\E/*\G> = d (FQE[G]) — —dy¢ (F/*\E/*\G> -
= (E [F]AG+F A 5[(}]) dve,
(2.7.1)
de (F/*\E*/*\G) = —dy (F/*\E*/*\G) -
- (5: [FING+FAD' [G]) dve,
(2.7.2)
dc(FronG) = —d(Frond)=
= (D [F]AG +F AD[G)av,
(2.7.3)
w(Fetn@) = o (Faetad) -
= (D[P AG+F AD[G]) dVe.

(2.7.4)

Proof. = Compare the left-hand sides of each equality with their
right-hand sides, using formulas in the end of the last section. B

2.8 Stokes formula compatible with the hyper-
holo morphic Cauchy-Riemann operators

Theorem Let Q* be a bounded domain in C™ with the topological bound-
ary I, which is a piecewise smooth surface. Let F and G be two arbitrary



m.v.d.f. from &, (QF) N Gy (T UT) and F', G' be arbitrary m.v.d.f.
from &1 ()N &g (T UT). Then for any z € QF:

[ ) poea n 6z -

T¢

- / (¢.d2) AT, [G] (¢, d2)

_ /D (¢, d2) A G (,d2)

F((, d2) ADIG)(, dz)dV,,  (28.1)

[P annay .06 d -
¢
- [ (BRI )6 a2
af
+F (¢, d5) A DG (¢, dz)) dve,  (282)

F'(C, d2) Noe,» NG (¢, d2) =
T¢
= / (Dr [F'] (¢, dz) AG' (¢, d2)
af
+F' (¢, d2) AD[G'] (¢, dz)) dve,  (2.83)

1 * ! o
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_ / (D [F] (¢, d2) A G (¢, d2)

+
Q

+ F' (¢, d2) A D[] (¢, dz)) dve.  (2.84)

Proof. Apply the usual Stokes theorem and use Theorem 2.7, not-

ing that I (¢, dz) A 3¢, . A G (¢, d2), F(C. d2) A&7 . AG(C, d2),

F' (¢, dz) N o¢,, N G'(¢, dz) and F' (¢, dz) A oc., A G (¢, dz)
* * s

are well-defined onI". l

2.9 The Cauchy kernel for the null-sets of the hy-
perholomorphic Cauchy-Riemann operators

Let us introduce the Cauchy kernels for the theory of m.v.d.f. from
the null-sets of the corresponding operators D and D", by the for-

mulas

(m = D! [ g
K= = 2

Co e
m—1)! & S dzd;
o (¢, 2) o= 2P DS ( d

Tm dz4:
=1\ TP dEh

and, respectively, for D and D* by

m Cq /\.

- ! ')md L],

Kp (¢, 2) = QLL L)' E [T
’ am Gq q.

q:1 ‘C|2Tndz I

]CD* (C, Z) = 2mi

C_q d q.

( Ké?mj\,

T Sz,
Krm, Z)

g=1




* >

Note that, for any ¢, z, K5 (¢, z) is an operator on m.v.d.f., of
the same type as & from Subsection 2.5 and its coefficients are of
class C° off the origin, which implies that for any m.v.d.f. F' de-
fined off the origin, K5 (¢, 2) [F] is a m.v.d.f. and is of the same
class of smoothness. It is straightforward to verify that its coeffi-
cients are harmonic functions. Note that D o K5 (¢, 2) [F] is not
identically zero, in general, off the origin, but Sections 9.6 and 9.11
explain that in a certain sense K ({, z) is the fundamental solution
of the Cauchy-Riemann operator D. The same is true for (2.9.2),
(2.9.3) and (2.9.4).

Using the structure of the matrices in (2.9.1) — (2.9.4), it is not
difficult to find the relations, similar to (2.3.8), between K%((, z2)
and Kz5+((, 2), as well as between K5((, z) and K5+((,2) (see also
Subsection 2.5).

2.10 Structure of the product K5 A &
*

The product mentioned in the subsection title is a very essential fac-
tor in many of the following formulas. Let us compute it. We have

i dze, Tz
B (m _ 1)! m |T—2| |T—2z|
= 2 m Z B B s~ i\
q=1 |Tq ;anzq; |Tq ‘Z.zqmdzq
m(m=1)
(-1) > i1
—1)
AN R 2 (-1
7j=1
' 7 AdT AdE; (1) dT Admg AdE
(=)™ dr A dTM A dz7; drj NdT Ndz |
e zmj ' 7'2” 7 Adr A dBIN
- 27rz = z| 1) TGz
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m
_1)m Z (_1)]'*1 MdT A dT[ A dz’ A dzI Eyxo+

T—Z|

‘f Tqg — %q
+Z( 7Z|2md’r[]/\d7‘—
7j

#dq 1A dT) A dz? A dZ Eyy o+
T —Z

(-

Jr(—l)"‘Z((—l)j‘1 L A dy -

poy |7'—z|
— (—l)q_l %dT /\dT[ }) /\ﬁ/\ciz:jégxg—i-
T —Z
+Z / #dTH/\dT/\JE\q/\dEjEQXZ-F
0] TT#
+(=)™Y (-1
J#q
/\d/-g\]E2><2} .

MdT/\dT[ i A dzZIN
| — 2"

Introducing notations

. o (m—l)! Tj — Zj
uJ (7—’ Z) T (271_2)771 |7_ . Z|2m7

— (m =1 75— 2

Z/[] (7-7 Z) = (271_2)771 |7' . Z|2m7

forany j =1, ..., m, we have that

U(r, z) = (— 1)]‘712/{]- (7, z)dry NdT =
J
- (72(_ Y m T AT

IT—zI

U(r, z) = (=)™ Z (=17 U; (7, 2) dF A dryy) =

|7 = 2"

(2.10.1)

Y L .
En ES (- 5z nany,
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The first formula gives the well-known Bochner-Martinelli kernel
for holomorphic functions, which is why we will call the second
kernel, U (7, z), the Bochner-Martinelli kernel for antiholomorphic
functions. Note that I/ is not only a notation but also the complex
conjugate to U/. Extending the idea we introduce

(m —1)! 1 Tp—Z
Z/{' T, z = e ~m —1 p MC[ /\d +
(7, 2) (27i) ; =1 |7 — z|*™ T T
PFEJL g
1 Tp— %
+(=D™ N ()P dE Adry,
DP=J1,--5]k ™=l
m
= Z (—1)? lup( )dT[p]/\dT+
p#]'p;-l-uk
H(=D)™ > (=P U, (1, 2) dT Ady,
P=J1,Jk
(2.10.2)
for any strictly increasing |j|-tuple jin {1, ..., m}, including j = (.

We will see later that U (7, z) plays the same role for functions an-
tiholomorphic in z;,, ..., z;, and holomorphic in the rest variables
that U (7, z) plays for holomorphic functions. Under these nota-
tions, we have

= (-1 - 2{2 1)7~ 11/{ (T, Z)dTH/\dT/\dZJ/\

mz ] IU] (1, z)dT/\dTH/\dz]/\dzJngg—{—
7j=1

+Z< I)J 1 q )dﬂﬂ/\dT—



2x2
— (=) U (7, 2) dTig A dT) A dz? A d7 Eyy o+

(=)™ (=177 Uy (7, 2)d7 A dyy -

q<j

— (—1)(171[/[]' (7', Z) dt /\dTm) /\Ef\q/\ d/Z:jE2><2+

+ Z (1) U, (7, 2) drij Adt A dz1 A dz Byyo+
a#j

+ (=1 (=1 Uy (1, 2)dr Adrpy AdzT A JQJ‘EQXQ} :
J#a
This expression, K A &, defines an operator acting on B (R
*

-0 . .
\{#}). In particular on the set & (2 \ {z}) of matrices whose entries
are scalar-valued functions, it takes the form

Ki (1 =2, 2) /\ET,Z:

m(m 1)
= (-1 { (¢, 2 E2><2+Z ] IZ/I (T, )df[ﬂ/\dT—
q<j

—(—l)qflﬁﬂ, Z)df[q} A dT) ANdz? A d?jEQXQ}.

Let I" be a real (2m — 1)-surface of class C'. Taking into account
the contents of Subsection 2.5 we obtain, for any F' € &¢ (2\ {z}) N
(G (Q U F) ,

{zcﬁ(f—z, 2) ANGr . AF(r, dz)}|r:

* *

=1

= (20)™ {Zuj (1, 2) nj, chz‘\j AdZ A F (1, dZ) +

m
+Zaj (, 2) 7, szj ANdzI A\ F (1, dZ) +
j=1



+Z (1, 2)nj,+ —U; (1, 2) ng; +) A
9<j
AdzY A dZ Eyyo A F (1, dZ) +
*

+3 Uy (7, 2) gy — U (7, 2) Tig, +) A

4<j
AdZ4 A dZI By AF (7, dz) +

+ZU T, Z)Nj, + Zq/\dZ]/\F(T, dz) +
q#]

+3 Uy (7, 2) 7y, -dz" Nz AF (T, dz)} ds,:
J#q

and for F € &, (2\ {z}) NGy (QUT),
{Kp(r=2 2 7&. . AF(r, )}l =

_ onm [ P11 b12 _
— (2) ( oo > AF (7, dz)dS,

where
¢ = E Uj (T, z) nj; 73

1o = ZZ,{ T, 2)nj, A7 A dF — ZL{ T, 2) ngrdz9 A dZ7;

q<j q<j
po1 = ZH‘I (1, z) nj, 7dz? A dzl — Zﬁj (1, 2) ng, 7dz7 A dz’;
a<j a<j

P22 = Zuj(Ta Z) s -
=1

211 Borel-Pompeiu (or Cauchy-Green) formula
for smooth differential matrix-forms

Theorem Let QO be a bounded domain with the topological boundary T,
which is a piecewise smooth surface, let F € &1 (QT) N & (QT UT) and



2x2
G € B, (QT)NG(QT UT). Then the following equalities hold in QF:

2 (2) = /zcﬁ(T—z, 2N AP (7, d2) -

O+
2.11.1)
26 () = /ch (r=22) Now s NG(r, d2) -
I
- / Kp (1t -2z, 2) i\D [G] (7, dz)dV;.
O+
2.11.2)

Proof. The proof will be given for the first case only. Take z € Q*
fixed and choose € > 0 such that B (z; €¢) C QF.
By Stokes formula we have

/ K (1 = 2, z)/*\ET,Z/*\F(T, dz) =
FT(Q+\E(Z

)
= / K5 (1 =2, 2) /*\5[F] (1, dz)dV;. (2.11.3)
B(z; €

Q+\
As D [F|is continuous in QT and Q7 is a bounded set,

Kp(r — 2 2) AD[F)(r, dz) dV;

is Lebesgue absolutely integrable on Q*. Consequently, by taking
the limit for e — 0 we get in the right-hand side of (2.11.3):

/ Kp (r = 2 2) ADIF](r, d2) V.
O+



As to the left-hand side of (2.11.3), it can be put into the form

/IC—(T—Z, Z)QET’ZQF(T’ dz) —

S(z; €)
We have
/ Kp(r =2 2) NG\ . AF (1, d2) =
*
S(z; €)
(m—1)! Tq—% dz Tq*zq Ldz1
= _ Z |7 —2*™ T— A
o2 gz, o= Zq FEC I
S(2; €) |r—2[*™ T2
m J5i. & g2
A ”J‘fi’ 42N\ B (s, dz)dS..
*j 1 T_Ljdij; njdij *

Since for the sphere, n; = I (7; — z;) 7; — Zj), we obtain

that

m TJ_ZJ 5i  TiTZi 75y
Z ( Tj—Z d Tizdz > /\F(Ta di) dST =
J Jd 57 N ) *

J=1
7'q qu q Tq quzq
7'q quzq Tq qu q i\
6

TS

Sz €) 971



1

g

2x%x2

7_'qizqg-zf\q Tqizq dz1 4\ F (T’ dz) dSr +
€ €

o [y

a7 (

Z

E

Tq—2q Ta—Z%4 7>q
Lmrdz?  Ltdzl

Tq—2Z Tq—2q 7=
< qdzq Lo dz? ) A
*

Ti=%j j5j T —%j /_\]
Sedw mdd ) A F (7, dz)dS,.
J szj J ]dzj *

€ €

For the first integral we have

(

where

62m—2

m —1)!

7-‘—m

e2m+1

1

S(z;

| >

m

€) q=1

|7y — 24| ? d29 A dz9+

+ |7y — 24 A2 NGET) - By A F (7, d2)dS, =

—1)\!
T esm
S(z; €)
(m-1! 1 F (r, dz) — F (2)
Tm €2m—2 € dST +
S(z; €)
(m—-1! 1
+ e F(z2)dS; =
S(z; €)
(m-1) 1 F(r,dz) - F (2)
T e2m—2 . Sy +2F (2)
S(z; €)
/ P, d2) = F(2) yg | < L const / ds, <
€



< const - €.

Hence the first integral tends to 2F (z) when € tends to zero. Now,
using the same idea for the second integral, we see that it tends to
zero iff the following integral tends to zero when e tends to zero:

g o B T
T‘imq dz4 T‘iquzq rdz hdE
/ E A A
-~ B s * . . . *
(z; €) q;é] TZanq dz? TZanq dz? L EZ] dzi L EZ] dz’
A E5y0dS;.

To prove the last identity it is sufficient to prove that, for any j # g,

/ (g — 2¢) (7j — 2;) dS7 = 0, (2.11.4)
S(z; €)

/ (Tq — Z¢) (1j — 2;) dS7 = 0. (2.11.5)
S(z; €)

Let us make a change of variables:

21 = Re(z1) = €cosbyy_1---cosbycosb,
y1 =1Im(z1) = e€cosbypy_1---cosbysinby,
29 = Re(z2) = €cosfay_1---cosbssinbsy,
yo =1Im(z3) = €cosbypy_1---cosbysinbs,
Tm = Re (zm) = €cosBay_18in6bay,_o,
Ym = Im (z,) = e€esinfyy, 1,

where 0 < 6y <2, -5 < 6; < 5,i=2,3, ..., 2m — 1. To ob-
tain (2.11.4)—(2.11.5) it is sufficient to prove that the following usual

integrals are equal to zero: forany 2 < 5 < g,

i
—uwla

cos?0yp,_1 . .. COS? Ogsinfy_1costy_q...

(SIE]
w3

..cosjsinf; 1d0 = 0,
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forany 2 < ¢,

ol
A
oy

w[3

cos20yp,_1 . .. COS? Ogsinfy_qcosty_1...

w3

...cosfysinf;dfd =0,

and forany 1 < g,

cos? Opy_1 . . . COS? Ogsinfy_q cosly_1 ...

ol
o3 =l
oy

|
NIE]

|
NE]

...cos By cosB1df =0,
which is trivially true.

Hence, finally,

eli%i K (1 = 2, Z)QET’ZQF(T’ dz) =2F (z).1
S(z; €)
2.11.1 Structure of the Borel-Pompeiu formula

First consider the product K5 (7 — 2, z) A D [F] (r, dz). We have

A1 = 0 [FH] (1, dz) + 0* [FZI] (1, dz);
Mo = O[FY](r, dz) + 0" [F??] (1, dz);

Agp = OF [FH] (1, dz) + 0 [FZI] (1, dz);



Ay = O [F T, dz)+ 0 |F T, d
9 [ 12] ( ) 2) 7[ 22] (
, dz);

Ry = (m—1 i
5 )! Ty — 2,
> I
Idzi A (0 [FM] (7, d
, dz) +

= |7_ _ Z|2m

+ 0" [Fo] (7, dz)) +

(m Em q q = % =

7-‘—m
pt |7_ - Z|2m

+ 0 [F*] (7, dz))

m

Tm
|7 — 2*"

+ 0 [F?'] (1, dz)) +

q=1

m

q =g a3
dzi A (0% [F'] (7, dz) +

7-‘—m
pt |7_ - Z|2m

+ 0 [F*] (7, dz))

Riy — (m —1)! &
) )! Ty — %
e " *q T4
> ©_dza A (O[F'?] (r, d
, dz) +

m
+ 5 Al el
[FQQ] (7’, d?)) +

(m § q q = k 2 =
]_ . T z

71-m
= |7_ _ Z|2m

+ 0 [F?*] (7, dz))

m

Ryy = Q(m_l)'
Z Te—2¢ -
dz? A (0 [F*?] (1, dz) +

71-m
pt |7_ - Z|2m

+ 0 [F??] (1, dz)) +
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+ 0 [F?] (1, dz)) .

Let us now substitute all this into the formula (2.11.1). We have

2F (z) =

2
m - — .
S (=17 Uy (7, 2)dry Adr AdzT A dE A

AF®B (7, dz) +

+ (1™ (1 W (7, 2)dr Adry AdE A dE A

j=1
AFP (1,dz) +
+Z 17y, (r, Z)dTH/\dT/\qu/\dZ]/\Faﬂ(T dz) +
9#j
+ (=)™ (~1)7 U, (7, 2)dr Adry Adzt Az A
]

AFB (7, dz)} -

" —~ : af
— 2(2i)m/ {Zuj (1, z)dzi ANdz? A 0§ (1, dz) +

: Zj
o+ (U=t ’

T .~ QF°B
+;uj (1, 2)dz’ ANdzi A 8az

(1, dz) +

)
+ %uq (1, 2) dzq Ndz? A 7

(1, dz) +

af

— . — OF
+ ;Z/lq (1, 2)dz9 N dzI N 57

(r, dz)} dv-, (2.11.6)

0 = (-1)’"“’5‘”2/{2((—1)9'1Uq(7,z)d7mAdT—

T q<j



— (=) Uj (7, z) d7pg A d¢> Adz? A dZ A FP (1, dz) +

+ (=D (-1 ty (7, 2)dr A dry) —
q<j

— (=17 U (1, 2) dT A dm) AdzT A dzl A FP (7, dz)} -

— . gFeb
— 2(2i)m/ Zuq (1, 2)dz? Ndz? A % (1, dz) +
O+ q#] z]
+> Uy (1 z)Ez\Q/\d/z\j/\aFaﬂ (1, dz) » dV;.
q ? 6 . 9

q#] J
(2.11.7)

Thus we arrived at an integral representation of a smooth dif-
ferential form expressed in terms of the Bochner-Martinelli-like ker-
nels, together with a certain identity. Let us analyze them more rig-
orously, starting naturally with the case of one variable.

2112 Thecasem =1

112
ot 0
LetF = € &,. Then
( P2 22 > 1

1
2F(z) = — ( g g ) —
J - =

2 1 a(pil 1 3(/%2
_~ T—2 8;21 T—2 (9%2 dV. =
T 1 0Op 1 0Op T
o+ T—2z 0Z T—2 0Z
1

_i F(TdT_g/

e T — 2 T
I Q+

8_F
T—20Z

(1) dV;.

(2.11.8)

As a matter of fact, the above equality with the matrix F dis-
solves into a system of four independent equalities of the same form
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(2.11.8), each one with its own function ¢®?. That is, (2.11.8) is
equivalent to the four Borel-Pompeiu formulas from the usual one-
dimensional complex analysis, with the holomorphic Cauchy ker-
nel.

_(¥ldz glkdz
Now for F' = ( Wldz 22z € &,, we have
B N i Pl

9 -2 0z 7—z 0z 4%
2 / dv, =

™ 1 8’(/}21 1 81/)22
o+ T—Z 8z1 T—Z azl d
1 F dz)dr 2 1 OF
L L [ECy O,
e T—Z T 7 %0z
r Q+

This means that we arrived at the Borel-Pompeiu formula in one
variable but with the antiholomorphic Cauchy kernel. Notice also
that the identity (2.11.7) does not give any information.

2.11.3 The case m =2

We consider here, again, different types of differential forms. First
. . —0
of all, for functions, that is, on &, we have

W () = —2/u(7, D) F(r) —

7 3F
v,
[Z T—z|4 82] ()

= —2—/<—T L a7 A dr—
(27rz) J |7'—Z|

2 dr /\dT> (r) —

IT—ZI



T — 21 oF T — 22 oF >
= - — (1)) dV,,
/ <|T—Z|4 07> ) I — 2|* 0% (7)

112
where F' = ( 2221 522 )

The first equality is nothing more than the Borel-Pompeiu for-
mula for the Bochner-Martinelli kernel and for m = 2, see [AiYu],
[HL1], [Ky] and many others. Note that in both formulas, the vol-

ume integrals disappear for holomorphic ¢*%.

gzt yfras?
For F = of class C*, we have:

21d22 ’1/122d22
2 2

() = —2 / U, (r, ) F (7, dz)
1 21 oF
- 2— d
m? (|7’ —2[* 0z (r, dz) +
O+
Ty — 23 0 _
— (7, dz) ) dV,,
|7 — 2|* 9z ( )>
1 T1 zZ1 ,_ 1
0 = dr NdT +
(27i)? / <|T 2
+ 2 Z24 dr? A dT) F (7, dz) —
|7 — 2
1 T — 2z OF _
il dz) —
s <|T — 2|* 0z (7, d2)
7'2 — 22 oF _ )
T, dz) ) dV;
e —2fom (7, ¢2)

In the above representation, we get the Bochner-Martinelli-like
kernel for functions holomorphic in z; and antiholomorphic in z»,
and the volume integrals disappear for that class of functions.
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yilast g2z

Next, for F' = ( ¢%1d21 1/]%2(121

) of class C'!, we have
2F (z) = —2/1/[(1) (1, 2) F (1, dz) —

r
1 T — 21 OF _

2 X d
7r2/(|T—z|4321 (r, dz) +

O+

To — 29 OF
T — 2| 0%

]_ _
— _2/(T2_ 2 a7 A dr+
(271) J |7 — 2|

(7, dz)) v,

+ indrl/\dr>F(r, dz) —
|7 — 2|
1 T — 22 (9F _
_9 - == (oadz) —
7f2/<|7—z|4321 (7, d2)
Q+
L —Zz1 OF

- ——= — (1, dZ) ) dV;.
7 —2|* 07 ( )>

What is seen here, is the “compatibility” with functions holo-
morphic in z; and antiholomorphic in z;. Finally, for antiholomor-
phic (in both variables) functions we obtain

W () = —2/0(7, )P (r, d7) —
N




Yiadz pi3dz
where F' = , dz = dz1 N\ dzs.

Yhdz 3dz

It is quite essential to note that each one of the obtained pairs

of formulas is compatible with a certain class of holomorphic-like
functions in the above-mentioned meaning, i.e., the volume inte-
grals disappear. But they may disappear not only on such classes.
What is more, all of them are just particular cases, for m = 2, of the
general Borel-Pompeiu formula from Theorem 2.11, and thus are
applicable to the same domain 2. This reflects a deep idea of con-
sidering, in a fixed domain, all classes of holomorphic-like functions
together, simultaneously, which will be presented in the sequel.

We will return to this subsection later when we will be able to
compare it contents with the Theorem 1.7 in [HL2].

