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Introduction

I.1 The theory of holomorphic functions of several complex vari-
ables emerged as an attempt to generalize adequately onto the mul-
tidimensional situation the corresponding theory in one variable. In
the course of a century long, extensive and intensive development
it has proved to have beauty and profundity; many remarkable fea-
tures and peculiarities have been found; new and far-reaching no-
tions and concepts have been constructed. A multitude of applica-
tions to many areas of mathematics as well as to other sciences have
been obtained.

I.2 At the same time, the deepening of the knowledge in several
complex variables theory has been bringing those working in that
field to the revelation of more and more paradoxical differences and
distinctions between the structures of the two theories. S. Krantz,
the author of many books and articles on several complex variables,
writes in Preface of his book [Kr2, p.VII], that “Chapter 0 consists of
a long exposition of the differences between one and several complex vari-
ables.”

It is almost generally accepted that one of the deepest, most fun-
damental reasons for those differences lies in the absence of the uni-
versal and holomorphic Cauchy kernel i.e., a reproducing kernel
which serves in any domain of Cm , with reasonably smooth bound-
ary but of any shape, and most importantly, is holomorphic. As S.
Krantz writes on p.1 in [Kr2], “there are infinitely many Cauchy inte-
gral formulas in several variables; nobody knows what the right one is, but
there are several good candidates.”

In fact, what motivated us was exactly the desire to find the right
Cauchy integral representation in several complex variables. To re-

   



alize what it really is, it proved to be necessary to come to a com-
pletely new approach: the right Cauchy integral representation can
be constructed for a right set of functions which does not reduce to
that of holomorphic functions but must be much more ample.

I.3 To explain the origin of the above-mentioned idea, let us ana-
lyze the basic elements which underlie one-dimensional, not multi-
dimensional, complex analysis. There are many definitions of holo-
morphy there; all of them are equivalent, thus one can start from
any of them. We shall use the standard notation:

@

@�z
:=

1

2

�
@

@x
+ i

@

@y

�
;

@

@z
:=

1

2

�
@

@x
� i

@

@y

�
: (I.3.1)

Null solutions to those operators provide us with the two classes
of functions, respectively, holomorphic and antiholomorphic. Cru-
cial is the fact that they factorize the two-dimensional Laplace oper-
ator �R2 :

@

@z
Æ

@

@�z
=

@

@�z
Æ

@

@z
=

1

4
�R2 : (I.3.2)

Combining this factorization with Green’s (or the two-dimen-
sional Stokes) formula, all the main integral theorems are routinely
obtained: Cauchy and Morera, Borel-Pompeiu (= Cauchy-Green),
Cauchy integral, etc.

As a matter of fact (although normally it is considered to be too
trivial to mention), the definitions (I.3.1) and the factorization (I.3.2)
are based on the excellent algebraic structure of C , the range of func-
tions under consideration. In particular, complex conjugation pro-
vides the possibility to factorize a non-negative quadratic form into
a product of linear forms: z � �z = jzj2 � 0, and, of course, the
factorization (I.3.2) is a manifestation of this property of complex
numbers.

It is worthwhile to note that the commutativity of the multiplica-
tion in C is useful and pleasant to work with, but just in the above-
mentioned integral theorems it is not of great importance.

I.4 Let w = f(z) = u+ iv; z = x + iy; then the condition @f
@�z

= 0 is
equivalent to the system of the Cauchy-Riemann equations which

   



says that the components u, v of the holomorphic function f are not
independent, but are interdependent. In other words one can say
that the definition of holomorphy involves w and z entirely, wholly,
not coordinate-wisely. This (trivial) observation will be helpful in
realizing some essential aspects of what follows below.

I.5 Let now f be a holomorphic function in 
 � C
m , i.e., @f

@�z1
=

0; : : : ; @f
@�zm

= 0 in 
; m > 1: Equivalently, there exist all complex
partial derivates of the first order, with no relations between them.
One sees immediately, hence, that the definition lacks the above de-
scribed feature for m = 1 : the definition includes certain conditions
with respect to each, partial complex variable, zk; and not with re-
spect to the entire variable z := (z1; : : : ; zm): Of course, this is
related to the absence of two mutually conjugate operators factoriz-
ing the Laplace operator in C

m : What is called the Cauchy-Riemann
conditions in Cm , should be more relevantly termed partial Cauchy-
Riemann conditions to emphasize the difference in principle of both
notions.