2.11.4 Notations for some integrals in C?

The results of these computations look quite instructive being rewrit-
ten in the operator form. For doing so let us introduce the following
notation for any F € &) (Q) or F € GJ () in C2:

Uy [F] /Z/ll T, % dT AdrT,

/Zxﬁ T, 2 dT Adr,



WilF)(z) = - F/ Uy (1, 2) F () d7 A dr?,
X\ [F](z) = F/ul (7, 2) F (r) d7 A dr,
U [F](2) = F/ Us (7, 2) F (r) d7 A dr,
WIF)(z) = - F/ Uy (r, 2) F (1) d7 A dr,
Wy [F](2) = F/ Us (7, ) F (1) d7 Adr',
X [F](2) = - F/ Uy (1, 2) F (1) d7 Adr?,
TLF) () = - F/ U, (7, 2) F (v)dr A de?,

ViF)(2) = F/ U, (7, 2) F (7) dr A dr",



Us[F](z) = /272 (1, z) F (1) d?AdTl,
r
VolF](z) = — / Uy (v, 2) F (r) d7 A dr?,
I
Wo[F)(z) = /272 (1, z) F (1) d7' A dr,
r
X [F(2) = - / Uy (v, 2) F (1) d72 A dr,
I
TF)(z) = —(20) / Uy (7, ) F (7) v,
O+
T, [F](z) = —(2i)* / Uy (1, 2) F (1) dVs,
O+
To[Fl(2) = —(2) / Uy (v, 2) F () dV.,
O+

Ty [Fl(z) = —(20) / Us (v, ) F (r) dV,,
O+
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and

UIF](2) = —/uw,z)F(T),
N

U [FI(z) = - / Uy (7, 2) F (1),
N

U lFI () = - / Uay (7, ) F (1),
N

TIF(z) = —/mT,z)F(T)
N

Now we resume the above computations in the following theo-
rems.

2.11.5 Formulas of the Borel-Pompeiu type in C

Theorem Let O+ C C? be a bounded domain with the topological bound-
ary T', which is a piecewise smooth surface, let f € 3(1) Q) r@g (Qtur).
Then the following equalities hold in QF:

- of of
A AR A L)
[ = U(2)[f]+T1 [g—;;] + T [g—i;]a
f = Uylfl+T: [g_zfl]+T2 [g—;;]a

= = | 9of = | 9f
f = U[f]+T1[8—,zl]+T2[8—zg]’

which are particular cases, or fragments, of the combined formula (2.11.6)
in C? (see (2.11.1) also).



211.6 Complements to the Borel-Pompeiu-type formulas
in C?
Theorem. Let O+ C C? be a bounded domain with the topological bound-

ary T, which is a piecewise smooth surface, let f € Gy (2H)NGg 2+ UT).
Then the following equalities hold in QF:

0 = Valfl-Vilf]+ T [ﬁ] 1 [ﬁ]

021 07y
o = xin-xnen 2] -n 2],

which are, again, particular cases, or fragments of the combined formula
(2.11.7) in C* (see (2.11.1) also).

2.11.7 The casem > 2

The case of m = 2, studied in detail, is a very good model of the
general situation of an arbitrary m > 2, which allows us not to re-
peat all the reasonings and just to write down the conclusions. To
this end we assume that

itz pi*d
F = = Fyd3,
21 75j 22 155
pFdad Pdz

Pt )2
i i
with Fj = being of class C', then we have
P P
i i

2 () = ()52 [ ) Ry -
I

(m—l)!/ - 7 — % OF;
-9 A Rt
aQ+ JFILs - d)j)

J=I15 - Jj)



2x%x2

Also, for |j| =1, ..., m — 1, we have
m(m—1) (e=9)=lp=al (m — 1)!
= (=1)" z  (=D)PHI(=1) -0 2 —— 1.
0 = ()T () T 2T
: /(—1)kq1MdT[k]Ad7F( ) —
=2
r
_ (_1)m (_1)]}:*1 ud A dT[ ] (7-) —
|7 — 2"
—a)=lp— 1)
( 1)p+lI( 1)(]1 Qq(LJL; al 2(m 1) )
,/Tm
7_—jp — Ejp aE] Tkq — %kq aE]
. L — (1) dV, — | —L——E=—(7)dV; },
i/ P, 2P o, )
+ Q+
where k, =1, ..., m with j;, < k; < jg41 forany ¢ =0, ..., |j|, by
definition jp := 0 and Jjjl+1 :=m + land forp =g, % =1.
For|j| =0, ..., m — 2, we have
m(m—1) 15 _
0 = (-1)" =2 2 ((—1)‘7 Uy (1, 2) dTj ANdr—
r
— (=1)"U; (r, 2) gy Adr) Fy (7) -
. — 0F; — 0Fj
200" [ (8,69 53 0 -t 2 G 0 ) v,
O+
wherej, ¢g=1, ..., m,j, ¢# j1, ..., jj and ¢ < j.
Finally, for |j| =2, ..., m, we have

0 = (_1)—”"”“3‘”2(—1)m/((—1)jq—1ujp (7, 2) d7 A drp;,)—
r
— (=1 U, (7, 2)d7 Ay, ) By () —

9 (2i)™ / (ujp (r, 2) 2B () _u, (. 2)

9zj,
O+

OF;
(9ij

) av.,



wherep, ¢ =1, ..., |jland p < q.

Because all participating operators are linear, the case of an ar-
bitrary form does not give any new formula, only the same as that
considered above.

2.11.8 Notations for some integrals in C"

We are going to present again the formulas from the previous Sub-
section 2.11.7 in the operator form, thus, generalizing the notations
from Subsection 2.11.4, let us introduce the following notation for
any F € & (Q) or F € G (Q):
m(m—_1) _ _
U [F) (2) = (<05 [ (-0"' 8y (5, 2) F (1) g
r

Wik [F](z) :=(-1)" 2 (—1)m/(—1)k11/{j (1, z) F (1) dT A

—

/\dT[k},

Uk lF](z) = (-1)" 7 ()" / (VU (1, 2) F (1) dr A
r

/\dT[k},
W lFl () i= (0“5 [ (08, (5, 2) F (1) g
N
TF)(z) = —(20)" / U (r, 2) F (7)dV,
O+
Tj(F) () = - )" [T D F @b,
O+
where j, k=1, ..., m,and
GIFIE) = )5 [t F ),
T
UIF](:) = UplF]=(-1)" 5" / Ulr, 2) F (1),

r
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TIF)(z) = UpmlF]=(-1)"% / U(r, 2) F (),
N

where j is a strictly increasing |j|-tuple in {1, ..., m}.
Now we resume the above computations in the following theo-
rems.

2.11.9 Formulas of the Borel-Pompeiu type in C™

Theorem Let QT C C™ be a bounded domain with the topological bound-
ary T, which is a piecewise smooth surface, let f € G (2F)NGy (2+ UT).
Then the following equalities hold in QF:

_ . of = | 9f
SRS v A
G e ) IZI L il

where j is a strictly increasing |j|-tuple in {1, ..., m}, specifically,

i+ m[57].
= iﬁ [a]

They are particular cases, or fragments, of the combined formula (2.11.6),
see also (2.11.1).

211.10 Complements to the Borel-Pompeiu-type formulas
inC"

Theorem. Let Qt C C™ be a bounded domain with the topological

boundary T, which is a piecewise smooth surface, let f € 5[1) Q) n

Go (Y UT). Then the following equalities hold in * for any j # F,
5 k=1 ..., m:

0 = Uplfl-Uklf1+T [aaj] T [SZJ;]



0 = Wl - Wi+, [ gH| -7 [ 2],

0 = Wilf)- Wi lf1+T {gﬂ g {aafy]

which are particular cases, or fragments, of the combined formula (2.11.7),
see also (2.11.1).



Chapter 3

Hyperholomorphic
functions and differential
forms in C™

3.1 Hyperholomorphy in C"

Definition We set o
N(Q) := ker (D),

and we shall call m.v.d.f. from () (left)-hyperholomorphic inQ in the
sense of D. Analogously we set

N(Q) = ker(D),

and we shall call the corresponding elements (left)-hyperholomorphic in the
sense of D.

Formally, one can introduce two more classes of m.v.d.f. analo-
gous to the above: ﬁ*(Q) .= ker (D7), ﬁ*(Q) := ker (D*). Butit
follows directly from (2.3.8) that (kerD") = kerD and kerD* = kerD.
Thus we shall deal, as a rule, with the set 91(£2) only.

The right-hand-side Cauchy-Riemann operators cannot be used
thus directly, and we introduce the following class of hyperholo-
morphy:.

For a fixed m.v.d.f. G of class C° we define the set

M. ¢ (Q) = {F € &, () [D: [F] G:o},
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and its elements are called right-hyperholomorphic in the sense of D,
and with respect to G. Analogously for the set

My, ¢ (Q) = {F €&, (Q)|D, [F]/*\Gzo}.

Normally we shall be working with the operator D referring to
the corresponding elements as just hyperholomorphic if no misun-
derstanding can arise. For example, it then follows from (2.3.3) and

234) that F := (Fo9)!="=? isin M(Q) iffin Q

1<a<2

ONFUI +0* ANF?1 =0,
O NFUU 4+ ONF?L =0,
ONFR2 4+ 0* N\F?2 =0,
O NF2 4+ ONF2 =0.

(3.1.1)

Of course, these equalities can be considered as the Cauchy-Riemann
conditions for the matrix F to be left-hyperholomorphic. Below we present
more detailed analysis of (3.1.1).

3.2 Hyperholomorphy in one variable

Let here m = 1, i.e., we are interested in the above-introduced
classes in C = C!. Let Q be a domain in C and F € &, (Q), so
that any F'* is of the form ¢®° + *#dz! for «, 8 € {1, 2} where
©*8 and *# are from C' (Q; C), and let them satisfy the system
(3.1.1). Hence we have, for ¢!!, ¢!, 0?1, 4?1,

Serds' + Bdz N dz' + 5 [P + Gmdzt ndZt =0,

O o] + 2z A dzt + Ot dzt + 22z N dzt =0,

or equivalently,

awll —1 8’(/}21 .

0zZ1 dZ + 0z1 - 0’
11 21

W_ 9 gzt =0,

0z1 0Z1



which means that the functions ¢!! and ¢?! are holomorphic, while
1/111 and ¢21 are antiholomorphic in Q. Analogously for <p12, 1/;12,
©?2, 1?2, Concluding, we can write

T _ of aff j51 1<p<2

N (Q) = {(90 + 0 dz >1<a<2}’
with {¢**} C Hol (Q; C), {¢**} C Hol (; C), where Hol con-
cerns holomorphic, and Hol antiholomorphic functions.

Observe that for any 0-matrix-form F and for any 1-matrix-form
G from 91 (Q) there holds 0" [F] = 0 and 9[G] = 0 in €, that is, all
such differential forms are, respectively, 0*-closed and 0-closed.

One more observation. We see that the set 91 (€2) contains simul-
taneously both holomorphic and antiholomorphic functions in the
same domain, but the latter are identified with the coefficients of
specific differential forms.

Only this way allows us to consider holomorphic and antiholo-
morphic functions (in the same domain) as elements of a single set
which possesses a deep structural analogy with the set of only holo-
morphic functions (and, separately, with that of only antiholomor-
phic ones).

One more justification of the necessity to combine both classes
into a single one is that the case of more than one independent vari-
able requires exactly this approach, which will be shown in what
follows.

Of course, it cannot be achieved without loss: 91(Q) is not an
algebra with respect to the wedge-multiplication.

3.3 Hyperholomorphy in two variables
Now we take m = 2, that s,
2
Fo0 = o0 4 S™g0Bazy 1 gzt A dZ?,

=1

Straightforward computation gives

- Do &p’w - aq/;‘“ﬁ 6¢aﬁ B .
af|  _ 1 2 A 1 2
0 [F } = - dz" + = dz® + L = dz- Ndz°,
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- oy’ ows” oy ey
* | pos _ 1 2 12 12 752
g |: :| (9Z1 + 622 622 d + 0z 21 0

Hence, the first two equations in (3.1.1) take the form

( (% + 52 ) + (G - 52) az'+

+ (% + 5 ) a2+ (5

( = 8:;) cEore
- (%

_ o )d ANdz2 = 0.

8% )dz ANdZ2 =0,

The same for F'? and F?2. Thus F = (Faﬁ)iiféi

N (Q) if and only if the following hyperholomorphic Cauchy-Rie-
mann conditions hold:

belongs to

( aw%l awgl a,‘p%l a,‘pél B
0z1 + 0za - 0’ 0z1 + 022 - 0’
M_% =0 3‘%’21_31”5 =0
0Z1 0za - 0Z1 022 - (3 3 1)
ot | vy _ oY1y | 9p*t  _
0Za + 0z1 - 0’ 0z1 + 0Za - 0’
3¢%1 _ 31#%1 -0 31#%1 _ 31#%1 -0

\ 0z 0Za ’ 0Z1 072 )

( aw22 aw22 81/)12 81/)12
il Zr2 = Z71 ~r2 =
0z1 + Ozo - 0’ 0z1 + 0zo - 0’
a2 o3 _ 9922 _ i3 _
071 Ozo - 0zZ1 Ozo - (3 3 2)
o012 | oY _ oY1 | 99 _
0Za + 0z1 - 0’ 0z1 + 0Za - 0’
3,¢%2 _ 3,¢%2 _ 0 a,¢,%2 _ a,¢,%2 _ 0

\ 0z 0% ’ 821 822 .

In particular they mean that p!!, p?!, p!? and ¢?? can be taken

holomorphic in two variables and ¢12, 1, ¢ and 112 are taken



antiholomorphic while 2!, ¢}, 4#? and 1}? are taken antiholomor-

phic in the variable z; and holomorphic in the variable z; and 31,

31, 3% and 11? are taken holomorphic in the variable z; and anti-
holomorphic in the variable z3. In general, n (©2) contains, as proper
subspaces:

1. the set Hol (Q; (CZ) of all holomorphic mappings,
2. the set isomorphic to the set Hol (Q; C?) of all antiholomor-

phic mappings, with their coordinate functions being identi-
tied with the coefficients of specific differential forms,

3. the sets isomorphic with the sets of mappings, whose coordi-
nate functions are holomorphic with respect to some variable
and antiholomorphic with respect to the other, where again it
is necessary to identify coordinate functions with certain dif-
ferential forms.

But N () is not exhausted with them; for example, the matrices

62(Re(zz)+ilm(z1)); 0
< _eQ(Re(zzH»ilm(zl))dzl /\d22; 0 > ’

0; 0
0; e2Relz)=ilm(z2) (g7 4 dz?)

are in N (Q), but their non-zero entries do not belong to any of the
above described sets, i.e., their coefficients are neither holomorphic
nor antiholomorphic with respect to each one of the variables z;
and zo.

3.4 Hyperholomorphy in three variables

Now let m = 3. Then the elements of the matrices are of the form
3
P+ 3 S e
k=1 |y|=k
Again straightforwardly one obtains

3 af af aff
0 [F“ﬂ] = E Op dz? + 31#3, — 31/’—? dz® Ndz3 +
822 8Z3
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af af
+ (6¢3 _ 9% ) dzt Ndz® +

0z1 073
af af

+ (8% - (w} ) dzt Ndz* +
821 3Z2

31/’?5 _ 31/’?3? + 31#?5 dz' A dz* A dZ°,
071 0% 073

- o’ oys’  opy’ awa o\
* | paf| 1 2 3 | 9%13 dzt
g |:F ] <6z1 + 622 + (923 623 (922 et
ouly  owsy\ o [Ovsy L 0%\ s
72 7723 72 4 7713 Vg
—i—( 921 97 dz® + D2 + 921 z2° +
a%i”d 2Adz — ¢123d Uadz® + wl%dz AdZ2.

8z1 Z2 Z3

Thus, the first two equations in (3.1.1) take the form



o3

[ (9w} 3!
(lel T 92 T 2

811
)+ (% -

21
_ ‘98‘/;122) d21+

21
_ 3@’@233) d22+

aw”’) dz3+

+ (G - %+ k) a2 nay

+ (G - G - k) gzt nas+

4—(%%1——%2 4—3¢m3)d21Ad21+

+ (Be;pjlé - 8{;/];}’ 8%2) dz' Ndz2 NdZ? =0,

| (ot ) o (32 - - )

+ (%5 + 5 - G ) at

+ (G + G + B ) a2+

+ (G - G+ Bl ) a2 nast

+ (5 - % - k) art nast

4—(%@1——%% 4—3¢m3)d21Ad21+
Akt

\

21
+ (2;2213 —_

The same for F12 and F?2.

Thus F =

(%)

1<p<2
1<a<?2

5% aw”)dz ANdz2 ANdz2 = 0.
)

belongs to 91 (1) in C? if and only if the

following hyperholomorphic Cauchy-Riemann conditions hold:



\

p

\

3’(/)%1 ad)gl 8’(/J§1
0z1 + 0za + 023
dp! vy _ 0Yis
0zZ1 0z3 0z
ol | OVRy  OUE;
0Zo 0z1 0z3
dplt | Ov3 | Oyl
0zZ3 + 0z2 + 0z1
ouit _ oult | oud
0ZzZo 073 0z1
it oYt oyis,
0z1 073 0z
ouit _ oult | outly
0z1 0z Oz3
0v3s  0%i3 | vl
0Z1 0Za 0Z3
8w%2 3¢%2 a,¢,§2
0z1 + Ozo + 0z3
o012 OviR  0vi3
0Z1 0z3 022
dpl® | 0V Ov3;
072 3Z1 023
o0 | R | ou:
0Z3 + 0za + 0z1
Ov3® Oy | U,
07> 0z3 0z1
ovs® _ ovi®  9visy
0z1 0z3 0z
op3? _ i® + i3,
0z1 07> Oz3
vy Ovii | Ovi3
071 0ZzZo 0zZ3

=0,

=0,

=0,

=0,

3’(/)%1 3’(/)%1 3’(/)%1
0z1 + 0za + 0z3
dp? oy _ 0v1y
071 0z3 0z2
g | Oly Oy
0ZzZo 0z1 0z3
99 | Oy | Ovl3
073 + 0z2 + 021
oust _ oudt | oully
0ZzZo 073 0z1
st oYt OYis,
0z1 073 0z2
oyt oyt + 13s
0z1 0z Oz3
0v3; oYl | 0vd
0Z1 0Za 073
8w%2 3¢%2 3¢12
0z1 + Oz2 + Oz3
ap2 oYz oyl
0Z1 0z3 0z2
9?2 + o3 9y33
0Za 0z1 0z3
09 | 033 | 0V}
0Z3 + 0za + 0z1
Ov3®  0v3 | Uiz,
07> 073 0z1
A L L
0z1 073 Oz2
P32 _ oP? + 913,
0z1 0z Oz3
ov3E  ous | oy
0zZ1 0ZzZo 073

Cm

=0,
(3.4.1)
=0,

=0,
=0,
=0,

= 0.
(3.4.2)



In particular they mean that:

o, 21, pl? and go 2 can be taken holomorphic in three variables
with 1., 21, 12, and 9?3, taken antiholomorphic, while

21, 3?2 and 3% are taken holomorphic in the variables 71, 2
and antiholomorphic in the variable z3 and 3!, 3!, 112 and
22 are taken holomorphic in the variables 71, z3 and antiholo-

morphic in the variable zj;
and analogously,

¢ and 1/; are taken holomorphic in the variables 22, 23
and antlholomorphlc in the variable z; while ¢23, 23, ¢ and
22 are taken holomorphic in the variable z; and antlholomor—

phic in the variables 2, z3;

and finally,

14, 921, 12 and 472 are taken holomorphic in the variable 2, and
antlholomorphlc in the variables 21,23 and 94, 92}, 12 and
2 are taken holomorphic in the variable 23 and antiholomor-

phic in the variables 21, 2».
Again 91 (Q2) contains, as proper subspaces:
1. the set Hol (Q; C?) of all holomorphic mappings,

2. the set isomorphic to the set Hol (Q; C?) of all antiholomor-
phic mappings,

3. the sets isomorphic with the sets of mappings, whose coordi-
nate functions are holomorphic with respect to some variables

and antiholomorphic with respect to the others;

but 91 () is not exhausted with them.
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3.5 Hyperholomorphy for any number of
variables

Consider now the case of an arbitrary m. We have

FoB = o8 4 i Z wf‘ﬁdij.

k=1jj=k

For F*% one has

5[Fe] = 3%

o 0z,
m k 610&6

+Z Z Z(_l)qq J1--Jg—1Jq+1-- ]kd J
k=2 |j|=k ¢=1 823

(3.5.1)

and

o [Faﬂ] — i8¢3ﬁ+

m—1 kE+1  Jp—1 wa,@’

j : j : 11--Jp—1 ip---J _3
+ J Jp > 45 IJp---Jk dZJ,

0z
k=1 |j|l=k p=1 g=jp—1+1 q

(3.5.2)
where, by definition,

jO = Oa jk+1 ::m+la

1<B<2

for any multiindex j.
Thus F = (FO‘fB)KOéz2 belongs to n (Q) in C™, with 2 < m, if

and only if the followiﬁg_ hyperholomorphic Cauchy-Riemann con-
ditions hold:



\

a=1
oot KN oun Qh oud
0Zq + Z dzp Z Bz,
p=1 p=q+1
k 11
17t 2Virdg vigpain
> (=) -1 +
q=1 ~iq
k+1  Jp—1

+3 Y (-

p=1g=jp-1+1

0zq

% (_1)4—1 Pyt

21
3 (-1)7 2

=1

k+1  Jp—1

Y (Lt P
Ozq

p=1g=jp-1+1

9z,
3 O
0zp

p=q+1

Zdg—tded1 i

Bqu

% (_1)4—1 Pt

g=1

0Zq

21
1)”‘1 OWiy iy raip- iy

:0,
:Ov 2§m,
q:17 , m,
for 3 <m,
k/':Q, ,m_l,
:0, 1§j1<"'<jk§m,
:0,
:0,
:Ov 2§m,
q:17 , m,
f0r3§m,
k/':Q, ,m_l,
:0, 1§j1<"'<jk§m,
:0,

(3.5.3)



2 o
=1 0zq
g—1 22
apl? 22
0Zq + Z e
p=1
&
k ayl?
—1 .
S (-1t
q=1
k+1  Jp—1

+3 Y (-

p=1g=jp-1+1

0zp
p=q+1

Zdg—tdedr ik

Bqu

0zq

% (_1)4—1 g2

> (=1)

=1

k+1  Jp—1

Y (Pl
Ozq

p=1g=jp-1+1

%,

oz i .
q—1 Vi1 g 1dq41---dk
_J1-dg—1dgH1l Ik

Bqu

% (_1)4—1 P32

g=1

0Zq

22
1)”‘1 OWi1 iy raip- iy

Cm

:0,
=0, 2 <m,
q:17 , m,
for 3 < m,
k:2, ,m_l,
:0, 1§j1<"'<jk:§m,
:0,
:0,
=0, 2 <m,
q:17 , m,
for3§m,
k:2, ,m_l,
:0, 1§j1<"'<jk:§m,
:0,

(3.5.4)



where, by definition,
jo:=0,  Jpy1:=m+1.