The idea of a holomorphic mapping loses much more from the
original definition in C

1 : Indeed, ifF = (f1; : : : ; fn) is a holomorphic
mapping from 
 � C

m into C
n then F keeps lacking any relation

between complex partial derivatives of its components, and there
are no relations, in general, between the components themselves.

I.6 Thus, looking for a one-dimensional structure in several complex
variables we are going to depart from the following heuristic rea-
sonings. Given a domain 
 � C

m , try to find the following objects:

10. A complex algebra A with unit, not necessarily commutative.

20. Two first-order partial differential operators with coefficients
from A; or from a wider algebra, denote them by D and D

�

;

such that
D ÆD� = D

� ÆD = �Cm : (I.6.1)

The idea of such a factorization is very well known in partial differ-
ential equations (see, e.g., [T1], [T2] but many other sources as well),
and the fine point is contained, of course, in the last condition:

   



30. Holomorphic functions and mappings should belong to kerD;

or to kerD�

:

To show that such a program is feasible is the aim of this book.

It is meant neither that in this setting the problem has a unique
solution nor that the general case of arbitrary mappings will be cov-
ered. Our algebra A consists of 2 � 2 matrices whose entries are
taken from the Grassmann algebra generated by differential forms
with complex-conjugate differentials only, that is, of type (0; q) in
conventional terminology. Notice that it is possible to consider 1�2

columns instead of matrices, but then we loose the structure of a
complex algebra in the range of functions, for which reason we
chose to work with matrices.

I.7 The book is organized as follows. Chapter 1 recalls some basic
notation which is necessary to work with functions and differential
forms in Cm . Chapter 2 introduces the main object of the study, dif-
ferential forms whose coefficients are 2 � 2 matrices, as well as the
differential operators acting on such differential forms and possess-
ing the basic property (I.6.1).

The latter are called the hyperholomorphic Cauchy-Riemann oper-
ators. The fine point here is that their (2 � 2)-matrix coefficients
contain not only differential forms but the so-called contraction op-
erators also; the deep reasons for that will be explained in Chapter
9: a right algebra should be generated not only by differential forms.

As a matter of fact, the structure of the hyperholomorphic Cauchy-
Riemann operators determines a special structure of other (2 � 2)-
matrices involved — in particular, a unit normal vector to a surface
in Cm is represented as such a matrix, the representation itself be-
ing an operator, not a differential form with matrix coefficients. The
same about the hyperholomorphic Cauchy kernel, which is an operator,
not a differential form, and which can be considered as a kind of a
fundamental solution but in a specified meaning. All this leads to
the hyperholomorphic versions of both the Stokes formula and the
Borel-Pompeiu integral representation of a smooth differential form
(here with (2 � 2)-matrix coefficients, of course), i.e., those versions

   



which are consistent with the hyperholomorphic Cauchy-Riemann
operators. There is given a detailed analysis of the structure of the
hyperholomorphic Borel-Pompeiu formula and of its intimate rela-
tion with the Bochner-Martinelli integral representation.

In Chapter 3, hyperholomorphic differential forms with (2 � 2)-
matrix coefficients are introduced as null solutions of the hyperholo-
morphic Cauchy-Riemann operator. The class of such differential
forms in a given domain includes both holomorphic and antiholo-
morphic functions (the latter considered as coefficients of specific
differential forms), and all other holomorphic-like functions, i.e., those
holomorphic with respect to certain variables and antiholomorphic
with respect to the rest of them — all in the same domain and, again,
taken as coefficients of specific differential forms. But this is not
enough, and there are differential forms which do not correspond
to any holomorphic-like functions. What is highly important here
is the fact that just the whole class, not its more famous subclasses,
preserves the deep similarity with the theory of holomorphic func-
tions of one variable.

I.8 This similarity allows, in Chapters 4 through 7, to obtain quickly
the main integral theorems. But even if, for instance, the Cauchy in-
tegral and the Morera theorems go in the usual way, anyhow certain
peculiarities arise. The hyperholomorphic Cauchy-Riemann opera-
tor can be applied to a given matrix both on the left- and on the
right-hand side.

There is no direct symmetry between left- and right-hand-side
notions of hyperholomorphy, but we present versions of the Cauchy
integral theorem and its inverse, the Morera theorem, which in-
volves both types of hyperholomorphy.

The hyperholomorphic Cauchy integral formula (Chapter 6) rep-
resents any hyperholomorphic differential form as a surface integral
with the hyperholomorphic Cauchy kernel. In particular, for holo-
morphic functions it reduces just to the Bochner-Martinelli integral
representation of such functions which explains, in a certain sense,
why the latter holds in spite of non-holomorphy of the Bochner-
Martinelli kernel. One more manifestation of the above stated sim-
ilarity is the solution of the non-homogeneous hyperholomorphic
Cauchy-Riemann equation. In contrast to its counterpart for holo-

   



morphic Cauchy-Riemann equations, the hyperholomorphic case
becomes trivial, since there exists a right inverse operator for the
hyperholomorphic Cauchy-Riemann operator. All this is rigorously
analyzed in Chapter 7, where many interpretations are also given,
but the most remarkable applications are moved to the next Chap-
ter.

I.9 In Chapter 8, differential forms are considered which are, simul-
taneously, @-closed and @

�-closed. They form a subclass of hyper-
holomorphic differential forms, but they are of independent interest
and of importance from the point of view of conventional multidi-
mensional complex analysis. That is why we, first of all, describe
the direct corollaries of the theorems which have been proved for
general hyperholomorphic differential forms. What is more, there
are several results here which may be viewed also as corollaries,
being at the same time much less direct and evident. One of them
concerns the @-problem for functions and differential forms in an
arbitrary, i.e., of an arbitrary shape, domain in Cm with a piecewise
smooth boundary. There is given a necessary and sufficient condi-
tion on the given (0; 1)-differential form g in order for the equation
@f = g to have a solution which is a function. The condition is
quite explicit and verifiable: a (0; 2)-differential form whose coeffi-
cients are certain improper integrals of g should satisfy the complex
Hodge-Dolbeault system, i.e., should be @-closed and @

�-closed. A
particular solution is again quite explicit, being a sum of improper
integrals of the same type as above. If g is an arbitrary differential
form (with smooth coefficients) then for the problem @f = g the
necessary and sufficient condition obtained is not that explicit, but
the particular solution has the same transparent structure as the one
described above.

There exists a huge amount of literature on the @-problem, see,
e.g., [AiYu], [Ko], [Li], [Ky], [R], [Kr1], [Kr2], but in no way do we
pretend that the above list is complete or even representative. It is
a separate task to compare what has been obtained already on the
@-problem with the approach of this book.

I.10 In the same Chapter 8, we establish also a deep relation be-
tween solutions of the complex Hodge-Dolbeault system and the

   



Koppelman formula. The latter one is a representation of a smooth
(0; 2)-differential form as a sum of a surface integral and of two vol-
ume integrals. For the case of functions, i.e., of (0; 0)-differential
forms, the volume integrals disappear on holomorphic functions,
and thus it is important to have a class of differential forms on which
the volume integrals in the Koppelman formula disappear also. We
show that the Koppelman formula is a particular case of the hyper-
holomorphic Borel-Pompeiu integral representation, which leads im-
mediately to the conclusion that the volume integrals in the Kop-
pelman formula are annihilated by the solutions of the complex
Hodge-Dolbeault system.

We believe this will have deep repercussions for the theory of
complex differential forms.

I.11 Although all the eight first chapters are written in the language
of complex analysis, the underlying ideas were inspired by the au-
thors’ experience in research in Clifford and quaternionic analysis.
What is the direct relation between those, at the present time, for-
mally different areas of analysis is explained in Chapter 9. It ap-
pears that the hyperholomorphic theory restricted onto (2 � 2) ma-
trices with equal rows is isomorphic to the function theory for the
Dirac operator of Clifford analysis, see the books [BrDeSo], [DeS-
oSo], [Mit], [KrSh], [GüSp1], [GüSp2], [GiMu]. But we refer to many
articles as well; other important aspects of the Dirac operators one
can find in [BeGeVe] for instance. The general case of (2�2) matrices
does not reduce to the theory of one Dirac operator but is a kind of
a direct sum of the theories for two Dirac-like operators considered
in the same domain of Cm . The peculiarity of this relation is the ne-
cessity to use not the canonical basis of the Clifford algebra but the
so-called Witt basis which fits perfectly well into the complex anal-
ysis setting. What is more, one half of the elements of the Witt ba-
sis generates the algebra of elementary differential forms while the
other half generates the contraction operators. Hence the function
theory using only differential forms lacks the symmetry of Clifford
analysis, which causes new phenomena, such as, for instance, the
fact that the hyperholomorphic Cauchy kernel is an operator, not a
differential form.