In particular, if f : @ — C is a function of m complex vari-

ables, which is antiholomorphic in the “k” variables z;,, ..., zj,
(k =0, ..., m) and holomorphic in the remaining variables, then
the matrix
fdzt A ... A dZk 0 =
( 0 fdz* A...NdZk € N(@).

This m.v.d.f. can serve a canonical representation of f as a 2 x 2-
m.v.d.f.. Thus N (Q) contains, as proper subspaces, the set Hol({;
C) of all holomorphic functions, the set isomorphic to the set Hol (%
C) of all antiholomorphic functions, as well as other sets analogous
to those described for m = 2 and m = 3. Obviously, M (Q) can be
described as a set of mappings (2 — C*2" (generated by coordinates
of elements from 91 (1)), and it is important to note that among the
coordinates of each element, there are not more than four holomor-
phic functions, not more than four antiholomorphic functions, and
not more than four functions from any other combination of holo-
morphy with respect to some variables and antiholomorphy with
respect to the rest of them. But 91 (Q) is not exhausted with them.

3.6 Observation about right-hand-side hyperholo-
morphy

We are not going to describe in detail the subclasses of ﬁr; a(Q),
just several observations.

Let here m = 1, i.e., we are interested in the class ﬁr; q (@) in
C = C!, where © is a connected domain in C. Recall that D, [F]
is not a m.v.d.f., it is an operator acting on m.v.d.f. Let now G €
B (Q), then

5[F]/\G:<V11 V12>

Va1 V22

with
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89011 11 &PIZ 11 37/’12 11
= ——g5 dZz dz
Vit 57 90 Z+ 9, 91 + 9, i +
a 12 8 11 8 11
FO s gt g
39011 12 &PIQ 12 81/’12 12
= —q5°dz dz
V12 57 0 Z+ o, N + 9, 71 Z+
Dpl? dplt 0
+—§5 57dz + g g’ + ;p gt dz;
89021 11 &PZZ 11 37/’22 11
= dz dz
Vo1 B gy dz + 9z g1 + gy g1 dz +
(9 22 a 21 a 2
+—§Z 2dz + gz 2l 4 g gldz;
39021 12 (9@22 12 81/’22 12
= dz dz
) 57 90 Z + o, 9 + o, N zZ +
a 22 8 21 8 11
gz + 2 g 1 g,

where F € &, (Q); so that any F®? is of the form ¢®® 4 ¢*3dz
for a, B € {1, 2}, and ¢*® and ¥*# are from C' (Q; C); G*# :=
95" + gt dz.

Note first that D,. [F] = 0 iff ¢*® are constant functions and *°
are antiholomorphic functions.

Suppose that all coordinates of G are equal to zero less gj!, then
F € M,. ¢ (Q) iff p'! and ¢?!' are holomorphic functions and the
rest of the coordinates are only differentiable functions, so there is
no Cauchy’s integral theorem for that F.

Now, suppose that all coordinates of G are equal to zero less gi*
and g7, with g/' = ¢?'; then F € I, ¢ (Q) iff ag;: +9% =0and

0z —
12 11 .. . .
% + % = 0, and this is not the one-variable complex analysis.

The set M., ¢ () is only auxiliary for us which we need in order
to have a symmetric Morera’s theorem, and it is quite different from
traditional theory.



Chapter 4

Hyperholomorphic
Cauchy’s integral theorems

4.1 The Cauchy integral theorem for left-hyper-
holomorphic matrix-valued differential forms

Theorem Let €2 be a domain with the topological boundary T', which is a
piecewise smooth surface, let G € N (Q)NGg (2 UT). Then the following
equality holds:

o, NG (7, dz) =0, (4.1.1)
I

Proof. It is enough to look at the Stokes formula, see Theorem
27.1

4.2 The Cauchy integral theorem for right-G-hy-
perholomorphic m.v.d.f.
Theorem Let §) be a domain with the topological boundary T', which

is a piecewise smooth surface, let G € () N By (QUT) and F €
M,.. ¢ () NSy (QUT). Then the following equalities hold:

/ET,ZQG(T, dz) = 0,
N



/F(T, 42) AT, NG (1, d2) = 0.
r

Proof. The second equality is again a corollary of the Stokes for-
mula from Theorem 2.7. W

We consider now several corollaries for conventional complex
analysis in C™.

4.3 Some auxiliary computations

Let tirst G = gE2x2 where g is a holomorphic function of several
complex variables. Then G satisfies the formula (4.1.1), hence

/ET, z 4\ gE2><2 = 07
r

GNg T"Ng _0
a*Ng aohg )
r

which is equivalent to
/ oNg=0.

r
More explicitly, the last equality has the form

S ( s Adc> a5 = 0;

j=1 T

that is,

which is equivalent to any of two systems of equalities:

/g(g“)dg“[j]/\dg = 0, foranyj =1, ..., m,

r
and
/nj(C)g(C)ng = 0, foranyj =1, ..., m,
r
where n(¢) = (n1(¢),...,nn(¢)) is the unit outward-pointing nor-

mal vector to T" at (.



4.4 More auxiliary computations

The above reasonings allow an immediate generalization.
Let G = gdz) Eyy2 where g is a complex function, which is an-
tiholomorphic in the variables z;,, ..., 2 and holomorphic in the

rest of variables, with j := (ji, ..., jj;) a strictly increasing |j|-tuple
in {1, ..., m}. Then G satisfies the formula (4.1.1), hence

/ET, LA gdP By =0,
*
N

GAgdP G NgdP \ 0
G*Ngda o Ngdd )T
r

which is equivalent to

Z (/Q(C) d(jq /\dg‘) A7 NdF = 0,

J=1 \r
> (/Q(C)dc/\dqﬂ) B AdS = 0.
i=1 \}

More explicitly, the last equalities have the form

fg(C)dE[J]/\dCZO, fOI'jZI, R mandj#jla SRR .7|J\7
r

that is,

[9(C)dC Adlyy =0, forany j = ji, ..., jj,
r

or equivalently,

fn] ()dS¢ =0, forj=1,..., mand j # ji, ..., Jj,
75 (¢)g(¢)dS; =0, forany j = ji, ..., jj,
r

where 7; is the complex conjugate of the j-th coordinate of the

vector n, dS; is the element of surface.
We resume the above computations in the following corollaries.



4.5 The Cauchy integral theorem for holomorphic
functions of several complex variables
Corollary Let g be a function holomorphic in the bounded domain Q@ and

continuous in QU T with T being a piecewise smooth boundary of Q.
Then each of two equivalent conditions holds:

1.
/g(C)dCU]/\dgzo, foranyj =1, ..., m,
r

/nj(C)g(C)ngZO, foranyj =1, ..., m,
r

which are also expressed in slightly different terms:
1. g|l' is orthogonal to each d.f. d(j;; A d¢, where j = 1, ..., m,

2'. g is orthogonal to the normal vector n :

/g(C)n(C)dsc o0,

r

where it is clear what the “orthogonality” means.

4.6 The Cauchy integral theorem for antiholomor-
phic functions of several complex variables
Corollary Let g be a function antiholomorphic in the bounded domain QF

and continuous in QF U T with T being a piecewise smooth boundary of
Q. Then each of two equivalent conditions holds:

1.
/g(C)dg“/\dC[j]zo, forany j =1,..., m,
r

/”j(C)g(C)dSCZQ foranyj =1,..., m,
r



which are expressed also in slightly different terms:
1. g|T is orthogonal to each d.f. d( A d(j;), where j = 1,..., m.

2. g is orthogonal to the complex conjugate of the vector n :

/g<c)ﬁ(<)dS< — 0.

r

4.7 The Cauchy integral theorem for functions
holomorphic in some variables and antiholo-
morphic in the rest of variables

Corollary Let g be a function antiholomorphic in the bounded domain Q"
in the variables zj,, . .., zj, , holomorphic in the rest of variables, and con-
tinuous in Q UT. Then each of two equivalent conditions holds:

1.
[9(Q)d¢jnd. =0, forj=1,...,m
r
andj#jla SR JL]\?
fg(C)dedC[j] =0, foranyj=ji, ..., jjj,
r
2.

Ff”j(C)g(C)dSZZO, forj=1,...,m

andj 75.7.13 SRR .7|J\7

J7;(¢)g(¢)dS; =0, foranyj=ji, ..., jj,
r

which are also expressed in slightly different terms:

1'. g|T is orthogonal to each d.f. d A d(yy, for jin {41, ..., 4}
and to each d.f. d(jj Ad¢ for § & {j1, ...\ jm} -

2'. g is orthogonal to the vector i = (R, ..., fuy) With 7j = 7;
for j € {jl, e j\jl} and 7; = n; for the remaining indices.



4.8 Concluding remarks

Of course Corollaries 4.5, 4.6 and 4.7 do not pretend to be great
novelties, one can find Corollary 4.5 in many sources, and Corol-
laries 4.6 and 4.7 can be extracted from it. But we are trying again to
stress their relation to the hyperholomorphic theory. What is more,
although Corollaries 4.5 and 4.6 are of course particular cases of
Corollary 4.7, there is a slight difference between Corollary 4.5 on
one hand, and Corollaries 4.6 and 4.7 that reflects the structure of
the set M(Q) (see remarks concluding Subsection 3.5): Corollary 4.5
presents nothing more than the equality (4.1.1) with a specific ma-
trix G(7,dz), thatis, Corollary 4.5 is exactly the equality (4.1.1) re-
stricted to a subclass of hyperholomorphic matrices; while Corollar-
ies 4.6 and 4.7 are not, exactly speaking, specific cases of the equality
(4.1.1), they give a property of coefficients of certain m.v.d.f. which
satisfy (4.1.1).

Anyhow it is an insignificant abuse to say that all three corol-
laries are contained directly in the equality (4.1.1), or that they are
just restrictions of (4.1.1) onto different subclasses of MN(Q), and one
may consider more subclasses.



Chapter 5

Hyperholomorphic Morera’s
theorems

5.1 Left-hyperholomorphic Morera theorem

Theorem Let Q be a domain in C™ with the topological boundary T, let
G € &, (QF). If for any bounded surface-without-boundary I’ which is a

piecewise smooth surface, with [ = Fr (Q+>, Ot c QFf, T c QF, the
following equality holds:

o, NG, d2) =0, (5.1.1)

then B
G en(Qt).

Proof. Letz € Q7 be an arbitrary point, {B(z; )}, be a reg-
ular sequence of balls which is contracting to z, we suppose that,
forany k € N, B(z; €,) US (25 €;) C €. By Lebesgue’s theorem we
obtain for the m.v.d.f. D[G], which is continuous and bounded on
B(z; ex) US (z; ex), that
Jim m / DG (r, dZ)dV, =D[C] (),  (5.1.2)
B(z; ex)



where |B(z; ;)| denotes the usual volume of B(z; ¢;). Note that

the formula (2.8.1) takes the form
B(z; ek S(z; ex)
Substituting (5.1.3) into (5.1.2), we have

1

lim — / %... AG(r, d?) =DG](2).

k—oo |B(z; ex)|
S(z; ex)

Substituting (5.1.1) into (5.1.4), we have
D[G](z) = 0.

But 2 is an arbitrary point of Q.
Hence G € 91(Q2). A

/ DIG](r, dz) dV, = / T2 AG(7, d2).
)

(5.1.3)

(5.1.4)

Of course, the above theorem can be considered as an inverse
one to some reformulation of Theorem 4.1; thus we obtain an equiv-
alent definition of hyperholomorphy in terms of vanishing integrals

of a given m.v.d.f.

5.2 Version of a right-hyperholomorphic Morera

theorem

Theorem Let Q be a domain in C™ with the boundary T, let F, G €
&1 (Q). If for any bounded surface-without-boundary T" which is a piece-

wise smooth surface, with ' = Fr (Q), QcQTl cQ,the following

equalities hold:

/Eﬂ 2 /A G(r,dz) = 0,
r
/F (1, dz) N7, 2 A G(r,dz) = 0,

r

(5.2.1)

(5.2.2)



then

G eN),
FeM.c(Q).

Proof. First, by Theorem 5.1, G € n (Q); this is

D[G] = 0. (5.2.3)

We will use the same notations as in the proof of Theorem 5.1. By
Lebesgue’s theorem we obtain for the m.v.d.f. D, [F] A G, which is
*

continuous and bounded on B (z; ;) US (z; ¢i), that

lim m f | D, [F](r, dz) A G(r, dz)dV, =

Ic—)oo| B( 2:
eis (5.2.4)
=D, [G] (») /*\ G(z).
Note that by (5.2.3) the formula (2.8.1) takes the form
[ D, [F|(r, dz) AG (1, dz)dV, =
B(z; ex) -
(5.2.5)
= [ F(r,dz) Ao, . ANG(r, dz).
S(z; x) - -
Substituting (5.2.5) into (5.2.4), we have
f e, J 9 07 ) G ) =
’ (5.2.6)

=T, [F] () A G ().
Substituting (5.2.2) into (5.2.6), we have
D, [F](2) A G(z)=0.

Again taking into account that z is an arbitrary point of I' we obtain
that F € M,. ¢ (©2). W



This is again an inverse theorem, now to Theorem 4.2, which
means that we obtain an equivalent definition, in terms of vanish-
ing integrals of two given m.v.d.f., of the right-hand-side hyperholo-
morphy of one of them with respect to the left-hyperholomorphic
(not arbitrary) second matrix.

5.3 Morera’s theorem for holomorphic functions
of several complex variables

Corollary Let 2 be a domain in C™ with the topological boundary T, let
g be a complex function of class C' in the domain Q. If for any bound-
ed surface-without-boundary I" which is a piecewise smooth surface, with
I'=Fr (Q), Q c Q,T C Q, one of the following equivalent conditions
holds:

1.
/g(C)dC[j]/\dg“zo, foranyj =1, ..., m,
r
(ie., g|f‘ is orthogonal to each d.f. df AdC, wherej = 1 m,
with respect to the bilinear form deﬁned by (g, w f g (¢
2.
/nj(C)g(OdSC:O, forany j =1, ..., m,
r
(ie., fg (¢) dS¢ = 0, the orthogonality of g and non 1),

then g is a holomorphic function in the sense of several complex variables
function theory.

Proof. Using the computation in Subsection 4.3 and combining it
with Theorem 5.1, we have that G := gFsx9 is in 91 (Q2), this is:

( dlg] 5 [g] > _D[G] =0,



or equivalently,
Z 99 gz — 0.
< 0z

Then g is a holomorphic functlon in the sense of several complex
variables function theory. B

Of course, the Morera theorem for holomorphic functions has
been long known; one can find an extensive literature on the subject.

5.4 Morera’s theorem for antiholomorphic func-
tions of several complex variables

Corollary Let 2 be a domain in C™ with the topological boundary T, let
g be a complex function of class C* in the domain Q. If for any bounded
surface-without-boundary 1" which is a piecewise smooth surface, with I' =

Fr <Q>, Q c Q, T C Q, one of the following equivalent conditions holds:

1.
/g(C)dC/\dg“[ﬂzo, foranyj =1, ..., m,
r
(ie., g|f‘ is orthogonal to each d.f. d¢ A dC[ , wherej = 1 , m,

with respect to the bilinear form defined by (g, w) f g(Q)w (C

2.
/ﬁj(C)Q(C)dSCZO, forany j =1, ..., m,
r
(ie., fg (¢) dS¢ = 0, the orthogonality of g and @on T),

then g is an antzholomorphic function.

Proof. Using the computation in Subsection 4.4 and combining it
with Theorem 5.1, we have that G := gFx2dZ is in 91 (1), that is

dlgdz]; 0% [gdz] \ _ = _
( 0" [gdz);  O[gdz] > =Dlel=0,



or equivalently,

- - m -, 09
0 lgdz) = Y (~1Y " 5% dzpy = 0.
J

i=1

Then g is an antiholomorphic function. l

Formally, one can obtain a proof of Corollary 5.4 directly from
Corollary 5.3. We have chosen, again, another way related to anti-
holomorphic functions as a subset of hyperholomorphic ones.

As in Chapter 4, both corollaries are included in a more general
assertion.

5.5 The Morera theorem for functions holomor-
phic in some variables and antiholomorphic
in the rest of variables

Corollary Let Q be a domain in C™ with the topological boundary T,
let g be a complex-valued function of class C* in the domain Q and let
1 <ji1 << js <m,forsomes =0, ---, m. If for any bounded
surface-without-boundary T' which is a piecewise smooth surface, with
= Fr (Q), Q c QT c Q, one of the following equivalent condi-
tions holds:

1.
fg(C)dE[j}/\dCZO, forj=1,..., m
r
andj;éjl, Ceey jm,
[9(Q)dCnd(y =0, foranyj=ji, ..., jj,
r
2.

Ff”j(f)g(f)ngZO, forj=1,...,m

and.j ?é.jla ) ]ma

[7;()g(¢)dS; =0, foranyj=ji, ..., 7l
r



then g is antiholomorphic in the variables z;,, ..., z;, and holomorphic in
the rest of the variables.

Proof. Letj:= (j1, ..., js). Using the computation in Subsection
4.4 and combining it with Theorem 5.1, we have that G := gFyod7
is in 91 (12), that is

0 [gdzl] 0" [gd]
o* [gdij] 0 [gdij]

equivalently,

S
0 : , , :
ooy (vf 8—gdzﬂl A...NdZENdF NdFRHON LA
k=0 4k<j<di41 “
AdZs = 0,
5 0 . . . .
> (! TI GF AL NdFE N AERA LA dF = 0.
k=1 02,
Hence g is antiholomorphic in the variables z;, ..., z;, and holo-
morphic in the rest of the variables. B

Again, a proof could have been obtained from Corollary 5.3,
which we have not done in view of the above reasons.

Remark also that, abusing a little, as has been explained in Sub-
section 2.10 for the Cauchy integral theorem, Corollaries 5.3, 5.4
and 5.5 are contained directly in hyperholomorphic Morera’s theo-
rem 5.1, and that they are restrictions of Theorem 5.1 onto different
subclasses of N(12), and one may consider more subclasses.



Chapter 6

Hyperholomorphic
Cauchy’s integral
representations

6.1 Cauchy’s integral representation for left-
hyperholomorphic matrix-valued differential
forms

Theorem Let QO be a bounded domain with the topological boundary T,
which is a piecewise smooth surface, let F € N (QT)NGy (2T UT). Then
the following equality holds in Q*:

OF (2) = /ch(T CL AT AP, (61])
r

It follows trivially from the Borel-Pompeiu formula. As usual,
the Cauchy integral representation for a class of functions has nu-
merous consequences. But first we consider, as we did in Chapters
4 and 5, some corollaries of (6.1.1) for conventional complex anal-
ysis, i.e., its restrictions onto some subclasses of hyperholomorphic
m.v.d.f.



6.2 A consequence for holomorphic functions

Let G = gE3«2 where g is a holomorphic function of several com-
plex variables. Then G satisfies the formula (6.1.1) and combining it
with Subsection 2.10, we have

m(m—1)
g(z) = (1) > /U(T, z)g(7), (6.2.1)
r
0 = Wiklgl(2) = Wi;lg](2), (6.2.2)
where j, k = 1, ..., m, j < k, and the definitions of ij l9] (),

Wy lg] (2) are in Subsection 2.11.8.

Note that the equality (6.2.1) is the usual Bochner-Martinelli in-
tegral representation of the holomorphic function g. There is a well-
known paradox of the Bochner-Martinelli integral: its kernel ¢/ is
non-holomorphic, but it reproduces, by (6.2.1), the holomorphic func-
tion g; what is more, given density g (not necessarily the boundary
value of a holomorphic function), the Bochner-Martinelli-type inte-
gral is holomorphic if and only if the density g is the boundary value
of a holomorphic function (see, for instance, [Ky]). Theorem 6.1 ex-
plains, in a certain sense, why it occurs: being non-holomorphic,
the kernel ¢/ is generated by the product K5z(7 — 2, 2) A Tr, . in
(6.1.1), which reproduces all hyperholomorphic m.v.d.f., and (6.2.1)
is nothing more (from this point of view) than the restriction of
(6.1.1) onto a specific subclass of hyperholomorphic m.v.d.f. And
later it will be explained in which meaning K7 (7 — 2, z) is hyper-
holomorphic.

The equality (6.2.2) is not true, generally, for a function of class
C'; moreover the conditions (6.2.1), (6.2.2) are necessary and suffi-
cient for g to be a holomorphic function in Q.

These reasonings have their symmetric image for antiholomor-
phic functions.

6.3 A consequence for antiholomorphic functions

Let G = gdZE3x2 where g is an antiholomorphic function of several
complex variables. Then G satisfies the formula (6.1.1), and combin-



ing it with Subsection 2.10, we have

m(m=1) [
g(z) = (1) > /U(T, 2)g (1), 6.3.1)
r
0 = Wiklgl(2) — Wi;lg] (2), (6.3.2)
where j, &k = 1, ..., m, j < k, and the definitions of W}y, [g] (2),

Wi lg] (2) are in Subsection 2.11.8.

Note that the equality (6.3.1) is the Bochner-Martinelli integral
representation of the antiholomorphic function g in the same do-
main Q. Again (6.3.1) is the restriction of (6.1.1) onto a specific
subclass of hyperholomorphic m.v.d.f., which explains why a non-
antiholomorphic kernel U reproduces antiholomorphic functions.
The conditions (6.3.1), (6.3.2) are necessary and sufficient for g to be
an antiholomorphic function in Q.

And now the general case will be considered.

6.4 A consequence for holomorphic-like functions

Let G = gdz3E»y where g is a complex function, that is antiholo-
morphic in variables z;,, .. ., zj, and holomorphic in the rest, where

j == (j1, ---, jjj) is strictly increasing |j|-tuple in {1, ..., m}, with
lil =1, ..., m — 1. Then G satisfies the formula (6.1.1) and combin-
ing it with (2.10), we have
m(m—1) _
9(2) = (0" [T 290, (64.)
r
0 = Ujk, 9] (2) = Ukyjp l9] (2) (6.4.2)
where k, =1, ..., mwith j, < k; < jg41 forany ¢ =0, ..., |j|, by
definition jo := 0 and jjj 4, := m + 1 and for p = ¢, % = 0.
For|j| =1, ..., m — 2, we have
0=W;kg](2) = Wi; 9] (2) (6.4.3)
where j, k =1, ..., m, j, k # j1, ..., jj and j < k. And, for
lil=2, ..., m —1, wehave

0= Wj,j, 9] (z) = W3, 9] (=), (6.4.4)



wherep, ¢ =1, ..., |jland p < q.