   



I.12 Only small fragments of the book have been published already
[RSS2], [RSS3], but the joint article by the authors [RSS1] may be
considered as directly antecedent to the book; what is more, it may
be seen as a direct impulse to realizing certain important ideas of
it. At the same time, in their preceding separate works one can
find many observations, hints, and indications on the relations be-
tween several complex variables theory and Clifford analysis ideas:
F. Sommen treated those relations in [So1] (considering integral trans-
form between monogenic functions of Clifford analysis and holo-
morphic functions of several complex variables), [So2] (deriving the
Bochner-Martinelli formula), [So3]–[So5], see also the books [BrDe-
So] and [DeSoSo]; M. Shapiro treated the applications of quater-
nionic analysis to holomorphic functions in C

2 in joint papers with
N. Vasilevski [VaSh1], [VaSh2], [VaSh3] and with I. Mitelman [MiSh1],
[MiSh2]; see also the paper [Sh1]; the papers by M. Shapiro [Sh2]
and by R. Rocha-Chávez and M. Shapiro [RoSh1], [RoSh2] do not
have any direct relation to several complex variables, but they con-
tain several important ideas which were very helpful in realizing
some essential aspects of the book.

We know of not too many other papers on the topic. J. Ryan
in [Ry1], [Ry2] considered a subclass of holomorphic functions for
which a function theory is valid with the structure quite similar to
that of Clifford analysis. V. Baikov [Ba] and V. Vinogradov [Vi] con-
sidered boundary value properties of holomorphic functions in, re-
spectively, C 2 and Cm using ideas from quaternionic and Clifford
analysis. Quite recently S. Bernstein [Be] and G. Kaiser [Ka] found
new connections between holomorphic functions and Clifford anal-
ysis.

I.13 In the course of the preparation of the book the Mexican au-
thors were partially supported by CONACYT in the framework of
its various projects and by the Instituto Politécnico Nacional via
CGPI and COFAA programs, and they are indebted to those bodies.

   



Chapter 1

Differential forms

1.1 Usual notation

We shall denote by C the field of complex numbers, and by Cm the
m-dimensional complex Euclidean space. If z 2 Cm , then by z1, : : :,
zm we denote the canonical complex coordinates of z. For z; z0 2
Cm we write:

�z := (�z1; : : : ; �zm) ;

z; z0

�
:= z1z

0
1 + � � �+ zmz

0
m;

jzj :=
�
jz1j

2 + � � � + jzmj
2
� 1

2
=
p
hz; �zi:

R denotes the field of real numbers, and Rm denotes the m-
dimensional real Euclidean space.

Topology in Cm is determined by the metric d (z; z0) := jz � z0j.
Orientation on Cm is defined by the order of coordinates (z1; : : : ;

zm), which means that the differential form of volume is

dV := (�1)
m(m�1)

2
(�1)m

(2i)m
dz ^ d�z = (�1)

m(m�1)
2

1

(2i)m
d�z ^ dz;

where

dz := dz1 ^ : : : ^ dzm;

d�z := d�z1 ^ : : : ^ d�zm:

   



If z 2 C
m then

xj := Re (zj) 2 R;

yj := Im (zj) 2 R:

So, one can write z = (x1 + y1 � i; : : : ; xm + ym � i). Hence Cm �=
R
2m as oriented real Euclidean spaces, where the orientation in R

2m

is defined by the order of coordinates (x1; y1; : : : ; xm; ym), which
means that the differential form of volume on R

2m is dx1^dy1^ : : :^
dxm ^ dym.

The word domain means an arbitrary (not necessarily connected)
open set. The word neighborhood means an open neighborhood.

Some more standard notations:

1. N denotes the set of all positive integers,

2. B (z; ") := f� 2 Cm j jz � �j < "g,

3. S (z; ") := f� 2 Cm j jz � �j = "g,

4. E2�2 :=

�
1 0
0 1

�
,

5. �E2�2 :=

�
0 1
1 0

�
.

Mention that �E2
2�2 = E2�2:

1.2 Complex differential forms

The term “differential form” (or simply “form” and d.f. some-
times) will be used for differential forms with measurable complex-
valued coefficients. The support of a differential form F will be de-
noted by supp (F ). For a fixed k 2 N, Ck-forms are those forms
with k times continuously differentiable coefficients (this definition
is independent of the local coordinate system of class Ck+1). Con-
tinuous forms will be called also C0-forms, and F 2 C1 means that
F is a form of class Ck for any k 2 N .