The definitions of Uj k., Uk,j,» W jk, Wij, Wj,j, and W ; are in
Subsection 2.11.8.

The equality (6.4.1) is the Bochner-Martinelli integral represen-
tation of a function antiholomorphic in the variables z;,, ..., 2
and holomorphic in the rest in the same domain Q. The conditions
(6.4.1), (6.4.2), (6.4.3) and (6.4.4) are necessary and sufficient for g to
be a function holomorphic in given variables and antiholomorphic
in the rest.

We resume the above in the following corollaries.

6.5 Bochner-Martinelli integral representation for
holomorphic functions of several complex vari-
ables, and hyperholomorphic function the-
ory

Corollary Let g be a function holomorphic in the bounded domain Q'+,

which can be extended continuously until the topological boundary T' of

Q which is a piecewise smooth surface. Then the hyperholomorphic Cauchy
integral representation yields

0(z) = (-5 / U 2g(r), =€t
N

and besides
0 = Wiilgl(z) = Wiilgl(z), =z € QF,
foranyj, k=1, ..., m,j <k

6.6 Bochner-Martinelli integral representation for
antiholomorphic functions of several complex
variables, and hyperholomorphic function the-
ory

Corollary Let g be a function antiholomorphic in the bounded domain



QF, which can be extended continuously until the topological boundary
' of QT which is a piecewise smooth surface. Then the hyperholomorphic
Cauchy integral representation yields

g(z) = (-1)"%" / A(r. g(r)., = €0t (661)

r

and besides
0 = Wilgl(z) = Wijlgl(2), 2z € QF, (6.6.2)

where j, k=1, ..., m,j <k.

6.7 Bochner-Martinelli integral representation for
functions holomorphic in some variables and
antiholomorphic in the rest, and hyperholo-
morphic function theory

Corollary Let g be a function antiholomorphic in the bounded domain QF
in the variables zj,, ..., iy and holomorphic in the rest, which can be
extended continuously until the topological boundary T of Q*, which is a

piecewise smooth surface, where j = (jl, cee jlj\) is strictly increasing
lj|-tuple in {1, ..., m}, with |j| =1, ..., m — 1. Then the hyperholo-
morphic Cauchy integral representation yields
m(m—1) _
g (Z) = (_1) 2 uJ (7-7 Z) g (T) ) (671)
r
and besides
0 = [Uj,k, 9] (2) = Ugyj, l9] ()], (6.7.2)

where kg = 1, ..., mwith j, < kg < jgq1 forany ¢ =0, ..., |j|, by
definition jo := 0 and j;|4.1 := m + L and forp = g, % =0
For |jl =1, ..., m — 2, we have also

0=W;klgl (2) — Wi;lg] (2), (6.7.3)



where j, k =1, ..., m, j, k # j1, ..., jy and j < k. And, for
il =2, ..., m — 1, we have also

0= ijjq [g] (Z) - qujp [g] (Z) ) (674)

wherep, g =1, ..., |jlandp < q.



Chapter 7

Hyperholomorphic
D-problem

7.1 Some reasonings from one variable theory

Introduce the following integrals:

(7.1.1)
Kp[G](z) = /’CD(T—Z, z) Ao, Z/*\G(T, dz)
r
and
Ts[F](z) = - /ICD(T z, z) N F (1, dz)dV;,
) (7.1.2)
TG () = —//cp (r =2 2) NG(r, d2)dVs.
O+

Hence the Borel-Pompeiu formulas take the form
2F (z) = KplF](z)+TpoDIF](2),

95



(7.1.3)
2G(z) = KplG](z)+TpoDI[G](z).

For functions of one complex variable D = 2 and

) = — [ (r)dr (7.1.4)

27m T—Z

Ty [f]() = —2i/
Q

with the Borel-Pompeiu formula

of
/f —i/ A ) d7 Adr, (7.1.6)
27m T — 2 21 T—2
Q

which implies, as one of its multiple important consequences, the
right-hand-side invertibility of the complex Cauchy-Riemann oper-
ator:

0

F=oTalfl=1. (7.1.7)

7 Adr, (7.1.5)

The latter leads immediately to the complete description of the
set of solutions of the inhomogeneous (complex) Cauchy-Riemann
equation: if

of
L 7.1.8
0z ( )
in a domain 2 with smooth enough boundary I' = 9I', then
fe (Hol () +Ty [g]) : (7.1.9)

In the case of more than one variable, there is an analogue of
(7.1.6) with the Bochner-Martinelli kernel now playing the role of
the Cauchy kernel. But because of the non-holomorphy of the Boch-
ner-Martinelli kernel, the properties of both summands are essen-
tially different and do not imply an analogue of (7.1.7), which means
that the 9-problem in several complex variables

of  _



(7.1.10)
of
8Em - gm7

is much more complicated; it does not have a simple formula such
as (7.1.9) describing its solutions. The aim of this chapter is to show
that in the hyperholomorphic setting the hyperholomorphic Cauchy-
Riemann operator does have the right-hand-side inverse, and hence
the inhomogeneous hyperholomorphic Cauchy-Riemann equation
allows an easy description of the same form as (7.1.9). What is more,
having as a base the solution of the hyperholomorphic D-problem,
in Chapter 8 we obtain the necessary and sufficient conditions for
the solvability of the 9-problem for complex-valued functions, to-
gether with the explicit formula for the solution itself when it exists.
In the case of the 5—problem for differential forms, the necessary and
sufficient conditions obtained are not so efficient, but the formula
for the solution here is also quite explicit.

7.2 Rightinverse operators to the hyperholomor-
phic Cauchy-Riemann operators

Theorem Let QT be a bounded open set in C™ with the topological bound-
ary T, which is a piecewise smooth surface. In the spaces & () N
B0 (QTUT) and &, () N By (T UT), the operators D o Ty and
D o Tp are well-defined and, respectively, on these sets:

DoTx[F] = 2F,
DOTD[G] == 2G

Proof.  Assume that F belongs to ®, Q) n B (2T UT) (or to
some other appropriate dense subset of &; (27) N &, (2T UT)).
Take Ocm to be a fundamental solution of the complex Laplace op-

erator on C™ (see Subsection 1.3), i.e., for z # 0,

o (m=2)! 1
2 Tm |Z‘2(m71)7 m > ]'7

Ocm (2) :=

2In(l2]), m = 1;



and
Acm [Oom] = dom

(Dirac’s delta on C™) in the distributional sense. From Theorem 2.7
we have that for 7 # z,

dr (0on (7 = 2) Bao NG AP (7, d7)) =
= (D7 [0cn Baal (1 = 2) A F (7, d2) +

+ 0on (7= 2) Baxa A D' [F) (7, dz)) dv,,

or, in the integral form,

/o@m (r —2) Bya A%, AP (7, dz) =
r

= /ICD(T, z) A F (r, dz)dV; +

O+
+ / Ocn (7 = 2) By AND [F] (7, dz) dVr,
O+
which implies
T5[F] = /0@ (1 — 2) Eoxo 4\5* [F] (7, dz)dV, —
O+

_/e(cm (r—2) By AT, A F(r, d2).

Ty, 2

r

Apply operator D to both sides of the last equality. It is straightfor-
ward to show that for fcn (7 — 2) and for any H (7, dr, d7, dz) we
have

D, |0cn (T — 2) Egxo i\ H (1, dr, d7, dz)| =

=Dy . [0cm (T — 2) Baxo] A H (1, dr, d7, dZ).
*



Hence

DoTx[F] =

—

Dy 2 [fon (7= 2) Baya] A D" [F] (r, dz)dV;, —

* >

—
Or 2 i\

O+
- /51"; z [0@m (7’ — Z) E2><2]
r

A F (1, dz) =

*

_ /ﬁ; H[en (7 = 2) Baa) AT, L A F (7, d2) -
r

= K- [F]+ Ty oD [F] =2F.

On the last step we made use of the Borel-Pompeiu formula con-
sistent with the operator D", which can be proved directly as in Sub-
section 2.11 or can be obtained from the formula (2.11.1) using the
relation (2.3.8). B

7.2.1 Structure of the formula of Theorem 7.2

Theorem 7.2 has useful consequences both in hyperholomorphic
terms and in purely complex analysis terms. We start with the latter.
To this end, the equality

is equivalent to

5[311] +5*[321]; 5[B12] +5*[B22] _op
(a*[3“1+6[3211; a*[B”Ha[B”])‘ ’



—1)!
Bll(z) = — ( /( Zq dzq/\FH( dz) +
Tm |7'
+¥d 4 A F2 (7, dz)) v,
| — 2"
—1)!
B (z) = Z/( Zq Lzt A FY (1, dz) +
—I—Mdzq A F?Y (7, dz)) v,
| — 2"
—1)!
BY2(z) = Z/( quq/\F”( dz) +
+Md 9N F? (7, dz)> vy,
| — 2™
B*2(z) = - /<| qdzq/\Fm( dz) +
T —
+T‘]72qdz’1 AF? (7, dz)> dv.
|7 — 2"

Hence for all entries F*#(z) of the matrix F'(z) we have

2F (z) =

_ —1)!
S —2M/272qdzw\wﬂ(¢ dz)dv; | +

|7 — 2"



0 = { m—1)! / Z" Lz A FO (1, dz) dVy | +

+‘11

o=z

_ — 1) m _
+0 [2(mml) /Z T97 %50 A BB (7, dz) dVT] .
T
o+ =1
(7.2.2)

The equality (7.2.1) can be seen as an integral representation of a
smooth differential form F®® with differentiations outside the in-
tegrals.

Consider now what (7.2.1) and (7.2.2) give in different dimen-
sions.

722 Casem =1

There are differential forms of degree 1 and of degree 0 here. First
1112

let F = ( Lok ) dz = Fydz; then we have from (7.2.1)
1 1

F) = 2 [1/}71(”(114

0z T T—2 ’

Qt

or, using a commonly accepted notation 7' [F}] for the above inte-
gral,
F = %T [F1],

a well-known formula from one-dimensional complex analysis,
which expresses the existence of a right inverse operator to the com-
plex Cauchy-Riemann operator, a fact of enormous importance for
the whole theory in one variable. Of course Theorem 7.2 shows a
complete analogy with the hyperholomorphic situation, unlike that
of several complex variables.

The equality (7.2.2) gives no new information, since both sum-
mands in the right-hand side are identically zero.



ol 12
Letnow F = ( I >,‘ so we have from (7.2.1)

Fi) = o [;/f@dw],

a_
F = ST[F).

This is an analogue of the above formula but for antiholomorphic
functions, and all the comments can be repeated.

723 Casem =2

Here the variety of options is greater, and the conclusions are dif-
ferent. We consider subsequently what (7.2.1) and (7.2.2) give for
m.v.d.f. of a fixed degree. First, for the case of degree two, let

11 12
12 12

F = ( > dz = F12dz; so we have from (7.2.1)
21 22
12 12

="

F(Z) = 5 |:1 7_2__ F12 (T)dVTdZI—

)

-= / F12 7) dV,dz?
=2

and from (7.2.2)
- 1 To — 29 1
0 = 8 —2 7}712 (7’) dVTdZ -
L e
- / F12 ) dV,dz*| ;
T —
hence

0 1 T — 21
Fo(e) = allwz/ MF”(TWTL

O+



8 1 TQ—ZQ

= |- | —F dV;
i el 12 (1) :
Q+
3 7'2—22
0 = — |—-—— i
8z1 / o Fio (1) dV; | +
0 7'1—21
= |-= - Fia (1) d
+622 / 12 ) V:

It is quite instructive, again, to look at these equalities written in the
operator form. This will be done below for an arbitrary number of
variables (see Theorems 7.2.5 and 7.2.6.)

Now we pass to m.v.d.f. of degree one.

,1/111 ¢12
1 1
Let F = dz' = Fydz'; so we have from (7.2.1)
,1/121 ¢22
i i
- 1
Fi(z)dz = 0|-— [ 222 F (ryav; | -
T J T -]
O+
]_ _
— 0 |- [ Z22F (1) dVydzt ndZ?| =
LA 2*
—, 2/ T)dV; dzt +
0z ™ |7’—Z|
0 /7’1—21 _9
+— | —— dVT dz® —
322 |7'—Z|
3 1 T2 — 22 )
S 2 Fy (1) dV; | d
571 772 |T—Z| (1) dV, | dz° +

8 _
T ——/ 272 g7y dv, | dzt,
|T—Z|



and we obtain nothing new from (7.2.2), since both summands in
the right-hand-side are identically zero. Hence we get two equali-
ties for a given smooth matrix F;:

0 1 T — 21

Fl(Z) = |: ﬁFl(T)dVT +

8Z1 7T |7' — 2z
O+

2 [1 TR () dVT] ,

022 w2 |T—Z|

0{ Z/le1 7)dV;
072 ™ |

0 [1 T2 — 22

A Ly (1) dVy | -
o |7 ) a7 ]

O+

11 12

Analogously, let F' =
g Y ( P2 ¢22

(7.2.1)

) dz? = F,dz?; so we have from

Py (2)dz* = 8|:1 in 2(T)dVT] +

_ 1 —
+ 0" { L Z14 Fy (1) dV,ydz' A dz2] =
—Z

w2 ) |-
O+
0 1 To — 22 1
- L= [ 222 h (a4
931 |: 2 |7_ —Z| (T) ] Z +
O+
0 1 To — 29 _9
— |- 1 F: dV:| d
+822 772 |7'—Z| 5 () 77+

9 ——/ L= g (r)dv; | dZ? -

IT—ZI




3 1 T — 21 1
-—— |- | ——F av.| dz",
0z! [ w2 | |r— 2 2(7) dVr
Q+
and we have nothing new from (7.2.2). Hence, for a given smooth
matrix Fp, we get two equalities symmetric, with respect to the

variables z; and zs, to those for Fi:

0 1 To — 29

F: = — |—-—— F: dV;
5 (2) 952 =) - z|4 5 (1) +
O+
6 1 T — 21
— | —— ——F dv |,
0zl 2 |7_ o Z|4 2 (T)
O+
0 1 To — 29
= — |—-—— ——F dv.| —
0 951 2 |7'—z|4 5 (1)
O+
0 1 T — 21
—_— | —— 7F dV,
02 | ) e
O+

Finally we consider m.v.d.f. of degree zero, for which let

112
vop
F = ;
( P2 22 >

so we have from (7.2.1)

F(z) = ——/| | 7) dVydz' +
T—2

]_ _
-+<——> 272 p(r)dV,ds
Q

w2 ) ) |72 ’
+

and from (7.2.2)

0 0 / dde +
IT—ZI



™ |7'—Z|

1
+(——2> 2722 p (1) dV,dz?
a+
Hence for a given smooth matrix F' we get two equalities:

8 1 1 — 21

F(z) = —— |-—= | ——F(1)dV,
@) = g |m | popF |+
O+
6 1 T2 — 22

— |-= [ =5 F(n)dV,],
022 | 72 | [r—f (7)
O+
0 1 T2 — 22
0 = — |- T (1) dVr| —
0z 2 |T—Z| )

/ 7'1—21 dVT
IT—zI

Because all participating operators are linear, the case of an arbi-
trary form does not give any new formula. Operator interpretations

of all this will be given later on.

724 Casem > 2

The quite detailed cases of one and two variables considered above
give a good idea of what may occur in general situations; thus, we
shall present it now fluently, without too many explanations.

11 12
LA

Let FF = d# = Fjdzj; so we have from (7.2.1)

21 22
U

= 5[_M/ Z MF’(T)C[VT'

» ‘ |7_ _ Z|2m J
Q+ PTI1 - Jjj)

(=) dE A LA dE T A dEI A LA dZ



il

e DD T

iy =0 dp<nyen [T
(=P A ... ANdFP AdZYAdEPFEN A dzjj] =
j—2
N=J1, -y ]m q=0 jy<k<jg+1

0 [ (m-1)! Tn — Zn
0z

Fy () dVT] -

Tm |7_ _ Z|2m
O+

(=11 (=1)""rdF AL AdFT AdEE A dF AL

C ANAFIU A IO LA+

LD IEEEDY

N=J1y ooy J)5] Jrn—1<k<Jn+1

0 (m —1)! Tn — Zn

— Fi (1) dV,
0z i | — 2P (r)
+

Q
cdFVN AT AN AEE A dFIA LA dE

DS

n=j1, v Jjj) ¢=N+1 jg<k<jg+1

0 (m —1)! Tn — Zn

T |7 — 2
O+
(D)7 (=) dE AL A AdEIA L

o ANdFANdZE A dFIe AL A dF +



L3l

e DI O

g+ P=07p<n<jp41 |7~ 2|

(=1D)PdF AL ANdZP NdEY AN dEPEN LA dZ |

and combining it with (7.2.2) we can conclude the following. Let j
be a strictly increasing |j|-tuplein {1, ..., m}; take an arbitrary
smooth matrix-function which we denote by Fj(z) for the sake of
convenience and to emphasize the presence of j in the formulas
below. Then

lil _
. B 0 _(m—l)! Tjp — z]k
Filz) = Zazjk[ T |7 — 2*™ w5 (T Ve

k=0 jk<n<jk+1 Q+ |T - Z|

il
DD aij[(mﬁm”! T"i’inﬂmdw];

forO0 < |jl <m, k=1, ..., |jl,n# ji, ..., jjj, there holds
0 = i _(m_ 1)' 77_]1\ Z]k F ( )dVT
0z; Tm |T |

0 m —1)! Tn — Zn
0z, [ /|T—z|2m 3 )dVT]’

for 1 < |j| < m, ji # jp, there holds

9zj, T T — 2™

0 — 0 |:(m1)! Tjp — Z“F( Vv,

0 (m—l)! Tip — Zjp
_ _ F
92, [ oy B R

O+



and finally for 0 < |j| <m — 1; ¢ # n; ¢, n # j1, ..., jjj there holds

0 (m—1)! Tn — Zn
0 = — |- P _
9z, [ m I — 2| (7) dVT]
Q+

0 (m —1)! Ty — Zg
0zn, l m |7 — z|2mFJ (r)dv-] -

O+

Now we resume the above computations in the following theo-
rems, where notations from Subsection 2.11.8 are used.

7.2.5 Analogs of (7.1.7)

Theorem Let O C C™ be a bounded domain with the piecewise smooth
boundary. On the space Ct(Qt; C), forany j =1, ..., m, the operators
a%j o Tj and 8%]_ o T'; are well defined and, on this set,

m
0 5 -
f= 3 genll+ X ool
- 8Z] . . 6ZJ
L I=t I=TLs e D)
J#ILs - )4
where j is a strictly increasing |j|-tuple in {1, ..., m}.

In particular, we have

and symmetrically

For m = 1 we have the formulas from Subsection 7.2.2, which
give a right-hand-side invertibility of the Cauchy-Riemann opera-
tors, while for m > 1 the situation is radically different in principle.



7.2.6 Commutativity relations for T-type operators

Theorem Let Qt C C™ be a bounded domain with the piecewise smooth
boundary. On the space C* (Q+; C), forany j, k=1, ..., m, j # k,
the operators 8%; o Ty, % o Ty, a%j o Ty and aizj o Ty, are well defined
and, on this set,

0 0 —

0 = (92]'0Tk[f]_62ko ][f]a
0 0

0 = 3—Zj°Tk[f]—a—Zk°Tj[f]

Note that the last equality is equivalent to

0= Lom (-~

T,[f].
(92]' 0z, °5i [f]

The last theorem gives a kind of “commutativity relations” for

subindices of partial derivatives % and %, on one hand, and of
J

operators T; and T}, on the other.

7.3 Solution of the hyperholomorphic D-problem

Theorem Let QT be a bounded open set in C™ with the topological bound-
ary I, which is a piecewise smooth surface. Consider the following equa-
tion:

D[F] =G, (7.3.1)

where G € &1 (QF) N G (T UT). Each solution of the above equation
is of the form

where H is an arbitrary element of M (QF).

Theorem 7.3 is a direct corollary of Theorem 7.2.



7.4 Structure of the general solution of the
hyperholomorphic D-problem

Explicitly, the equality (7.3.1) has the form

) [FH] 1o [FQI] - G,
(7.4.1)
5* [F”] 19 [FZI] - G*,
) [Fu] 1o [FZQ] - G»,
(7.4.2)
5 [F12] 19 [FZQ] - G2,

where G, G?!, G'? and G?? are arbitrary elements of G; (27) N
Go (2T UT).

Note that the systems (7.4.1) and (7.4.2) are independent; thus,
we shall study the system (7.4.1) only.

Each solution of the system (7.4.1) can be written as a (2 x 2)-
11

21 8 >, which is a solution

matrix-valued differential form (
of the D-problem:
. Gll 0

To obtain the general solution of the system (7.4.1), it is sufficient
to look at the general solution of the D-problem (7.4.3), which is in
Theorem 7.3.

Each solution of the D-problem (7.4.3) is of the form

1 G 0
r=pm(Gn §)] e

where H is an arbitrary element of 9 (). But, by definition,

1 GH 0
im((52)]-



Tq—Zq d Tqg—%q q
Z4 dz
|2m |7_ Z|2m

A
g=1 |:"_z|€%n dzt; - qu;m dz
G' (1, dz); 0O
A < G (1, dz); 0 dVr.

Hence, for G'' := 3~ G}'dz3 and G*' := Y G} dZ¥, there holds
J k

1 G0 N0
§T5 GZI; 0 = N21; 0/’

lil

= Y > (-1, (G dE AL A

j ¢=1

where

A dZla=1 A dZIat A LA dZ +

K+l kp—1

+3 3 (P (G R AL A

k p=1 qg=kp 1+1

A dzFe=1 N dzZd A dZF A LA dZR

41 gp—1

= >3 > (=1 G dE AL A

i p=1q=jp-1+1
A dZP1 A dZI A dFP A LA dF 4+

||

+D Y (=0T, [GRdzF AL A

k ¢=1

A dzFa1 A dzFari A A dZ



Therefore, each solution of the system (7.4.3) is of the form

FH; 0
F = <F21. 0>
where

|31

FUo.= ZZ(—l)q—lqu (G dz AL A
Jj ¢=1

A dzia-1 A dzdatt AL A dZ 4

k+1  kp—1

+3 3 Y (T, (G dEM AL A

k| p=1q=kp—1+1
A dzFe=1 Ndz N dZ AL N dZRe 4+ B

jl+1  Jp—1

ZZ S ()P (G dE AL A

p=1 q=jp-1+1
A dZP=Y Ndz9 NdZP A .. A dF 4+

||

A (1), [GR] dEM AL A

k ¢=1
A dzFa-t A dzFerr A A dZRe + B2
(7.4.4)

where H'! and H?! satisfy the following conditions:

o[H"] +0* [H*] = o,
o [H'"] +0[H*] = o0,

H' 0\ &
(H21 0)6‘)1((2*).

this is



7.5 D-type problem for the Hodge-Dirac
operator

As a matter of fact, the equation (7.3.1) contains many 9-type prob-
lems. To illustrate this idea, which will be further elaborated on in
the next chapter, consider the D-type problem for the Hodge-Dirac
operator, (see Section 9.3):

(0+0%)[f] =g, (7.5.1)

where g is an arbitrary element of G; (21) NGy (2T UT).