   



A form F of class Ck defined on C
m is called an (r; s)-form

(i.e., a form of bidegree (r; s)) if, with respect to local coordinates
(z1; : : : ; zm) of class Ck+1, 0 � k � 1, it is represented as

F (z) =
X

jjj=r; jkj=s

Fjk (z) dz
j ^ d�zk; (1.2.1)

where the summation runs over all strictly increasing r-tuples j =
(j1; : : : ; jr) and all strictly increasing s-tuples k = (k1; : : : ; ks) in
f1; : : : ; mg, and dzj := dzj1 ^ : : :^dzjr , d�zk := d�zk1 ^ : : :^d�zks , with
the coefficients Fjk being complex-valued functions of class Ck.

It is worthwhile to note that although we use the same letter
z both for independent variable and for differentials dzq, d�zp, it is
sometimes convenient and necessary to distinguish between them,
so we will write d�q, d��p or dwq , d �wp, etc. This causes no abuse of
notation, because these differentials do not depend on z. In that
occasion, we will write F

�
z; d�; d��

�
instead of F (z).

1.3 Operations on complex differential forms

Consider the following important differential operators. The linear
contraction operatorsdd�zq andddzq are defined as endomorphisms by
their action on the generators:

1. if q = kp, then

dd�zq hdzj ^ d�zk
i
:=dd�zq ^ dzj ^ d�zk :=

:= (�1)jjj+p�1 dzj ^ d�zk1 ^ : : : ^ d�zkp�1 ^ �zkp+1 ^ : : : ^ d�zks ;

2. if q =2 fk1; : : : ; ksg, then

dd�zq hdzj ^ d�zk
i
:=dd�zq ^ dzj ^ d�zk := 0;

3. if q = jp, then

ddzq hdzj ^ d�zk
i
:=ddzq ^ dzj ^ d�zk :=

:= (�1)p�1 dzj1 ^ : : : ^ zjp�1 ^ dzjp+1 ^ : : : ^ dzjr ^ d�zk;

   



4. if q =2 fj1; : : : ; jrg, then

ddzq hdzj ^ d�zk
i
:=ddzq ^ dzj ^ d�zk := 0:

Now for F of the form

F :=
X
j; k

Fjkdz
j ^ d�zk; (1.3.1)

with fFjkg � C1 (M � C
m ; C ), we set, as usual,

�@ [F ] :=
X
j; k

mX
q=1

@Fjk

@�zq
d�zq ^ dzj ^ d�zk;

@ [F ] :=
X
j; k

mX
q=1

@Fjk

@zq
dzq ^ dzj ^ d�zk;

�@� [F ] :=
X
j; k

mX
q=1

@Fjk

@zq
dd�zq hdzj ^ d�zk

i
=

=
X
j; k

mX
q=1

@Fjk

@zq
dd�zq ^ dzj ^ d�zk;

@� [F ] :=
X
j; k

mX
q=1

@Fjk

@�zq
ddzq hdzj ^ d�zk

i
=

=
X
j; k

mX
q=1

@Fjk

@�zq
ddzq ^ dzj ^ d�zk;

d [F ] := �@ [F ] + @ [F ]

(these definitions are independent of the local coordinate system
of class C2), where

@

@�zq
:=

1

2

�
@

@xq
+ i

@

@yq

�
;

@

@zq
:=

1

2

�
@

@xq
� i

@

@yq

�
:

Observe that dd�zq only looks like a differential form but it is not;
it is an endomorphism, so its wedge multiplication does not possess

   



all usual properties, and one should be careful working with such
products.

Anyhow, with the above agreement, the differential form �@ [F ]
can be interpreted as a specific exterior product of a differential form
F with the differential form whose coefficients are partial derivations (not

partial derivatives of a function), i.e., with �@ :=
mP
q=1

@
@�zq

d�zq ; what is

more, in this sense F is multiplied by �@ on the left-hand side:

�@ ^ F := �@ [F ] : (1.3.2)

Of course, it is assumed here that a scalar-valued function com-
mutes with basis differentials. The same interpretations are valid
for all other operations introduced above.

This observation is heuristically relevant, since it leads to the
question, is it worthwhile to change the order of multiplication in (1.3.2)?
We define now

�@r [F ] := F ^ �@ :=
X
j; k

mX
q=1

@Fjk

@�zq
dzj ^ d�zk ^ d�zq;

@r [F ] := F ^ @ :=
X
j; k

mX
q=1

@Fjk

@zq
dzj ^ d�zk ^ dzq;

�@�r [F ] := F ^ �@� :=
X
j; k

mX
q=1

@Fjk

@zq
dzj ^ d�zk ^dd�zq;

@�r [F ] := F ^ @� :=
X
j; k

mX
q=1

@Fjk

@�zq
dzj ^ d�zk ^ddzq;

dr [F ] := F ^ d := �@r [F ] + @r [F ]

(this definition is independent of the local coordinate system of class
C2). Note that in contrast with the first two formulas (which lead to
differential forms as a result), the next two formulas give operators
acting on differential forms. So when we simultaneously use both
�@r [F ], @r [F ] and �@�r [F ], @�r [F ], then we identify �@r [F ], @r [F ] with
operators of multiplication by them. Notice that we will not use the

   



notation like F ^ �@ to avoid possible confusion, in particular since
F ^ �@ can be seen as F Æ �@.

Note that for all (r; s)-form F of class C1,

�@r [F ] = (�1)r+s �@ ^ F := (�1)r+s �@ [F ] :

This apparently insignificant difference will become essential later.
Let

�Cm :=
mX
k=1

@2

@zk@�zk
=

1

4

mX
k=1

�
@2

@x2k
+

@2

@y2k

�
=

1

4
�R2m

be the complex Laplace operator in C
m whose action on a differen-

tial form of class C2 is defined naturally to be component-wise: for
F being as in (1.3.1) we put

�Cm [F ] :=
X
j; k

�Cm [Fjk] dz
j ^ d�zk: (1.3.3)

Then, the following operator equalities hold on differential forms of
class C2:

�@ �@� + �@� �@ = �Cm ;
@@� + @�@ = �Cm :

(1.3.4)

they are of extreme importance for the whole theory.

1.4 Integration with respect to a part of variables

Let X , Y be real manifolds of class C1, and let F be a differential
form on X�Y . Let � = dimR X , � = dimR Y , let (z1; : : : ; z�) be lo-
cal coordinates of class C1 in some open V � X and let (�1; : : : ; ��)
be local coordinates of class C1 in some open U � Y . Consider the
unique representation

F (z; �) =
X
�

F� (z; �) ^ d��;

where � runs over all strictly increasing r-tuples � = (�1; : : : ; �r)
in f1; : : : ; �g with 0 � r � �, d�� := d��1 ^ : : : ^ d��r , and F� =
F� (�; �) is a family of differential forms on X which depends on
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� 2 U . If X is oriented and the integrals
R
V

F� (z; �) exist for all

fixed � 2 U and any strictly increasing r-tuple � in f1; : : : ; �g with
0 � r � �, then

Z
V

F (z; �) :=
X
�

0@Z
V

F� (z; �)

1Ad��; � 2 U; (1.4.1)

where � runs over all strictly increasing r-tuples in f1; : : : ; �g, with
r = 0; : : : ; �. The result of this integration is a differential form on
U , that is independent of the choice of the local coordinates (�1 , : : : ,
��). Therefore

R
V

F (z; �) is well-defined for all � 2 U . Notice that

this definition implies that
R
V

F� (z; �) = 0 if F� does not contain

monomials which are of degree � in X .

1.5 The differential form jF j

For an oriented real manifold X of class C1 with dimR X = � and
for a differential form F on X , the differential form jF j is defined as
follows: if (x1; : : : ; x�) are positively oriented coordinates of class
C1 in some open set U � X and F = F1:::�dx

1^ : : :^dx� on U (with
F1:::� a complex-valued function), then

jF j := jF1:::�j dx
1 ^ : : : ^ dx� on U: (1.5.1)

If jF j is integrable then F is also integrable and������
Z
X

F

������ �
Z
X

jF j :

Given two �-forms F , G on X , we write

jGj � jF j

if for their respective representations (1.5.1) one has on U :

jG1:::�j � jF1:::�j :

   



If this holds, then we haveZ
X

jGj �

Z
X

jF j : (1.5.2)

1.6 More spaces of differential forms

Let F be a differential form defined on a domain 
 � R
� . If F is a

complex-valued function then

jjF jj (z) := jF (z)j for all z 2 
:

If (x1; : : : ; x�) are canonical coordinates in R
� and

F =
X
j

Fjdx
j

then

jjF jj (z) :=

0@X
j

jFj (z)j
2

1A1
2

:

Thus, the (Riemannian) norm of the differential form F at a point z
is determined.