Each solution of the equation (7.5.1) can be written as a solution
of the system (7.4.1) when G!! := G*! := g, and F!! = F% = f.
Hence, to obtain all solutions of the equation (7.5.1), it is sufficient
to look at all solutions of the system (7.4.2) when G!! := G?! := g,
which are in (7.4.4).

When G!! := G?! := g := Y g;d?, (7.4.4) takes the form

j

lil

ZZ )Ty [g5) dF AL A

j ¢=1
A dzla=1 A dFiatt A LA dZ +
kl+1  kp—1

D DD D D G ) L A A -

k p=1 g=kp_1+1
A dzZFr=1 A dzd A dZFP AL A dERR + HY

li+1  jp—1
= Y ()M gl dE AL A
j =1 g=jp-1+1

A dZIr=1 NdZT A dZP A LA dZE 4
k|

+ZZ qlTk gk]d VANRWAN

k ¢=1
A dzFa=1 A dzZFert AN dZPe 4+ B2



D
where H'! and H?! satisfy the following conditions:

o[H"] +0* [H*] = o0,
o [H'"]+0[H*] =

Thus F'' = F?? already, and it suffices to take H'! = H?! =: h.
Therefore, each solution of the equation (7.5.1) is of the form

jl+1 Jp—1

- LY X 0 Rl nn

p=1 q=jp—1+1
/\dzﬂp UAdZI ANdZP A LA dE 4+

+ZZ s1dZ0 AL A
A dzﬂq LAdFH AL N dES 4+ h,

where h satisfies the homogeneous Hodge-Dirac system

(0+8%) [h] =0,

(Z 8)6%(9*).

that is,



Chapter 8

Complex Hodge-Dolbeault
system, the O-problem and
the Koppelman formula

8.1 Definition of the complex Hodge-Dolbeault
system

We consider in this subsection an important particular case of (3.1.1)
where F12 = F?! = 0 and F!' = F? =: f. In this case, (3.1.1)
reduces to the system

afl= o,
5= o (8.1.1)

We shall call it the complex Hodge-Dolbeault system by the follow-
ing reason.

The classical Hodge-de Rham system is the system for harmonic
differential forms given by df = 0, d*f = 0, “*” being the Hodge
duality operator. What is more, the system df = 0, 9* f = 0 may be
seen as a complexification of the previous one.

As moreover the partial system 0f = 0 is already called the
Dolbeault system and is a complexification of the de Rham system
df = 0, the name “Hodge-Dolbeault” for the complexification of the
“Hodge-de Rham system” seems reasonable.

Let us mention that the examples of hyperholomophic matrices



with neither holomorphic nor antiholomorphic coefficients provide
also an example of a solution to the complex Hodge-Dolbeault sys-
tem which is a differential form, not a function. Indeed, if

f — 62(Rez1—ilm22) (dzl + d22)

then 0f = 0*f = 0.

Note that if we are looking for solutions that are functions, not
differential forms, then the system (8.1.1) reduces to the equation
d[f] = 0, which defines the notion of a holomorphic function in
C™. Hence, at least formally, one may consider the set of all solu-
tions of the system (8.1.1) as a generalization of that notion onto the
level of (0, k)-differential forms. We shall see in this chapter that
such a generalization is not only a formal one but also fits quite con-
sistently certain very well-known objects of complex analysis —first
of all, the Koppelman integral representation for smooth differential
forms.

Conditions (8.1.1) mean that we are interested in hyperholomor-

phic m.v.d.f. of the form ( g ;) ) = fEs549. Hence, to obtain
main theorems and to detect, at the same time, peculiarities of the
case we shall use the already proved facts. We believe that direct
proofs, without appealing to hyperholomorphic theory, would not

be so easy.

8.2 Relation with hyperholomorphic case

Letp € {0, ..., m} be fixed. Letd.f. ) gdej satisfy the complex
lil=p

Hodge-Dolbeault system:
9> gdd| = o,
Llil=p

o* Zgjdij = 0.

Llil=p




Set G := >, gdengxg, then G satisfies the formula (4.1.1), hence
lil=p

/57, 2 A > gidZ Byr =0,

T lil=p

that is,
GA Y. gdd; GFA Y gdP
= W= 0
XN Y gidP; G A Y. gdF ’
r l=p l=p

which is equivalent to

/ oAy gdd =0, (8.2.1)

r lil=p
/ FEAY | gdP =0, (8.2.2)
T lil=p

where & and &* were introduced in Subsection 2.5. Applying also
equality (2.5.1) we obtain an equivalent to (8.2.1) and (8.2.2) pair of
equalities:

(f n;(¢ ds§> dz NdP = 0,
\JI =pJj=1

(fn] ds§> d/Z\J ANdZ = 0.
\JI =pJj=1

Now Theorem 4.1 implies the next corollary.

8.3 The Cauchy integral theorem for solutions of
degree p for the complex Hodge-Dolbeault
system

Corollary Let p € {0, 1, ..., m} be fixed. Let g = 3 g;d# be a

lil=p
p-d.f. of class C*, satisfying the complex Hodge-Dolbeault system in the



bounded domain Qt and continuous up to its piecewise smooth boundary.
Then in QF there hold

) fj ¢j [ g5(Q)dC A d¢ A dZT A dZ = 0,

U|=I?J;1 r o A. | 831)
> 3 ¢ [ g5(Q)dl AdyndzT AdF = 0,
lil=pj=1 T

or equivalently

) z (fn] ds¢>dz1 Ad# = 0,

il pJ 1

> Z (fn] ds¢> dzi NdB = 0.
Jl=pi=1

Recall that here n(¢) = (n1(¢) ..., nn(¢{)) denotes the outward-

pointing unit normal vector, and n(() is its complex conjugate; {c; }

are constants defined in Subsection 2.5. Let us mention also that it

is possible to formulate (8.3.1) and (8.3.2) more explicitly in terms of

(8.3.2)

coefficients gj. Indeed, with j = (ji,72, ..., jp) (8.3.1) takes the
form

p-1

d(=nr > cﬂfgj(g)dg[m AdCANdZE A LA

q=0 Ja<f<jg+1 T

A dze A dzP A dZe AL NdFP = 0,

p
Z(—1)m+q—1ch/gj(g)dg/\dg[jq] ANdZIEA LA

q=1 T

A dZIe=t AdFtt A L AN dEP = 0,

and (8.3.2) takes the form

—~
|
—_
N—
[~}
DN | =

gi(O)np(C)dScdz A ... A
q=0 Ja<B<jg+1 T



A dzia AdZP A dFIet AL AdER = 0,

S e, [ (6, (OdScds A

q=1 r
AdZt AdZI AL NdEP = 0.
It suffices now to refer to the “degree of differential forms” argu-
ments, thus eliminating the differentials dz’ .

Corollary 8.3 extends, obviously, onto arbitrary solutions of the
complex Hodge-Dolbeault system.

8.4 The Cauchy integral theorem for arbitrary
solutions of the complex Hodge-Dolbeault
system

Corollary Let g = Z g;d7 be a d.f. of class C1, satisfying the complex

i
Hodge-Dolbeault system in the bounded domain QF and continuous up to
its piecewise smooth boundary. Then

m

2 21 ¢j [ 95(Q)dCy Ad AdzI NdF = 0,
jJj=1 r
(8.4.1)
3 2 [9i(Q)dl ndgyy Az AdF = 0,
jsj=t T
or equivalently
Z > (fn] d3§> dz? NdF = 0,
jJ=1
(8.4.2)
Zi (f”] dsg>d/z\j/\dzj = 0.
jJ=1



8.5 Morera’s theorem for solutions of degree p
for the complex Hodge-Dolbeault system

Corollary Let Q be a domain in C™ with the topological boundary I’

which is a piecewise smooth surface, let g = 3 g;d# be a p-d.f. of class
lil=p
C* in the domain Q. If for any bounded piecewise smooth surface-without-

boundary T, with T = Fr (Q), Q c QT c Q, one of the following
equivalent conditions holds,

m

¢; [ gi(Q)dC N d¢ Ndz AdZ = 0,
2 Jf j
lil=pi=1
(8.5.1)
> chfg.] dC/\dC[j]/\d/Z\j/\de =0,
lil=pj=1 p
or !
(f n; (¢ ds§> dzi NdZE = 0,
\JI p] P
< (8.5.2)
(f 75 (¢ ds<> dzi AdF = 0,
. \JI =pj=

then g satisfies the complex Hodge-Dolbeault system (8.1.1).

Proof. Using the computation in Subsection 8.2 and combining it
with Theorem 5.1, we have that G := gFyx9 is in 91(Q2), that is,

0| X g5d?| 0" | ¥ gid?
_ = ] i
D[G] = ) ) ) | =0
0| X ggd? | 0| X ggd?
= ] i

equivalently,



0" lg] =0,
i.e., g satisfies the complex Hodge-Dolbeault system. Bl

Note that this Corollary is the inverse theorem for Corollary 8.3.
Hence, it establishes an equivalent condition for a given p-d.f. g =
> g;d# to satisfy the complex Hodge-Dolbeault system.
il=p

8.6 Morera’s theorem for arbitrary solutions of
the complex Hodge-Dolbeault system

Corollary Let Q be a domain in C™ with the topological boundary I’
which is a piecewise smooth surface, let g = 3, g;d# be a d.f. of class C*

i
in the domain Q. If for any bounded piecewise smooth surface-without-
boundary I, withl = Fr (Q), QOc QT cQ, one of the following
equivalent conditions holds

2 Zlffjfgj(é“)dqj] ANdCAdZ AdDB = 0,
=1 7 p

(8.6.1)
Z Z Gj fgj(C)dét/\ dCM ANdzi NdZ = 0,
J J= f\
or
4 . | |
Z (f TLJ d3<> dzi N dF = 0’
j Jj=1
(8.6.2)

(fn] ds<> dzi Ad# = 0,
then g satisfies the complex Hodge-Dolbeault system.
Proof. Mimics the above ones. l
Note that this Corollary is the inverse theorem for the Corollary

8.4. Hence, it establishes an equivalent condition for a given d.f.
g = gjd? to satisfy the Hodge-Dolbeault system.
J



8.7 Solutions of a fixed degree

Lets =1, ..., m —1, be fixed. LetG = > gjdEngxg where the
ldl=s
d.f. 3 gjd7 satisfies the complex Hodge-Dolbeault system
dl=s

0 Zgjdij = 0,

IJ\ s

o* ZgjdzJ = 0.

Llil=s

Then G satisfies the formula (6.1.1); hence in Q7 ,

/ Kp(r — 2,2) Aors AG(). (871

*
Using (2.3.1) we get for the right-hand side

> (vilae) a5 Baa +

li|=s
+ Z w G dzq AdZP N dZ Eyys +

q#p
+ qu[ ]dzq AdzP A dzJngg) + (8.7.2)
+> (W — Wpglgs])dz? AdzP Ad# Eyyy +
a<p
+ Z alg;] — pq[gj])dzq N dzP /\dZJE2x2>
a<p

where the definition of Uj is (2.10.2) and the definitions of Uy, Uy,
W,p, and W 4, are in Subsection 2.11.8.

8.8 Arbitrary solutions

It is easy to extend the above onto arbitrary solutions of the complex
Hodge-Dolbeault system.



Let d.f. 3" g;dz’ satisfy the complex Hodge-Dolbeault system
J

0> gd#| = 0,
L

o* Zgjdij = 0,
L |

and let again G := ) gdengxg. Then (6.1.1) holds in 21, and for
J

its right-hand-side we obtain

> (Uj[gj](Z) +d# - Fauy +
j
+ 3 (Ugplgldzt A dzP A dZ Byyr +

q#p
+ Ugplgsldz? A dzP A dZ Eys) + (8.8.1)
+Z(qu[9j] - qu[gj])dzq AdzP NdB Eayy +
q<p
S Waplos] — Wialgs)dzi A dzv A dE)
q<p

Taking into account the structure of the matrices Ey.o and Foyo
we arrive at the following corollary.

8.9 Bochner-Martinelli-type integral representa-
tion for solutions of degree s of the complex
Hodge-Dolbeault system

Corollary Let s = 1, ..., m, be fixed. Let g = ) gdej be an s-

lil=s

d.f. of class C*, satisfying the complex Hodge-Dolbeault system in the



bounded domain QF, which can be extended continuously up to the topo-
logical piecewise smooth boundary T of Q. Then

9z) = Y (UJ [95] (2) - dZ + > (Ugp [g5] dZ9 A d2P A d7
lil=s a#p

+ T, lg5] d27 A dzP A dzj)> ; (8.9.1)

Z (Z (qu lg;] — qu [gj]) dz9 NdzP A dF +
lil=s “a<p

+ Y (Waplgs] — Wiy lg5]) d27 A dzP A dzJ') =0. (892
q<p

Although formula (8.9.1) has been derived from the Cauchy in-
tegral representation, we prefer to use the name “the Bochner-Mar-
tinelli integral representation”, since the theory of null-solutions of
the complex Hodge-Dolbeault system differs essentially from the
one-dimensional complex function theory and has closer analogy
with the structure of several complex variables theory. Let us men-
tion also that the equality (8.9.2) is not true, generally speaking, for

a given differential form ) gjdzj of class C'; what is more, the
lil=s

conditions (8.9.1) and (8.9.2) are characteristic for solutions of the

complex Hodge-Dolbeault system.

8.10 Bochner-Martinelli-type integral representa-
tion for arbitrary solutions of the complex
Hodge-Dolbeault system

Corollary Let g = ) gjd2’ be a d.f. of class C, satisfying the com-

i
plex Hodge-Dolbeault system in the bounded domain QF, which can be
extended continuously up to the topological, piecewise smooth boundary I'
of Q. Then in QF,

g(z) = Y (Uilg)(2)-d +

j



Qi

+ Z ( ap 193] Jdze AdzP NP + Uyp [g5] dz7 A dzp A dz3>

q#p
(8.10.1)
> (Woplgsl — Whqlgsl) dz? Adz? ndZ +
q<p
+ Z qp g.] pq [gj])ﬁ/\ﬁ/\di‘] = 0.
q<p
(8.10.2)

The analogous comments can be repeated.

8.11 Solution of the O-type problem for the
complex Hodge-Dolbeault system in a
bounded domain in C™

Let QT and T be as always. Consider the 0-type problem for the
complex Hodge-Dolbeault system, that is,

9 _ 1
5? % _ 52: (8.11.1)

where g', g2 € Gy (2F)NGo (AT UT), g' = Y gldad; ¢ = 3 gpdz®.
j k

i

Comparing (8.11.1) and (7.4.1), one can conclude that solutions

of (8.11.1) are exactly all solutions ( F'' = f; F2l) of (7.4.1), with

G" := ¢' and G?' := ¢? suchthat 9 [F?'] = 9[F?] = 0.

Recalling formulas (7.4.4) we arrive at a necessary and sufficient

condition for the problem (8.11.1) to be solvable: the system (8.11.1)
has a solution if, and only if, the differential form

JI+1 gp—1

ZZ > (—VPIT, [gf]dEt A LA

p=1 q=jp—1+1
A dzP-1 Adzd AdZe A L. A dF 4+



k|

+ 3 N ()T T, [gf] dE A LA

k ¢g=1
A dzFa-1 A ggkarr A A dFFIK (8.11.2)

satisfies the complex Hodge-Dolbeault system (see (8.1.1)). Given
g', g? with the property (8.11.2), appealing again to (7.4.4) we obtain
that each solution of the system (8.11.1) is of the form

|3
Zi(—l)q_lqu [g}]dz" A ... A

j ¢=1
A dFa=1 A dFat A LA dE +

?

[+1  kp—1

+ Z (-1)P7'T [gj]dzkl . A
k

=1 q:kp,1+1
A dzFe=1 Ndz9 A dZFP A L AdZPR + B (8.11.3)

=3

where h is an arbitrary null-solution of the homogeneous Hodge-
Dolbeault system.

We see again that there exists a deep difference between hyper-
holomorphic theory and the theory of the complex Hodge-Dolbeault
system: while the hypercomplex D-problem is always solvable, its
analog (and a particular case) (8.11.1) has a necessary and sufficient
condition for its solvability. For this reason, we have chosen the
term “9-type problem” instead of something like “d — & -problem.”

8.12 Complex 0-problem and the 0-type problem
for the complex Hodge-Dolbeault system

Consider the 5-problem, that is, to find all d.f. which satisfy the
equation

alfl=g. (8.12.1)

where g c al (Q+) N ?0 (Q+ U F)



Q)

Let g be such that (8.12.1) has solutions, and let fj be one of them.
Consider the 0-type problem

afl =g,

with f an unknown d.f. Since (8.12.2) has an obvious solution, fg,
then it follows from Subsection 8.11 that the d.f.

(8.12.2)

Jl+1 gp—1

ZZ > (=1 TlgldE A LA

p=1 qg=jp—1+1
AdZr=Y AdZ9 A dZP A L. A dE 4+

K|
+ZZ q lqu (9*[f0]] dz"' A LA
k ¢=1
A dzFa=1 A dzFett A LA dZRie (8.12.3)

satisfies the complex Hodge-Dolbeault system.

This can be seen as follows. If g is such that (8.12.1) has a so-
lution, then there exists a d.f. g with the following property: the
d.f.

Jl+1 gp—1

ZZ >« YT, lg5]dz A ..o A

p=1 q=jp—1+1
AdZr U NdZIANdZP A L. A dEN 4

K|
+ZZ qlTk gk]d Fua oA
k ¢=1
A dzFa=1 A dZFett A LA dZRik (8.12.4)

satisfies the complex Hodge-Dolbeault system.

Let us prove now that the above condition is sufficient also, i.e.,
if there exists a d.f. ¢ which satisfies (8.12.4) then (8.12.1) has a solu-
tion. Really, if there exists such g, the d-type problem

Lol

9,
9,



has a solution fy which is immediately a solution to (8.12.1).
We resume all the above reasonings in the following theorems.

8.13 O-problem for differential forms

Theorem Let Q be a domain with the piecewise smooth boundary I, and
let g € G1 (27) NGy (T UT). The equation

olfl=yg

has a solution if and only if there exists a d.f. § = 3 Gdz* such that the
k
d.f.

j+1  Jp—1

ZZ > (=) T[gldE A LA

p=1 q=jp—1+1
AdZr=  ANdZI A dZP A L. A dZN 4+

K|
+ZZ gk]d FUA LLOA
k ¢=1
A dzFa=t A dZFaert A LA dZRi (8.13.1)

satisfies the complex Hodge-Dolbeault system. If it is true, then each solu-
tion f of the equation (8.12.1) is of the form

il

SN (0T Ty, gldE A LA

i q=1
AdZa=r AdZITUA L AdF +
kl+1  jp—1

+ Y Y P T laddE AL A

k p=1 ¢=jp-1+1
A dZF=t AdzZT AdZFe A .. AdZRI 4 b, (8.13.2)

where h is an arbitrary null-solution of the operator 0, that is



0-

8.13.1 O-problem for functions of several complex variables

Theorem Let QF be a bounded open set in C™ with the topological
boundary T', which is a piecewise smooth surface. Let g € ?; Q)N
Gl (T UT). Then the d-problem

olfl =g, (8.13.3)
has a solution in 5[1) (1) if, and only if, the d.f.
> T, lg]dz" Adz! (8.13.4)
0]

satisfies the complex Hodge-Dolbeault system (see (8.1.1)). If it holds then
each solution f € ?‘f (1) of the equation (8.13.3) is of the form

m

f=3 Tylgg) +h, (8.13.5)

g=1

where h is an arbitrary holomorphic function in €.

Proof. 1If fy € 3(1) (27) is a solution of the equation (8.13.3), then
necessarily 0" [fy] = 0. Hence g = 0 can be taken in Theorem 8.13,
and the condition (8.13.1) converts into

Jp—1

»> (=)' T, [gj]dZ A A
-1

m j—1 m
=> (ZTq lgj1dz? NdZT — > Tylg;]d7’ /\dzq) =

J=1 \¢g=1 g=j+1
m 7—1 m

= Z Tqlg5]dz? + Z Tqlg;1dz? | NdZ) =
j=1 \¢=1 g=j+1



which gives (8.13.4). Analogously, (8.13.2) is transformed into (8.13.5).
|

8.14 General situation of the Borel-Pompeiu
representation

In Subsections 8.7 to 8.10 we made use of the hyperholomorphic
Cauchy integral representation (6.1.1), which brought us to the inte-
gral representations (8.9.1) and (8.10.1) where only the surface inte-
grals are included, not the volume ones. Consider now a more gen-
eral situation of the Borel-Pompeiu integral representation (2.11.1),
which was written in Subsection 7.1 as

2F(2) = Kp[F)(2) + Ty o DIF)(2),

with

/ 5 (1T —2, 2) NG, i\F(T, dz),
gl //c 2) A F (r, d2) av;.

The following formula was proved in Subsection 2.10:

Kz (1 — 2, z)i\ET,Z:

m

= (=)™ 1)U (r, 2) g AdT A dZIA

J (5]
i=1

m
mz ] IU] (1, z)dT/\dTH/\dz]/\dzJngg—i—

+Z< I)J 1 q )dﬂﬂ/\dT—



— (=) U (7, 2) dTig A dT) Adz? A dZ Eyyo +

+ (=)™ (=177 Uy (7, 2)d7 Adry) -

q<j

— (—1)q71uj' (7', Z) dt /\dTm) /\gf\q/\ d/Z\jEQXQ +

+3 (=1 Uy (7, 2) dryy Adr Az A dZ Bayy +
q#j

+ (=1 (=1 Uy (1, 2)dr Adrpy AdzTA JQJ‘EQXQ} :
J#aq

which means that the product K5(7 — 2, 2) A T, is the matrix
*

A, Az
( Lo A ) = AT, 2)

where

m
A = (—1)T2{Z(—1)j‘1uj(7, z2)d7;) AdT NdZT A dE +
j=1
m ) i —
H=1)™ Y (=17 Uj(r, 2)d7 Adry A dE A dzT +
j=1
+ 3" (=1 Uy(r, 2)d7y A dr A dzT A dE +
97]
H=1)™ Y (1)U (1, 2)d7 A dryy) AdzEA Jz\j},
J#4q

and

Ay = (—1)z2{2((—1)j%(T,z)dm]AdT—

q<j

— (—1)q_1Uj(T, Z)di'[q] A dT) AdzZI A dF +



+ (=)™ (=17 Uy(r, 2)dr Ny —
q<j

—(=1)7 Uy (7, 2)dT A dryg) A dz A Jz\ﬂ'}.

Hence, the Cauchy-type integral of a m.v.d.f. F' is an integral oper-
ator over I' with the kernel A(7, z) (being itself an operator!):

K5[F(z) = /A(T, 2) N F(r, dz).
r

For the second term in the Borel-Pompeiu formula we have from
Subsection 2.11.1

where

Ry

/Cf(T_Zv Z)i\ﬁ[F](Tv dz) =: R = (Rij)’

(m—l)! i Tqg — 2q == = 11 B
2 dzi N (0 |F d
; |7 — 2P #N @] d2) +

+ 0 [F?Y] (7, d2)) +

palm 1) i 10”20 qz0 A (8* [FM) (7, d2) +

q:l |T - Z|2m

+ 0 [F*] (1, dz)),

2(m — 1! > T " %a_ g0 p\ (0 [F"] (1, dz) +

| — 2*"

q=1

+ 0* [F?!] (1,dz)) +

(m—=D!'S~ T = Zg 5= (5e (il _
+ 2 dzi N (0F |F , d
;|T—Z|2m z ( [ ](T Z)+



1M F—F —
Rz = o (m 1)'2 T =20 qza n (0 [F'2) (7, dz) +

+2(m—1)!i Ta— % Ldz? A (0 [F¥2] (7, d2) +

|7 — 2"

+ 0 [F*] (1,dz)),

Y - -
Ry = o (m 1)'2 10720 _gza p (5 [F2] (v, dz) +

+2(m‘1)!§j To = %0 gz & (0 [F12] (r, dz) +

A

+ 0 [F*] (1, dz)) .

Hence the Borel-Pompeiu formula takes the form

2F(z /.ATz ) A F(r, dz) /RTZdZdV. (8.14.1)

Let f bead.f. andset F := fFEs5.5. Then

Ry = Q(m_l)!i Tq_ |2q dzi A [f] (r, dZ) +

2D TR g (1), )

2
el P



(8.14.2)

R12 == 2 m

I DS~ T2 0 011 (r, d2)

Ry = Q(m’];nl)! i T~ % dz? A O* [f] (1, dz) +

(m—lﬂi T~ %00 A D(f] (7, dz)

that is, in particular, R;; = Rz, Ro1 = Ri2, and the formula
(8.14.1) written component-wisely gives the following equalities:

2f = f.Al/\f — f Ry (1, z;dz)dV;;
o+

fAQ/\f — f R12(7’, Z;di)dVT,
O+

or, more explicitly,

m(m 1)

:(1

/z

7=1

17 (, z)d7 N dT Adzi A dZ A f(r,dz) +



m
mz 1)~ 1Z/{]7'z)dT/\dTH/\dz]/\dzJ/\
j=1

AF (. d5) +

+ 3 (=1 Uy (7, 2) digjy) Adr AdzT NdE A f (7, dZ) +

aj
H(=1)™ Y (=) Uy (1,2) dF Adryy AdELA dzi A
a7y
/\f-(T,dE)}(Qz /{Zu 7,2) 430 A Df (v, d7) +
o+ La=1

+ ZUq (1,2) dz? A O* f (,dZ) }dVT;

g=1
(8.14.3)

0 /{ ( V= Uy (7, 2)d7y Adr —
r q<j

— (=1 U (7, z)d7g A dr) Adz? AN dZ A f(T,dZ) +

H=D)mY ((—1)jluq(7, 2)dT Ndrp;) —

q<j

— (=1t (7, z)dT A dT[q]> Adzi Adz A f(r, dz)} -

—(20)™ /{Zu (1,2)dz% A Of (r,dZ) +

o+ 9=1
+3 Uy (r,2)dz7 A O f (7, dZ) }dVT.
q=1
(8.14.4)

We are going to compare the formulas (8.14.3) and (8.14.4) with



the well-known Koppelman (or Bochner-Martinelli-Koppelman) for-
mula, see, e.g., §1 in [Ky], [HL1], Chap. I in [HL2], Chap. IV in [R].
To this end we start with the following assertion.

8.15 Partial derivatives of integrals with a weak
singularity

Theorem Let Q2 be a bounded domain in C™ with the piecewise smooth
boundary T, let g € C1(Q2; C), then for any k,j € {1,...,m} there holds

0 /g(T)uj(T,z)dﬂdT _

0%
Q
) _ g —
= (—l)m_j/Q(T)uk(TaZ)d?/\dT[ﬂ+/8—fuk(7,z)d?AdT;
r o 7
(8.15.1)
i/9(7)27]'(7, 2)dT Ndt =
0z,
Q
= / T Uk(7, 2)dT A dT[;) /?g 2)dT A dr,
r Q
(8.15.2)
where
‘ . (m—l)! 7]'—5]"
Uj(r.2) @riym " |r — 22
_ I e —
Uy(rs) = oD m

2mi)m 7|1 — z|2m

Proof. It is enough to prove the equality (8.15.1) only. Given j €
{1,...,m}, consider the differential form

wj 1= (—1)’”“‘*1 ~g(T)|T — z|2*2md? A dTj,

for which we have

m 1 2-2m) =
ZM T g(r) T — 2P AT A dT A dy) +



m
0 . _ _
+ Z 3—Tk [(—1)m+] 1g(T) T = z|2 Zm] dr, AT N\ drpj) =
k=1

= (—1)m"'j_li (g(T)|7' - z|2_2m) drj NdT A dT[j] =

0T
0 0
(% T = z|2_2m +g(1) - 5 (|7' — z|2_2m)> dT AdT.
j j
But 5
o 2-2m) _ (1 Tj — %
hence
duws — dg 2—2m 1 Tj—Zj d7 A d
wj = 8_7'] | =2 + (1 —=m)g(T) P T ANdT

Both w on I' and dw on € are absolutely integrable, thus the Stokes
formula is valid:

(—1)m_j‘"1 /g(T) T = z|2_2mdF/\ dT[ﬁ =

r
g_fj T = 22T AdT 4 (1 —m) /g(T) |:]__Z|Z2]m dT A dT,
Q Q

which implies that
/g(T)7|TJ_Z|2de?/\dT:
-1 m—j+1 _
CO T gy g = 2P T A dg) -

1—m
T

- / @h — 2|*7¥ T Adr =2 1 + .
oTj
Q
For z € Q, I, is differentiable and by Leibnitz’s rule

oL _ (—1)mj/g(T)MdF/\drm.

B—Ek - |7 — z|?m



The integral I, is improper; differentiating under the integral sign
we arrive again at the improper integral both being absolutely con-

vergent, thus
- 0
/ k%29 gr A dr.
|7 — 2?™m 07

Hence we get, finally, the equality

ﬁ/g(T)ﬁijd_/\dT—

0z, T — z|?m
Q
—j Tk — 2k ,—

39 Tk — 2

+ (97'] |T—Z|2m

-dT NdT,

which is exactly the equality (8.15.1). One can compare all this with
Lemma 1.15 from [Ky].

8.16 Theorem 8.15 in C2

Having in mind further development, in this subsection we write
down explicitly what Theorem 8.15 gives for m = 2. We obtain the
following four formulas from (8.15.1):

ifk=1,7 =1 then

0

% /g(T)Lﬁ (1,2)dT NdT =

Q

= _/ (T )ul(T Z)d_/\d72+/—u1 T,2)dT A dT;
r
(8.16.1)
if k =1,7 = 2 then

8 = —
a7, /Q(T)UQ(T, 2)dT NdT =

Q



(CZ

:/()U1(72d_/\d71+/3—g 1 (7, 2)dT A dT;
r Q
(8.16.2)
if k =2,7 =1 then
4 _
97, /g(T)L[l (1,2)dT NdT =
Q
= —/g(T)Ug(T, 2)dT A dro —1—/88—932(7, 2)dT A dr;
T1
r
(8.16.3)
if k = 2,7 = 2 then
0
8—52 /g(T)UQ(T, 2)dT Ndt =
Q
= /Q(T)HQ(T, 2)dT Ndm + / g—gﬁg(ﬂ 2)dT A dr.
T
r Q 2
(8.16.4)

8.17 Formula (8.14.3) in C?

To illustrate the general idea, we begin with comparing the formu-
las (8.14.3) and (8.14.4) and the Koppelman formula in C2. The in-
teresting case here is that of a differential form of degree 1, i.e., let
m = 2, f = fi(7)dzZ1 + f2(7)dZ>. Substituting this into (8.14.3) we
obtain the equality

f1dz1 + faodzo =
= dz; /(fl(T)(UQ(T, 2)dTy NdT — Uy (T, 2)dT A d1o) +

+ fo(T) (Z/{Q(T, 2)dTy A dT + U1 (T, 2)dT A d71)> +

+ dzy /(fQ(T)UQ(T, 2)dT Ndrmy — Ui (T, 2)dTo A dT> —
r



— fi(r) - (ul(Ta 2)dTy NdT —i—Ug(T, 2)dT N\ de) +

ofi | 0f2\5
-l-dzl/((a—Zl-l-a—ZQ)ul(T,z)—
Q

df2  0f1

df1 | 0fa
+d22/((a—21+8—z2)u2(7',z)—
Q

—(% — %)L[l(ﬂ z)) dT N dr.
(8.17.1)

Both functions f; and fs are arbitrary; in particular, one of them
may be taken identically zero, which leads to the equalities

filz) = /f1(T) [Us(T,2)dT1 AdT — Uy (T, 2)dT A drs] +
r

+/ <%H1 (1,2) + %UQ(T, Z)) dT ANdr;  (8.17.2)
1 2
0 = [ £ A dr+ Tl i ) -
r

—/ <%ﬁ2(7, z) — %Z/ﬁ(T, z)) (1, 2)dT A dT;

821 322
(8.17.3)
folz) = / Jo(7) [Ua(r, 2)dF A dry — Uy (r, 2)dFs A dr] +
I
Of257 df2 _
+/ (8—Z2U2(7', z) + 3_71UI(T’ z)) d7 A dr;
(8.17.4)

0 = [ 1) [o(r, b Ny + Tl )7 ] +
I



(C2

+/<§£2u1( )—%UQ(T, )>d?/\d7’
Q

(8.17.5)

What is more, f; and f; may be taken real-valued which means that
we have, in fact, two pairs of formulas such that in each pair one of
the formulas is the complex conjugate to the other one. We resume
the above reasonings as follows.

8.18 Integral representation (8.14.3) for a
(0, 1)-differential form in C?, in terms of
its coefficients

Proposition Let Q@ C C? and T' = 9Q be as always, and let g €
CY(Q; C). Then for any z € ) there holds

9(z) = /g(T) (Ua(7; 2) - d71 Adr — U (75 2)dT A dr2) +
r

Jg Jg _ _
+/ <8Zlul(7' z) + FZ/{Z(T z)> d7T NdT;
Q

(8.18.1)
0 = /9 (T)(Ul(T;z) - dTy N dT + U (T3 2)dT A dTQ) _
r
dg dg ‘ B
/ <6z1u2( 2) - %UI(TJ)) dT NdT.
Q
(8.18.2)

8.19 Koppelman’s formula in C?

Take again the differential form f = f1dz; + fodz2 (in C?) and sub-
stitute it into the Koppelman formula. We obtain

f1dz1 + fadzy =



— d / (FL(1)Uo (7, 2)d7s A dr + faldo (7, 2)dFs A dr) —
I

— dEQ/ (filhy (1, 2)dT1 NdT + foldy (T, 2)dT2 A dT) +
r
9 _
+dzy - 9 / (fihy (7, 2) + folho(7,2)) dT AN dT +
Z1

0
+d§2'—/ (le/ﬁ(T,Z)+f22/{2(7',2))d7/\d7'—
072 Ja

—d?l/ (%—%>UQ(T,2)d7AdT+
Q

0T1 079
+ dEg/ 8—52 — 8—51 Uy (T, 2)dT N\dr. (8.19.1)
Q \0T1 079

We now apply the same procedure as in Subsection 8.17: separate
the coordinates of dz; and dz, and take into account that f; and fo
are arbitrary smooth functions. This gives the following assertion.

8.20 Koppelman’s formula in C? for a
(0,1) - differential form, in terms of its
coefficients

Proposition Let Q) C C2and T = 09 be as always, and let g €
CY(Q; C). Then for any z € ) there holds

9(z) = /Fg(T)Z/{Q(T, 2)dT1 AN dT +

0

+aT g(T)Us (7, z)d7/\d7+/ _z,{2 (7, 2)dF A dr;
21

(8.20.1)
9(z) = _/Fg(T)ul(T,Z)d72/\dT+



_ Jdg
+—822 /QQ(T)UZ(T, z)dT NdT + /Q 8_711/11(7, z)dT N\dr;
(8.20.2)
0 = /g(T)Ul(T, z)dTy NdT —
r

_% /Qg(T)Ul (1,2)dT NdT + /Q %Ul(ﬂ 2)dT N\dr;

(8203)
0 = /F o()Uo (7, 27> A dr +

P - dg
+6—§1 /Qg(T)UQ(T, Z)dT AdT — /Q ﬁUQ(T, z)d? AdT.
(8.20.4)

8.21 Comparison of Propositions 8.18 and 8.20

Now we are ready to compare the formulas in Proposition 8.20 and
Proposition 8.18. Take the formula (8.20.1) and apply the equality
(8.16.1):

0
g(z) = /9(“2(T,Z)d?1/\d7+7/g(T)Z/ll(T,z)d?/\dT
r 0z1 Ja
9g
+ | =U(7,2),Us(T,2)dT NdT =
o 0T

= /9(7)U2(T,Z)d71/\dT—/g(T)Hl(T,z)dTg/\d?—i—
r r

T1 To

g —
+/ —gul(T,Z)d?/\dT—l—/ 8—_gZ/IQ(T,z)d?/\dT:
= /9(7)(1/{2(7, 2)dTy A dT — Uy (T, 2)dTy A dT) +
r

+/ <@U1(T,Z)+a—_gZ/{2(T,Z) d7 A dr,
Q 87’1 8

T2



which is exactly the formula (8.18.2). Take now (8.20.1) and apply

(8.16.4) to the term with ; we get

07z
g(z) = —/ (U (T, Z)d?a/\dTJr/ (T)Us (7, z)dr A dT +

/—Z/{QTZd_/\dT+/ gZ/ﬁTsz/\dT—
0Ty 0T

- /F g(7) (UZ(T, 2)dry A dT — Uy (7, 2)dT A dT> +

+/(§mu2( )+§—1u1(7, ))dﬂdr

The function f is an arbitrary function, in particular, a real-valued
one, hence this is just the complex conjugate to the formula (8.18.1).
For the formula (8.20.1) we obtain, using (8.16.3)

0 = / g(T) Uy (T, 2)dT1 NdT — %/ g(T) Uy (T, 2)dT A dT +

/—Z/ll (1,2)dT NdT =
0To

= / g(T)Uy (T, z)dﬂ/\d7'+/ g(T)Us(T, 2)dTy N dT —

/—UQTZd_/\dT+/—ulTZdTAdT—
o1 0To

= / g(T) Uy (T, 2)dT1 NdT + UZ(T, z)dre A\ dT) +
I

+/ 8—_91/11(7, z) — a—Z/lz(T, )>d?/\d7,
0 87‘2 37’1

which is the formula (8.18.2), while (8.20.1) gives its complex conju-
gate if one makes use of (8.16.2):

0
0 = /gUg(T,z)d?gAdT+T/gUQ(T,z)dF/\dT—
821 0

/—Z/{ZTZd_/\dT—

= /QUQ(T, 2)dTo NdT + / g1 (7, 2)dr A dT +
r r



(C2

/ TZdT/\dT—/—UQTZd_/\dT—
87’2

= /FQ(T) (u2(T,Z)d?2 AdT +Z/{1(T,Z)d7'1 /\d?) +
+/ (;_921/11( z) — ;—TIUQ(T z))d?/\dT.

8.22 Koppelman’s formula in C? and
hyperholomorphic theory

Thus we may conclude already that, at least in C?, the Koppel-
man formula is another way of writing the integral representation
(8.14.3). We see the following advantage of the formula (8.14.3): it
reveals the deep and intimate relation between the Koppelman for-
mula and the complex Hodge-Dolbeault system for which (8.14.3)
is its “Borel-Pompeiu-type” integral representation. It shows also
that a “Cauchy-type” integral representation for the Koppelman for-
mula cannot be obtained by just crossing out both volume integrals;
one must first perform a transformation of the kind described by
Theorem 8.15, thus arriving at (8.14.3) and seeing that the volume
integrals disappear for a differential form which is a solution of the
complex Hodge-Dolbeault system. In this way the relation between
the Koppelman formula and the hyperholomorphic theory is estab-
lished as well. This relation involves the equation (8.14.4) also: the
Koppelman formula for two variables (8.19.1) written in the form
(8.17.1) and taken together with the corresponding corollary of (8.3)
gives the hyperholomorphic Borel-Pompeiu formula for differential
forms.

8.23 Definition of py

Certain calculations in what follows get simplified if one uses the
notion we shall introduce now. Let H and K be arbitrary finite sets
of integers with cardinal numbers card H and card K, respectively.
Then

. 0, if HNK #0,
PHK = { (—1)*, if HNK =0,



where k is the number of elements in the Cartesian product H x K =
{(h,k) |h € H,k € K } with the property h > k. Those elements are
called sometimes the inversions of the pair (H, K).

One can prove that, in particular, for the three sets H, K, L there
hold

* PHK *PHUK,L = PK,L " PHKUL = PH,K * PK,L " PH,L;

(8.23.1)
x pHK = (_1)cardH~cardK oK.

(8.23.2)
* PH,KUL = PH,K * PH,L-

(8.23.3)

More properties and explanations will be given in Subsection
8.29.
We shall make use of these properties working with wedge prod-

ucts of differential forms and with the operator dz*. For example, let
H and K be ordered subsets of {1, ...,m} and let H U K denote the
ordered union of the two sets, then

az! A azk = py gdz?VK.
If j € {1,...,m} then

dz NdZ" = pgjy g5y - A2,

8.24 A reformulation of the Borel-Pompeiu
formula

Let us proceed now to the general case of m variables. It is enough
to consider a differential form f = f;dz’ with |.J| = ¢ fixed (¢ €
{0,1,...,m}),J: (jl,...,jq),jl <jJo < ... <jq.

Then the formula (8.14.3) reads

fz) = (~n" /{Z(_l)ilf](T)Ui(T,z)dﬂﬂ/\dT/\dEJ—{—

bovigd



+ (1™ (1) () Ui(r, 2)dT A dry A dzT +
e

+ YD (YT () Uy(7,2) -

igJ pti

- dTy Ndr AdZP A dZ A dET

+ ) Y (=)™ (U (7, 2) -
1€J p#i

-d?/\drm/\dzp/\cgi/\d?’}—
m(m 1) f] . —J
- (-1 /{ZU T,2 %32“ dzP A dz" A dz® +

+> Up(r,2) ) g—fdzp A dZn A dEJ}d? Adr.  (8.24.1)

V4
p=1 neJ "

The first two surface integrals are already of the form we need. For
the third surface integral we have

pFi
iZgJ
/ g ) (T Uy (T, 2)P{iy,J * PIph(JU{\(p} °
igJ
pEJ

- dFy) A dr A dzIEINP

Analogously, for the fourth surface integral we get

/Z ) E (U (T, 2) - pgay, iy -

i€J
p#i

- dF Adry) AdzP A dzT M =
/Z D)™ (O U(T, 2) iy i) * Pip )

ieJ
pgJ

- d7 A dry A dz(?\MiHui{p}



Now we proceed to the volume integrals in (8.24.1). For the first of
them we get

/ > Z 8fj (7, 2)pyny,sdT N dTA

ngJ p= 1

A dzZP A dzVint =

- [Tz v )

n¢gJ p=n peJ pdJu{n}

af (T)U (7,2)p{ny, s - dT AdT A dzP A dz’P1nt —
0
- /Z fJ 7,2)dT NdT - pipy g ey - A7+
pZJ 0z
/ ZZ afj (1, Z)d_/\dTp{n}J .
6zn
ngJ peJ

P U\ (py - A2V,

Analogously, for the last volume integral we obtain

/ZZ 3f] H 7' z " P{n}, J\{n}dT Adr A dzZP N d—]\{n} _

0z
neJp=1 "

- [z 2 vy

neJ p=n_ pe\{n} p¢J

Ofs
Oz

= /Zgﬁj( ) - Un(7,2)dT NdT A dz’ +

/ Z a " P{n},\{n}
p€J

CPLpY, I\ {n}dT A dT A dz(\MnHuip}

—=Uy (7, 2) - Pin},\{n}dT N dT N dZP A dz’\Mn} —

Substituting all this into (8.24.1) and comparing the differentials in
both sides, we conclude that (8.24.1) is equivalent to the following



system:

f1z) = ()™ {/ (Z( 1) £ (r)Us (7, 2)d7 g A dr +

r iZJ
+ (=)™ (=) (Ui, Z)d_/\dT[]> -
1€J
/Zaf] (1,2)dT NdT —
/Z gﬁ" Vo d_/\dT},

(8.24.2)

) (U (7, 2) piy 1 - Pipy(TULN 3 AT A AT+

]
Il
+ ’—J\

(=1)™ P f (D) U (7, 2) pry i) - Py I\ () AT A dy] —
ofr
- / [62 (T)Up (T, 2)Pa},0 * Pip}(T0EH\ P} T
Q

0fr, 77
+ 5= (U7, 2)p(0) 1\ () Piy. o)) | @7 A dT
P

(8.24.3)
foralli ¢ J,Vpe J.

8.25 Identity (8.14.4) for a d.f. of a fixed degree

Quite similar reasonings, applied to the identity (8.14.4) with f =
fr - dz’ for | J| = q fixed, lead to its following equivalent form:
Z (( )‘7 7] (T, Z)dT[ g Adr —

=

T pycy

— (—l)pflaj(T, Z)d?[p} A d7'> fJ(T) “Pipjt.Jd A dEJU{p’j} +



+ (=)™ Z ((—1)j—1up(7,z)d?/\d7m —
{pzﬁij

—(—1)”712/{]-(7', 2)dT N\ dT[,ﬂ) .

Fa(T) - PGy Pk - 42 }} -

; Z 0z
a+ {p],)J?(ZJ ’ ’
Pipyr - 42700 4
afs afs
+ (tina - S0 -t S
r<J
{p.j}CJ

PG Plo)I\pg) - 47 P }}dVT-
(8.25.1)

The above means that (8.14.4) is equivalent to the following set
of identities in Q:
ifp <jand {p,j} ¢J then

0 = /((—1)1% (v, 2) d7y A dr —
I
— (—1)1’—1Uj (7,2) dTpp A dT) fr(r)—

— (20)™ / (Up (1,2) %‘Z (1) = U, (7,2) o1 (T)) vy,

O+
(8.25.2)

ifp<jand{p,j} C J then

0 = (—1m / (=172 (1, 2) d7 A dry) —
r



— (—1)7’_11/{]- (T,Z)d?/\d’r[p}) fr (7') —

ofs
Z —_—

0zp

(T)> dv,.

(8.25.3)

8.26 About the Koppelman formula

The Koppelman formula has several forms of representation; we
shall make use of that one which is in [R]. Let f be an arbitrary
(0, q)-differential form, with 0 < g < m, then in

f(z) = /F F(7) A Kylr,2) — /Q Bf(7) A Ky, 2) —
-0, / f(r)AKyoi(1,2), (8.26.1)
Q

where K_; :=0,

_ (=D menr
Kqy(rz) = (2mi)™ q!(m—q—l)!'B .

. m—q—1 _ q
OB A (87675> A (@&B) ,

with 8(r,2) == |7 — 2|2
Since

m

0B = Z(?p_gp)dﬁﬁ

p=1

0:0-8 = > d7pAdmy;
p=1

0,0, = —ZdEpAdTp;
p=1



one gets

m—q—1
(5787,6> ! = (m—q-1)! Z Nvep (d?,, A dT,,);

luj=m—q—1

(10)" = v S o)

|7]=q

Combining all this, one obtains

Ky(7,2)

m
(g+1)
(—l)qq2 Zui(T,Z)dTi/\ Z drr, A
=1 [I|=m—q—1
Ndrp Ao NdFL, o NdTr, A dr A
|H|=q
A dzg, /\.../\dEHq /\dTHq =

m
( ) (m—q—1)(m—q—2)
(~1) 5 ()T Y Ui 2)dr A
=1
A Z dr Adrp A Z dry Ndzy =
I=m—q-1 |H|=q

m
(g+1) (m—g—=1)(m—q=2)
(~1)" (1) T Y Ui, 2)d A
=1
AN Y Pasdia NdTaup AdZs =
la|=m—g—1

1Bl=q
anp=¢

m

(g+1) | (m—g—1)(m—g—2)
(-1 R ) 3

=1 |a|=m—g—1

q
anpn{i}=¢

 Pas(—1) T Ui(1, 2)dFo A dr A dZg =

m
q(g+1) | (m—g—1)(m—q) -
(D7 T YT Y pap(=)T!

=1 |a|=m—g—1
|nl=q
anpn{i}=¢

cUi(T,2)dTo NdT NdZg =



= (—1)%m(m—1)+qmzm: Z payﬁ(_l)i—l

1=1 |a|=m—g-1
[Bl=q
anBn{il=6

. Z/[i(T, Z)d?a ANdT N d?/g.

Letagain f = f;d7’/, with |J| = ¢, ¢ € {0,1,...,m}. Hence
0
8f Z deTk/\d_‘] Za_ P{k}, Jd_JU{k}

and
(M) NKyi(1,2) = fJ(T)d?‘] NKy_i(1,2) =
= (=ppmm D@ m gy (r)yard

AT DY pas(-1)T

1=1 |al=m-—gq
|Bl=g—1
anpgn{i}=¢

“Ui(T,2)dTo NdT N dZg.

In the last sum the only terms to survive are those corresponding
toa={l,....,m}\J,ieJ, B=J\{i}. Hence

F(r) NE g1 (r,2) = (=1)zmm=D+m gy
S pmpnn gy GO prg
il

~Ui(T,2)dT NdT A dz’\it,
Using now Theorem 8.15, we obtain

@Ajh)
— (-1

)

A Kq_l(T, z) =
1
2

2l D HE MmN ) N

ieJ

CPI {1, mI\T / o (U1, 2)dT NdT NdZ g5y =



PN =D o LA P Lm T

1€J
o0
ZEk/QfJ(T)UZ'(T,Z)d?/\dT/\dEk/\dfj\{i} =
k=1
Lm(m —1)m i1—
= (=12 ) LI T L\

ieJ

(Z+Z+ > ){ )m_i/rfJ(T)Hk(T,Z)d?/\dT[i}

=i kel ked\{i)

ofs

Q 0T

= (—1)%m(m71)+(q71)m'Z(—I)FI{ ..... mINLI\{i} " PIALeam\T
ics

{[ ml/f] i(T, 2)dT A dT;

+ 8J;J i(T, z)d_/\dT]pZJ\{ }d_ +

-+§:[c—nm{éfuhﬂﬁkhvwd?Adﬂﬂ+

k¢J

0fr+
oT;

+ deT/\dT}/\d_k/\dzJ\{z}—

+

Ui (T, 2)dT A dT:| A DLy I\ fi }dz(f\{ })U{k}}

Analogous computation applies to [;. f(7) AKy(7,2) and [, f (7
K,(r, z), which gives

/f ) A K, (7, 7) =

lmm m
= (=12 N ()T e\ b (D)
ieJ pgJ

P ({1 NI\ (P} / (U (r, 2)dT i) A dr A dz PPN o

L m(m— m
4 (1)} D)+g Z P{L.mP\D\{i},J * PI,({L.mP\I\{é} ~
i€J



/fj }/\dT/\dZ

and

1
/6f /\K T Z Z’O{k}‘] 2 m(m—1)+qm

ke
. _ k_l —_— . .
(=1) 9{1...m}\(Juk),J/Q%kuk(ﬂz) PIU{k}{1.m P\ (JU{k})

AT Adr NdZ Y ppy g (1) 3D

kgJ
U T pp m U DUk
1€J
9fs
a7, Ui(T, 2) * PIOgk) {1...m\(JU{kD) °
Q

- d7 N dr A dz\EDUTEE

Substituting all this into (8.26.1) and comparing the differentials
in both sides, we conclude that (8.26.1) is equivalent to the following
system:

Lon(m— m i—
= (=12 ) o LT P (L PN}
igJ

/f] (1,2) dT (1] AdT
= oyl rmlmeLkem ()R Ly Uk
kg

of
‘/Qﬁuk(ﬂ 2) * PIULk} AL, m\(JU{k)) * AT A dT

— (=1)zm(m=D+(g-1)m

e



,[(_l)m—i /F [ ()7, 2)d7 A dy +

Ofs+ _
—I—/Q or, Ui(T,2)dT A dT] Pi,J\{i}-

(8.26.2)

. /fJ(T)uz (T, Z)d?[p] AdTt N dg(]U{p})\{l} _

—(=1)zm(m=1)+gm

oy 2D T o m GO GO -
kiJ icJ

*PJU{k} {1..mP\(JU{k})
- / a—_"ui(T, z) - d7 Adr A dzNEDDTRE _
aTk
Q

Lim(m— —1)m i—
—(=1) DM N ) o LA} P {1\
icJ

> [(1)@”) / Fr ()i (, 2)d7 A dryls +
N

k¢J

8 _ .
/ 8&%(7, 2)dT A dT] A Py, iy dz N DL,

Q
(8.26.3)



8.27 Auxiliary computations

Consider the right-hand-side term in the representation (8.26.2) for
f7(2). Using the properties of py x from Subsection 8.23 we have

Lm(m—1 m i—1
(=)D () NN P DN} =

= (=1)zmm-Diam (_qyi-1 (_p)alm-q-1) -
= (=1)zmm=D . (—1)i-L,
Analogously, consider
Y o= —(—)pmmetdem . gyt (pyme
P mN\TI\{i} T PI{L,..,mI\T " P}, I\ {i}>

which, with the intermediate notations H := {1,...,m}\J, K :=
J\{i}, L := {i}, becomes

Yy = _(_1)%m(m71)+(q71)m . (_1)m7i . (_1)2'71
" PH,K " PKUL,H * PL,K -
But (_1)i—1 = PLHUK = (_1)cardL-card(HUK) - PHUK.L

= (-1)""'pyuk,1, which implies that

Yy = _(_1)%m(m*1)+(qfl)m . (_1)7”*2' . (_1)7"*1
"PHUK,L * PH,K " PKUL,H " PL,K
and then
Y o= (—L)mim e

" PH,KUL * P(KUL),H * PL,K =
l _ i

(pH.KUL - PRULH) =



_ (_1)%m(m71)+qm+m7i . (_1)card K-card L |

_(_ 1)card H-card(KUL)

= (-1 Lm(m—1)+gm+m—itq—1+(m—q)-q

1

= (DY e (1

In the same way we get

1

Vi = —ppgc (C)EmODR et

CPLL e m\(JULKD), T PIOIE}{1.m P\ (JULk)) =

= (L)L DL\ (k)

*P{L.mIN(JU{k}),T " PTU{k},{1..m}\(JU{k}),

which, with the intermediate notations H; := {1..m}\(J U {k}),
K, :=J; L, := {k}, becomes

1 1 1
Vi o= (1)t o ke pry UK

" PH1,Ky " PK\UL1,HY =

(_1)%m(m+1)+qm+1 . (_l)cardL1~card(H1UK1) .

'(leUKl,Ll 'le,Kl) *PL1,Ky " PKyULyHy =

L 1 1 -1
(_l)zm(m—i— )+qm+ +(m ) : PKl,Ll : le,KlULl :

*PL1,K1 " PK1ULy Hy =



— (_1)%m(m+1)+qm+m . (_1)q . (_1)(m—q—1)(q+1)

Lm(m —1)m i—
Y, = —(=1)zmimtitem . (_y) Ll mPSI))

" PIA{L.m\J T P{i},J\{i})=

= (=) m ) PP LA

CPI{1.mN\JT " PLi},I\{i}),

which, after quite similar computation, leads to
Yy = _(_1)%m(m+1).

Hence for the volume integral we have

—(-1) émm+1 /(Za_m”’“ (1,2)dT NdT +

k¢J
+ Z . U(T, z)d_/\d7'> ,

and combining all the above we get that the equality (8.26.2) is equiv-
alent to the following one:

fir(z) = (—1)%7”(7"+1 ( Z l/f] (7,2) dTp AdT +
i¢J

+(— m Z+1/f] TZ d_/\dT[]> —
zEJ

- mm“Z/afJ YU (1,2) dT NdT —

ke



_ (—1)%m(m+1) Z/ %fj (TYU; (1,2)dT NdT .
iy T
(8.27.1)

8.28 The Koppelman formula for solutions of the
complex Hodge-Dolbeault system

By the linearity reasons all above extends readily onto arbitrary dif-
ferential forms of a fixed degree g € {0, ...,m}: f(2) = > fs(7)dz’
J
[71=¢

Then we may conclude that for any such a differential form the
Koppelman formula (8.26.1) is a particular case of the formula (8.14.3)
derived from the hyperholomorphic Borel-Pompeiu formula. This
means that if the differential form from the Koppelman formula is,
additionally, a solution of the complex Hodge-Dolbeault system,
then the Koppelman formula turns into the Bochner-Martinelli-type
integral representation from Corollary 8.9.

Theorem Let q € {0,1,...m} be fixed; let f = Y. f;dz’ be a dif-
=g
ferential form of class C* satisfying the complex Hodge-Dolbeault system
in a domain Q with usual restrictions. Then the Koppelman formula for
[ does not contain volume integrals, and it reads

fz,dz) =
= (-1
/( (=177 (7, ) d7yg Ndr Adz AdF A f (1,dZ) +

r J=t

m(m+1)
P} .

m
—1)™ N (=177 Uy (7, 2)d7 Adrpyy A dE AdET A
j=1

Af(T,Z) +
+ 3 (~1Y U, (1, 2) dTy Adr AdZTAdE A f (1,d7) +
a#J



PH,K

H(=1)™ Y (1) Uy (1, 2)d7 A driy) A dZE A dzi A f(r, dz) :
q#j

or equivalently, using the notations introduced earlier,

e o= % (U ) -d +

lil=q

+Z( op f5]dZ" AdzP A dP +
n#p

+ Uy L] dz"/\jz\f’/\dzj» :

8.29 Appendix: properties of py

We give here some complements to what is described in Subsection
8.28. Givenn € N, put N,, := {1, ...,n}. Then any bijection of N,, is
called a permutation of degree n, and let P, be the set of all permu-
tations of degree n. It is clear that card P, = n!. The composition
(o,p) € Py x P, — o o p makes P, a group, and we shall write
frequently just op instead of o o p. We denote v the neutral element
of P,,. The group P, is called the symmetric group of order n.

Let {i,7} C N, with ¢ # j, the permutation 7 € P,, defined
by 7(i) == j, 7(j) =i, 7(k) = k for all k € N,\{i,5}, is called a
transposition and is denoted sometimes by (3, j).

It is easily verified that any permutation o € P, can be repre-
sented as a product of transpositions. Moreover, any such o is repre-
sentable as a product of transpositions with consequent indices, i.e.,
transpositions of the form (7,7 + 1) with ¢ € N,_;. For a fixed per-
mutation the number of transpositions that are necessary for such
a representation is always even or always odd, which results in the
names an even permutation and an odd permutation, respectively.

Leto € P,, define

sqn(o) == 1, for an even o;
g ~ | -1, foran odd o;



sgn(o) is called the sign of the permutation. For any two permuta-
tions p and o there holds

sgn(op) = sgn(po) = sgn p- sgn o .

The set of all even permutations in P, is a subgroup of P, which
is called the alternating group of order n, and for n > 2 it has order

Let o0 € P, and let {7, j} C N, be such thati < j; the pair {7, j}

is called an inversion of the permutation o if 0(i) > o(j); compare
with Subsection 8.3. If I(o0) is the number of all inversions of o,
then sgn (o) = (—1)!(?), which is a way to find out whether a given
permutation is even or odd.

We proceed now to the characteristic py, x introduced in Subsec-
tion 8.23.

Take K = H' and

H = {i,.,i} withi; < ... <ip,
H = {jri1,0n) wWith jrig < oo <Jn;
consider the following permutation:
o — ( 1,2,...r,r+1,...,n )
ilai%"'airajr-i-la'“ajn .

All i, are ordered naturally, hence if {p,¢} C N, and p < ¢ then
(p, q) is not an inversion of o. In the same way if {p, ¢} C N, \N, and
p < ¢ then (p, ¢) is not an inversion of o.

Hence, if p € N, and ¢ € N, \N, then (p, ¢) is an inversion of o if
and only if i, > j,, that is, if and only if (i, j,) is an inversion of the
pair (H, H') . Thus

sgn o = (=1)" = (=1)" = pgur .

Let now
HUK ={ki,....krss}

with k1, ..., k45, and o € P,4 be a unique permutation such that

ko(ry = 11y o Ko(r) = iry



PH,K

ka(r—l—l) = Jis - ka(r—l—s) =Js-

If {p,q} C N, and p < ¢ then there holds

kg(l) = ip < iq = kg(q),

which means that (p, ¢) is not an inversion of ¢. In the same way, if
{p,q} C N,\N, and p < ¢, then (p, q) is not an inversion of o.

Taking now p € N, and r 4+ ¢ € Ny\N,, we may conclude that
(p,r + q) will be an inversion of ¢ if and only if o(p) > o(r + q),
which means by definition that k,(,) > ko(r4¢), i-€., ip > jq which
is equivalent to the statement that (4,, j,) is an inversion of the pair
(H,H").

Let us prove here the first property of pg, x from Subsection 8.23.
Let H, K, L, be subsets of N,,.

Assume first that H, K, L, are not disjoint in pairs. Then each
term in (8.23.3) is equal to zero, and that is all. To prove that the
extreme terms in (8.23.3) are equal, it is enough to prove that

PHUK,L = PH,L " PK,L- (8.29.1)

Let x1 and k2 be the numbers of inversions of the pairs (H, L)
and (K, L) . Since HN K = (), k1 + k2 is the number of inversions of
the pair (H U K, L), hence

pruk,L = (—1)77%2 = (=1)" - (=1)" = pu,L - pK,L,

and (8.29.1) is true.

In the same way the middle term and the third term in (8.23.1)
are equal, which means that (8.23.3) is true also.

Now about the equality (8.23.2). Let here x; and 2 be the num-
bers of inversions of the pairs (H, K) and (K, H) .

Since HNK = (), k1 + k2 is the number of all the pairs of elements
of H x K, ie., k1 + kg = |H| - |K|. Now

PHK " PK.H = (_1)”1 . (_1)”2 — (_1)K1+I€2 — (_l)card H-card K‘



Chapter 9

Hyperholomorphic theory
and Clifford analysis

9.1 One way to introduce a complex Clifford

algebra

Recall that the principal discomfort in the above theory consists of

the fact that the differentials dz/ and the operators dz are of differ-
ent natures, and thus, formally, do not belong to the same algebra.
To include into the same algebra all complex d.f. and the complex

algebra generated by the operators dz/, so that the equalities (1.3.4)
hold, let us consider the following complex algebra generated by it

-m. ;1
R A A

{
{
{

(AR

where k, j =1, ..., m; with k # j.

k

3 qd g g

., 1™ with the following rules of multiplication:

ik
OZ “ (9.1.1)
ik

OZ “ (9.1.2)
_ k.3

B 12 " (9.1.3)



This complex algebra is associative, distributive, non-commu-
tative, with zero divisors and with identity. We will denote this al-
gebra by W,,,.

Immediate consequences of the rules (9.1.1), (9.1.2) and (9.1.3)
are that for any j = 1, ..., m, the following equalities hold:

i =

o) o) ) = 4T,

Each element a of W, is of the form

a=)Y ayil -, (9.1.4)
jk
where ajx € Cand j, k are, respectively, strictly increasing |j|-tuple,
|k|-tuple,in {1, ..., m} with |j|, k| =0, ..., m, and
A=
=ik

Note that j or k can be equal §), the empty set; in this case, # or ik

are not included in the expression # - i¥.
The defining equalities (9.1.1), (9.1.2) and (9.1.3) say that two

Grassmann algebras, one generated by {i*} and the other by {%k },
got mixed by the crucial conditions (9.1.3) into a single object.

9.1.1 Classical definition of a complex Clifford algebra

Let Cly, 2, be a complex Clifford algebra with generators ey, e, .. .,
eom. This means that

el = —1 =: —ey, kEe{l, ..., 2m},
ereq +eqer = 0, k #q,

any element a € Cly, o, is of the form

a=Y asen,
A



where A = (aq, ..., ap) with1l < a3 < ... < ap <2m, {aa} CC,
€A = €q - --€q,. The reader can find all the necessary information
in [DeSoSo] and in many other sources.

Mention that for the Clifford conjugation of a we use the nota-

tion a*:
a* = ZaAe’A
A
withe) :=e;, ..., = (—€q,) ... (—¢€q,), and for the complex con-
jugation a:
a = Z ag-ep
A

with @4 := Re as — iIm a . Note that sometimes both conjugations
are denoted by the same symbol, but we prefer to use different ones.
Consider the following elements of Cly, o,:

1 .
fi = §(€2j+le2j—l)a
_ 1 ,
fi = E(ezj—le2j—1),

where j = 1, ..., m. Note that the 2m-tuple (f1, ..., fm, —f1,
..., —fm) is an underlying space basis of Clg, 2, in the sense of a
complex vector space. But, on the other hand,

fi-fe=—=fr-fj )
forall k,j =1,
.,y

(=13) - i = =fr- (= 13), :
with k # j;

() () =~ () (-7,
fi-fi=0,
(=Fi) fi+fi-(=F) =1,
(=1f3) - (=f;) =0, )

forallj =1, ...,m.

(9.1.5)

Hence we can make the following identifications: i/ = f; and #/ =

_f]



This means that the complex algebra W,, is nothing more than
the complex Clifford algebra Cly, 2, but with the other basis fixed.

This basis is called the Witt basis and below we will see that it is
important to study the Grassmann algebra as a part of the Clifford
algebra. We shall use the notation W,, when we want to use the
representation (9.1.4) of a complex Clifford number.

9.2 Some differential operators on W,,-valued
functions

Let © be an open set on C™. We shall consider W,,, -valued functions
defined in €2:
f:0—->W,.

On the set C! (Q; W,,) define the operators & and 8" by the equal-
ities

a[f] = Ziqg—f, (9.2.1)
=1 Y%

a'[f] = Z%qs—f, (9.2.2)
=1 %%

where

9 _1(0 9N o _1(d .0
0z, 2\0z, 0Oy,)’ 0z, 2\0z, Oy,)°
As in Subsection 1.3, W,,,-valued function 9 [f] can be interpreted

as a specific “Clifford product” of a W,,-valued function f with the
“Wp,-valued function whose coordinates are partial derivations (not

partial derivatives)”, i.e., with o= >l 8%1 ; what is more, in this
q=1
sense f is multiplied by 8 on the left-hand side:
o-f:=0lf]. (9.2.3)

Of course it is assumed here that a scalar-valued function commutes
with the generators of W,,,. The same interpretations are valid for
",



We define now

_ = = Of
3,« [f] = f.90:= E O—%Zq,
g=1
a a @ 8f 5
fl = f = — 1
a, [f] 0 qEZI 3zqz

Note that 8, [f] and 8/ [f] are W,,-valued functions, which differs
greatly from the definition of 8 in Subsection 1.3. Mention that now
one can use the notation f-8" without possible confusions (compare
with Subsection 1.3), but one needs to be careful with the fact that
the multiplication “-”, when the factors & and 8" are included, is
not associative, that is, in general:

(f-0)-g # f£-(0-8),
<f-5A>-g # f-(c?)/\-g>.

9.2.1 Factorization of the Laplace operator

On W,,,-valued functions of class C? it is natural to define the com-
plex Laplace operator as

Acn [f] = _ = - (9.2.4)

(compare with (1.3.3)).

Theorem The following operator equalities hold on Wy, -valued functions
of class C:

0o T O 2.
8,0) + 8.8, =Acn. (0.2.5)
800 =0,
a’\ N
89" =0, (9.2.6)



Proof. We have

m

__ L
(89" + 8 w2 7 E] + Y P——3df] =
Z 6zp ; 0zp

- Zzzpzq(?z 0z4 ZZH’ q@zpazq -

p=1¢=1 p=1¢=1

m m
- ZZZ (9z (9z ZZ’L Zp@zqazp:

p=1q=1 =1p=1
m m
- pzlqzlz (9z (9z Zqzz Zp@zqazp

Recall that f is a function of class 02 then

(89" +8"9) f] = Z Z i q@z 6,2 Z Z i 3Zp(9Zq

p=1g¢=1

- zzww}ai;q

=1 qg=1

-y {ipip + Epz'p} 322;zp +

p=1

2
PN {reiw) e
, pY%q

Now using the equalities (9.1.1) (9.1.2) and (9.1.3), we get

33" ., AR _ 3%f D D7 d%f
(00" +3" )] = L+ ¥ {iwio —ivio} 528 =
Py
=: A(Cm [f] .

The same for the second equality in (9.2.5).
We have now

89[f] = Z sz ZZzp qazpazq
=1

p=1g=1




0%f 0f
'Dsq 'q;P
* Z . {Z ‘ 02,07, R 8zqazp}'

53 - O2F
f = D;D
9ol I;Z " 9%,0%,
DY {i”i" Ot ow Of } -
p, g=1, ..., m 62138211 62p62q
p<q
Y 0t °f
= PP —— 4 {iPi? 4 9P} ———.
; 8zp8zp P, q;.., m 3zp3zq

p<q

Now using the equalities (9.1.1), (9.1.2) and (9.1.3), we get

=& g ps o°f
adf] = E {iPi? — P4} 555 0.
p, g=1, ..., m P q
p<q

The same for the rest of equalities in (9.2.6). B

Note that we don’t have the second equality from (9.2.5) in (1.3.4).
Note also that the equalities (9.2.5) are not factorizations of the Lap-
lace operator. . There are various ways to obtain them for instance

introducing the algebra as below in Subsection 9.4.

9.3 Relation of the operators & and 8" with the

Dirac operator of Clifford analysis

Let 2 be a domain in C™. For all f € C! (Q; Clo, 2,n) one introduces

the Clifford-Dirac operator as follows:

2m 9
Q9t [f] = Zek . 8—‘1{];
k=1



Note that the usual notation of the Clifford-Dirac operator is 0,
but we here prefer to use the notation ¥; because the notation 0
has been used, as a traditional notation, in this text and in several
complex variables function theory in many other meanings in fact.

We have

U
9 = ;ek-a—tk_
_ i ;kée%.%:
- ) g R ) g -

9.4 Matrix algebra with entries from W,

Now we need the set of 2 x 2 matrices with entries from W,,. We
use the following denotations:

W, W, All A12 y
o (U )= {(2042) 1 ).

The structure of a complex linear space in W, is inherited by
20,,: it is enough to add the elements and to multiply them by com-
plex scalars in an entry-wise manner.

Given A, B from 2U,,, their “Clifford product” A : B is intro-

duced as follows:

All A12 Bll B12
A;B = (A21 A22>L(B21 B22>
All ) Bll + A12 . BZI; All ) B12 + A12 ) B22
= A2 . B!l £ A22. B2, A2l.BI2 4 A22.B22



This product remains to be associative and distributive:
(4;8);c-4,(8;0);
(A+B)-C=A-C+B-C,
* * *
C-(A+B)=C-A+C-B.
* * *
Thus we shall consider 2U,,, as a complex algebra which is asso-

ciative, distributive, non-commutative, with zero divisors and with
identity.

9.5 The matrix Dirac operators

Let €2 be a open set on C™. We shall consider 20,,,-valued functions
defined in €2
F:Q—-92,,.

Now we need certain matrix operators composed from scalar op-
erators (9.2.1), (9.2.2), and acting on 2U,,-valued functions of class

C*. We put
A
—x 3 8
D = 5.1

o

ie, forF € C'(Q; W,,) we define D [F] and D" [F] to be

Q Q!
Q Q!

A

11 21 a.wl2 . AN . w22
DIF] — d-F'+9".F 8F~|—8F>

3 F11+3 F21 EA-F12+(‘_9-F22
F” +3 [F21] P [F12] +5A [FQZ]

(o
(
(o

(-‘9 F11+3 F21 EA-F12+(‘_9-F22

- F11+8 F21 5-F12+5/\-F22

3" FU _|_ 3 [F21] : 3" [F12] +d [FQZ]

P F” +3 [F21] : P [F12] + (F)A [FQZ] :
(9.5.3)



Recalling observation in Subsection 9.2, we can interpret the ma-
trix D [F] as a result of the matrix Clifford multiplication of F by D on
the left-hand side:

— 5 3" Fll F12
Now we introduce the right-hand-side operator D, by the rule

11 . 3 12 . /. 11 . N 12 . 7
D, [F — <F 0+F?.8"; F'1.9"+F a>

F?'.9+F?2.9" F?.9"+F?.9
_ (O [FV]+8; [F]; 8, [FV] + 9, [F] >
= Uorpee] v o) e o (ro] 40, (v )
(9.5.4)
Matrix (9.5.4) may differ from D (F= D [FJ, but in this occasion

both are 20,,-valued functions (compare with (2.3.7)). Analogous
definitions and conclusions are true for the right-hand-side operator

=

D,.
For all above, D and D", as well as their right-hand side coun-
terparts, are also called the matrix Dirac operators.

9.5.1 Factorization of the Laplace operator on 20,,-valued
functions

Theorem The following operator equalities hold on C* (Q; 20,,):

DoD =D oD = AgnFyyo, (9.5.5)
D, oD oD, = AcnEpyy. (9.5.6)

Proof. We have

DoD = (



Now using Theorem 9.2.1, we get

Acm 0

DoD := (0 A

> :AEZXQ-

Also, we have

Now using Theorem 9.2.1, we get

— %k A m 0
Dr ODr = ( 0 c A(Cm ) = AEZXZ'

The rest of the proof is similar to the above. B

Note that the proofs of Theorem 9.5.1 show that the equalities
(9.1.1), (9.1.2) and (9.1.3) are sufficient conditions to obtain the above
authentic factorization of the Laplace operator.

9.6 The fundamental solution of the matrix Dirac
operators

Let Ocm be a fundamental solution of the complex Laplace operator
on C™, see Subsection 1.3, that is

4(m—2)! 1

— e > 1
0 m (2) 1= (27r)m ‘Z|2m727 m I
o (2) {%ln|z|, m = 1.

Then it follows easily that

AcnEpyo [0cm Eayo) = dom Faxo,

Ocm 0
0 Q(Cm

i.e., the matrix



is a fundamental solution to the Laplace operator Acm Epyo on 20,,.
Hence, we have the fundamental solutions of the operators D
and D":

Kp(¢) = D* [Ocm Eaxo] (€) =

m (B ()i ()

o1\ L (yins Lem (@)
9¢q ’

\cl%mgq; T
(m —1)! &
— o) . (9.6.1)
" Z1 Ca :q 8o 2q
TN e
Ky (¢) := DJfon Eaxa] () ==

00cm - dOcm s
o % Qi e ()i

— 0cm g,  O0cm .
¢=1 3;((:(1 (C) qu aa (C) il

m \cl%miq; |<%m%q
(m—1)!
= QTZ o . (9.6.2)
Cq 29

Sg_ja
TiEa

[

Formally, for (9.5.6), one can set

Kﬁr = 5: [Q(Cm E2><2] )
Kﬁ: = ﬁ,« [O(Cm E2><2] .

Since the matrix Ocm Eoy o is scalar-valued, one has

Ky = Kgp, (9.6.3)

r

Using the factorization (9.5.5) we have

D [Kg] = DoD' [fcn Eaxz) = Acn Eaxs [fcm Ezxo] = dom Eaxo.



W,

The same for (9.6.2). By that reason we shall call each of 20,,,-valued
functions (9.6.1) and (9.6.2) the matrix Cauchy-Dirac kernel for the
theory of 20,,,-valued functions from the null-set of the correspond-
ing operator.

Note that for every matrix Dirac operator, both the “left-hand-
side” theory and the “right-hand-side” theory, have the same matrix
Cauchy-Dirac kernel. Compare with Subsection 2.9.

9.7 Borel-Pompeiu formulas for 27,,-valued
functions

Theorem Let QF be a bounded domain with the topological bound-

ary T, which is a piecewise smooth surface, let F € C!'(QT; W) N
CO(QT UT; 20,,). Then the following equalities hold in Q7 :

2F (z) = /KD(T—z)/*\ET/*\F(T)_

F— / Kg (1 — 2) /*\5 [F] (1) dV;, (9.7.1)
Ot
2F (2) = /KD* (1 —2) QE:QF(T) —
r
- / Kg- (17— 2) Qﬁ* [F] (1)dVy,  (9.7.2)
O+
W (z) — /F(T) 7T N Kp (7 - 2) -
r
_ / D, [F](r) A Kp (r— 2) Vs, (973)
O+
2F (2) = /F(T) QEiQKﬁ* (r—2)—
r

_ / D, [F] () A Kg- (1 — 2)dV;.  (974)



The proof is really the same as that of the analogous theorem in
Clifford analysis, see [DeSoSo, Chapter II].

9.8 Monogenic 27,,-valued functions

Definition Let Q be an open set in C™ and F € C* (; 2,,,). Then:

1. Fis called 5—monogenic if
DI[F] =0, in Q,

O (Q) :=ker D;

9, (Q) := ker D,;

D/ [F]=0, inQ,

D: (Q) := ker D,.

9.9 Cauchy’s integral representations for
monogenic 2,,-valued functions

Theorem Let QO be a bounded domain with the topological boundary T,

which is a piecewise smooth surface, let F € C1(QT; 20,,) N CO(QT UT;
W),



1. IfF € O (1) then the following equality holds in QF:

*

OF (2) = / Kp (r—2) 5 F(7). (9.9.1)
r

2. IfF € O () then the following equality holds in Q0

OF (2) = / Ky (7—2) - 55 - F (7). (9.9.2)
r

3. IfF € O, (1) then the following equality holds in QF:

r

4. IfF € O, (") then the following equality holds in Q*:

2F (z) = /F (1) .0, Kp (1—2). (9.9.4)
r
It follows trivially from the Borel-Pompeiu formulas in Subsec-
tion 9.7.

9.10 Clifford algebra with the Witt basis and
differential forms

We are ready now to imbed elements of W,,, into the set of all linear
operators acting on differential forms in . First of all we set

@(gj> = cﬁo...ocgj\\j\:d/iz/\.../\(gj\\j\,
© (zk) — di’“l/\.../\dzklk\M;
P (zk) = Mdi’“l/\.../\dzklk\;



where, by definition, for each d.f. w on 2

~k _k
dzFiA..ndz I g [w] = dZF' AL AdZRR A,

. _k
MO AdzT [w] = wAdZ AL AdER

Then we extend ¢ and ¢ onto the whole algebra up to an algebra

homomorphism:
© (ij . ik) = (%J) o (Zk> ,
o () = () ew (7).

and fora € W,,,, a =) ajxtd A i¥, one has
ik

p(a) := Z ajiyp (§J> o <'Lk> ,
jk

P(a) = Zajkq,lf (zk) o (ij) .
jk

This definition means that ¢ : W,, — ¢ (W,,) and ¢ : W,,, —

1 (W,,,) are isomorphisms of complex algebras, where the multipli-

cation in ¢ (Wp, ) and ¢ (W, ) is the usual composition of operators.
This definition applied pointwise says that each

f=> fuil - i* € CO(Q W), (9.10.1)
jk

where fjx € C°(; C) and j, k are, respectively, strictly increasing
ljl-tuple, |k|-tuple, in {1, ..., m} with |j|, |k| = 0, ..., m, can be
identified with the linear operators ¢ (f) and ¢ (f) on d.f. in Q de-
fined as follows:

p(f) - wHijk®w(5j>oso<ik) [w],
jk

P we Y Gy () oy () [w],
jk



where w is a d.f. in © and ® is the tensor product. In particular, for
each f € CY (Q; W,,) of the form

f= Z £ii%,
k

the linear operators ¢ (f) and 1 (f) are, respectively, the operators of
multiplication on the left-hand side and the right-hand side, by the
following d.f. in €2:

f=> fud? € Gy (Q).
k

9.11 Relation between the two matrix algebras
Now we extend the mappings ¢ and ¢ onto the matrix algebras
with corresponding entries: each A € 20, can be identified with
the two linear operators ¢ (A), ¥ (A) on m.v.d.f. in 2, defined by

¢ (A)[F] =
( @(All) [Fll] +¢(A12) [F21]7 SO(All) [F12] +¢(A12) [F22] )

<p(A21) [Fll] +<p(A22) [F21]; w(A21) [F12] +¢(A22) [F22]
¥ (A)[F] =
( 1/) (All) [Fll] +,¢ (A21) [F12] ; ,¢} (A12) [Fll] +1/) (A22) [F12] )
1/) (All) [F21] +,¢ (A21) [F22] ; ,¢} (A12) [F21] +1/) (A22) [F22] ’

This definition means that ¢ : 9,, — ¢ (W) and ¢ : W,,, —
¥ (2,y,) are isomorphisms of complex algebras, where the multipli-
cation in ¢ (2,,,) and ¢ (2W,,,) is the usual composition of operators.
This implies, in particular, that for all A, B € 20,, there hold

o (A : B) =¢(A): p(B), 9.11.1)
" (A : B) =9 (B) : ¥ (A). (9.11.2)

First of all, note that C° (Q; 20,,) is a complex algebra with the
following addition and multiplication. Let F, G € CO(Q; 0,,),



then

(F+G)(2) :=F(2) + G(2),
(F;G)(z)::F(z)-G(z).

*

Each F € C° (Q2; 20,,,) can be identified with the linear operators on
d.f. in Q defined as follows:

e (F)[W](2) = ¢ (F()[W](),

P(F)[W](z) = ¢(F()[W](),
where z € Q2 and W is a m.v.d.f. on 2. Again,

o1 C°(Q W) — ¢ (C° (2 W)

and

¥ C%(Q W) — 9 (C7 (2 Win))

are isomorphisms of complex algebras, where the multiplication in
¢ (C°(; W) and 4 (C°(Q; 2Vy,)) is the usual composition of
operators. This implies, in particular, that forall F, G € C° (€; 20,,,)
there hold

0 (F : G) = (F) A p(G), (9.11.3)
b (F : G) = (G) Ay (F). (9.11.4)

Again, being applied pointwisely, the above says that for each
F € C° (; 20,,) of the form

i 0
F:=) Fy 0 & ) (9.11.5)
k

where Fy, € 68 (Q2), the linear operators ¢ (F) and ¢ (F) are, respec-
tively, the operators of multiplication on the left-hand side and on
the right-hand side, by the following m.v.d.f. on

dzk 0 —
F::ZFk( ZO dzk>€®[)(9).
k



9.11.1 Operators D and D

Let Q be an open set in C™ and denote by G, (2) the matrix Grass-
mann algebra, a subalgebra of C! (Q; 20,,,), of all mappings of class
C! of the form (9.11.5).

Note that the mapping

dz¥ 0 ik 0

is an isomorphism between the matrix Grassmann algebra & (Q2)
of all m.v.d.f. in Q of class C! and G; (Q). B
Theorem Let 2 be an open set in C™ and let F' € & (2). Then:

1.
DIF] = ¢ (D[$(F)]) [Faxal; (9.11.6)

2. F is hyperholomorphic, if and only if ¢ (D [¢ (F)]) [Eax2] = 0.

Proof. It is sufficient to prove the equality (9.11.6). We have, by
definition,

PI=3Y

p=1

F P - k—l-anzp ik 6;‘;27’ —i—auzp ik

3{;*“1;1)1;; ik 4 2 K p ik 88}752]) ik 4 28 K p .k
Hence .

e (DB =D D Xpk,
p=1 k
where
Xy = (Xpi )i 1

with

Xpk = OB gorpasky, | O o )

0z 2p



X!z _ OF’ dzPAdZ< pr 8F132ﬁ o 42
pk 0%y Zp ’
X21 _ aka dzP o dzk M + 8F'k dzp/\d,?kM
pk 0z Zp
22 OF, 12d =D o dzk M + 8Fk dzP NdzK M.
pk 0z 0%
Therefore
¢ (D¢ (F)]) [Ezxz2] = ZZY,
p=1 k
where
}/p7k pc,tiiﬁ)gé,ﬂzl
with
aFll 8F21A
Y o= SR nddk 4+ S kd [dzk],
J 0z Zp
aFIZ 8F22
Vi = k_dzP A dZ* + dzp[dk],
J 0z Zp
OFM — OF2!
YA = k_gzp [dzk} + X _dzP A dZ¥,
J 0zp Zp
aFIZA 8F22
Y2 = Kk g [dzk} + X _dzP A dZ¥,
b 0z 0z

which means that
¢ (D¢ (F)]) [Baxz] =D

Remark Let Q be an open set in C™ and F € & ().

(F].m

1. Then ¢ (F) is D-monogenic if, and only if,

» (Do) W] =0

for all m.v.d.f. W of class C°, because ¢ and ¢ are isomorphisms of
algebras.



2. The above facts imply that, given F, there are two definitions of its
"holomorphy”:

(a) F is, by definition, D-monogenic if ¢ (F) is D-monogenic;
(b) F is, by definition, D-hyperholomorphic if D [F] = 0.

Let us consider some consequences of the first of these defini-
tions. Hyperholomorphic theory treats m.v.d.f.

dz¥ 0
F = ZF“( 0 dzx >
k

which behave, algebraically, like elements of a Grassmann subalge-
bra of the Clifford algebra, i.e., like the Grassmann algebra

G = {ijFk(z 3)}

and the isomorphism
dzk 0 i 0
qs.F_ng( 0 d2k> — QS(F).;Fk(O ik>

establishes a way to identify them. But on G;(Q) we know al-
ready what it means to be monogenic, and this leads to that first
definition. Unfortunately, this is not an interesting situation for us.
Indeed, take a function f : Q@ — C, considering it as a d.f. Then
&(fE2x2) = fEax2,but now the same expression is seen as a 2,,-
valued function. Moreover,

of ji. L3
m 82j ? az]-

D[$(fEax2)] = ) ——
j=1 3—ij]; a—gjz]

hence, fE>y» is D - monogenic if and only if

a9f

0
62j ’



of

= 0
0z ’

forall j =1, ..., m; thatis,
f = constant.

In other words, among all the functions, only constant functions
generate monogenic elements in G;.

Thus the “right” approach is the second one, which implies a
theory with the structure not coinciding with the structure of Clif-
ford analysis, but it contains all holomorphic functions in the sense
of several complex variables, which are the object of our study. One
of the principal reasons why hyperholomorphic theory is different
from Clifford analysis is contained in the asymmetry of the follow-
ing formula:

v (A B)[W]=(p(A) W], »(B)),

where (, ) denotes the evaluation operator and W is an arbitrary
m.v.d.f.

One more comment to the formula (9.11.6). Denote by E the
evaluation mapping defined on operators which act on m.v.d.f., by
the formula: if « is such an operator then

E[u] L= U[ngg].
The formula (9.11.6) gives
D =FEo po Do o,

where ¢ and ¢ are isomorphisms, but E is not, hence kerD and
kerD are essentially different.
Lemma. For all { € C™ there holds

K5(¢ 2) = ¢(Kp(Q), (9.11.7)

Proof. This lemma is a direct implication of the definition of ¢. W
This justifies completely the definition of Kz and, in this sense,
itis a “fundamental solution” of the corresponding operator D .



9.12 Cauchy’s integral representation for
left-hyperholomorphic matrix-valued
differential forms

Theorem Let QT be a bounded domain with the topological boundary

', which is a piecewise smooth surface, let F € T (QF) N &y (QF UT).

Then the following equality in Q7

F(z) = / Kpr s NOr 2 NF (7, dZ), (9.12.1)
r

is a corollary of Borel-Pompeiu’s integral representation from Subsection
9.7.

Proof. First, note thatsince F € 9 (QT)NGy (AT UT) then ¢ (F) €
CH(QF; ,,) NC%(QT UT; 2,,). So, by Theorem 9.7 we have

2(F) () = [Kp(r=2) ;5. 6(F)(r)-

Hence



~ [ Kp =z 2) n o (B ()] (1) [Easa dV; =

O+

://c@ AT AF(rd7) -

/ 5 [F] (r, dz) dV;.
+
Now, as F' € 91(Q7) implies that D [F] (1) = 0 for all 7, we have

2 (2) = /;c@_m NG AF (7, d2).

Note that it is impossible to use the Cauchy integral representa-
tion from Subsection 9.9 to prove this theorem, because F' € N (QF)
implies only that ¢ (D [¢ (F)] (7)) [E2x2] = 0 for all 7, and in general
D[4 (F)] # 0.

9.13 Hyperholomorphic theory and Clifford
analysis

Section 9.3 says, in fact, that on matrices of the form ( ch 5 ) the

hyperholomophic theory reduces to just Clifford analysis in R*” en-
dowed with the complex structure. Now we are going to find out
what the relation is between the hyperholomophic theory for arbi-

trary matrices and Clifford analysis. First of all, consider 8 — 9.
We have

R D N s
= P o O
1 k( 0 0 )
= — 7 —+'L— —_
2]; axk ayk
22" (o) -



k=1 k=1
1 (& 0 & 0
-3 (;6%8—% —]; 2k 1@) =
1 (& 0 0
= -5 Ze%—l—_z —)
2 (k:1 Oye ¢ 0
Setting
I =, (9.13.1)
and 5 5
;o= i = — 13.2
v, ; <€2k Y €2k8xk> ; (9.13.2)
we get
9F = —2i (5+5A) : (9.13.3)
97 = —2 (5 - EA) . (9.13.4)

Note that is follows directly that

3 = S +iv,);
(9.13.5)
aN

1 o
3" = (o —iv;) -

Consider now the matrix Dirac operator

o (3 7)
and the operators

I 0 o I 0
IEZ><25:(0 I)a]EZxQ::(O I)

introduced in Subsection 2.3. Since ]szg is an involution, ]E%XQ =
Epy2, it generates a pair of mutually complementary projections

Q| Q
Ql Q|

£

Ey := % (E2><2 i]EZXZ) .



More explicitly,

with
Fi=E:, E, —E =Epuo;

E;, +E_ =Fsy; EioE_  =E_oE, =0.

For the matrix Dirac operator D this gives:
D = 9 -Epr+8 By =
= B (B 4B )+ (B —E )=
= (0+9") E +(2-9") E =
= 9} -E, —Z0; -E_ . (9.13.6)

Let F = (ij)zj:1 be a smooth 2U,,-valued function, then it
decomposes in a unique way into

F=F, —F_ (9.13.7)
where
1 Fiu+Fo; Fio+Fyp >
F, = F]=- ’
+i=E [F] 2(F11+F21; Fi2 + Fa

1 Fi1—Fy; Fip—Fop
F_=E [F|]=- .
[F] 2 ( —Fi1+Fo1; —Fi2+Fy

The definition of a 5—monogenic function, ﬁ[F] = 0, turns out
to be

i E. [F]—9,E [F]=0,



or, equivalently,
i Ey [Fy]—9,E [F_]=0. (9.13.8)

The last equality is valid if and only if each of the projections of
the function F, respectively F and F_, belongs to the class of func-
tions monogenic (synonymically, regular, hyperholomorphic, etc.)
in the sense of Clifford analysis. The fine point here is that while F
is monogenic in the sense of the “canonical” Clifford analysis in the
domain €, of that one which is determined by 9, its counterpart
F_ is monogenic, in the same domain, in the sense of the operator
¥, . Of course, if one is interested in only one of the two versions,
then there is no essential difference between them. But when, as
the equality (9.13.6) shows, we are looking to “glue together” both
of the two versions, then the situation is not that simple. What
is more, the equality (9.13.6) shows that, at least in principle, it is
possible to obtain the main facts of the hyperholomorphic theory of
matrix-valued differential forms as a “direct sum” of the above two
versions of Clifford analysis. For many reasons, we chose the direct
way of constructing.
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