Given an arbitrary set 
 in Cm and a differential form F on it,
we introduce the following natural definitions (see [HL2]):

jjF jj
0
:= sup fjjF jj (z) jz 2 
g ; (1.6.1)

and for 0 < � � 1

jjF jj� := jjF jj
0
+ sup

8>>>>><>>>>>:

 P
j

jFj (z)� Fj (�)j
2

! 1
2

jz � �j�

�����������
z 6= �

9>>>>>=>>>>>;
: (1.6.2)

F is called �-Hölder continuous on 
 if

jjF jj� <1 (1.6.3)

   



for all compact subsets of 
. Synonym: differential form of class
C0; �. C0 will stand for “continuous” differential forms. Now let 

be a domain in C

m . Given k 2 N, F is said to be a form of class Ck

on 
 if, for any �, F� has all partial derivatives of orders up to k in 

which extend continuously onto 
. F is said to be of class C1 on 

if it is a form of classCk on 
 for any k 2 N[f0g. Ck; � (
)\Ck; �

�


�

stands for the subset of Ck on 
 consisting of the differential forms
on 
 being �-Hölder-continuous on 
.

   



Chapter 2

Differential forms with
coefficients in 2� 2-matrices

2.1 Classes Gp (
), Gp (
)

Let 
 be a domain in Cm with the canonical complex coordinates
z = (z1; : : : ; zm). Given k 2 f0; 1; : : : ; mg, p 2 f0g [ N [ f1g,
denote by Gk

p (
) the set of all (0; k)-forms on 
 of class Cp, and by
Gs
p (
) the set of all (s; 0)-forms of the same class; and set Gp (
) :=
mS
k=0

G
k

p (
), Gp (
) :=
mS
k=0

Gk
p (
). Natural operations of addition and

of multiplication by complex scalars turn each of them into a com-
plex linear space. Moreover, we shall consider Gp (
) as an algebra
with respect to the exterior multiplication “^”; thus, Gp (
) is a com-
plex algebra which is associative, distributive, non-commutative,
with zero-divisors and with identity. The same is true for Gp (
).

2.2 Matrix-valued differential forms

Throughout the book, we shall deal with matrices whose entries are
from different algebras which require careful distinction between
matrix multiplication of two matrices and that of their elements. We
shall use “?” just for the matrix multiplication, providing it some-
times with precise symbols (subindex, superindex, etc.) related to
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the multiplication in the algebra of their entries.
The main object of this paper is the set of 2 � 2 matrices with

entries from Gp (
). Occasionally we shall consider its symmetric
image replacing G by G. We use the following notations:

G
k

p (
) :=

 
G
k

p (
) G
k

p (
)

G
k
p (
) G

k
p (
)

!

:=

��
F 11 F 12

F 21 F 22

�
j
�
F ij
	
� G

k
p (
)

�
and

Gp (
) :=

�
Gp (
) Gp (
)

Gp (
) Gp (
)

�
:=

��
F 11 F 12

F 21 F 22

�
j
�
F ij
	
� Gp (
)

�
:

The same for Gs
p (
) and Gp (
). The structure of a complex lin-

ear space in Gp (
) (and in Gp (
)) is inherited by Gp (
) (and by
Gp (
)): it is enough to add the elements and to multiply them by
complex scalars in an entry-wise manner. We will use sometimes
the abbreviation m.v.d.f. for “matrix-valued differential form(s)”.

Given F , G from Gp (
) (or from Gp (
)), their “exterior prod-
uct” F ^

?
G is introduced as follows:

F ^
?
G =

�
F 11 F 12

F 21 F 22

�
^
?

�
G11 G12

G21 G22

�
:=

�
F 11 ^G11 + F 12 ^G21; F 11 ^G12 + F 12 ^G22

F 21 ^G11 + F 22 ^G21; F 21 ^G12 + F 22 ^G22

�
:

This product remains to be associative and distributive (it is
straightforward to check it up):�

F ^
?
G
�
^
?
H = F ^

?

�
G ^

?
H
�
;

(F +G) ^
?
H = F ^

?
H +G ^

?
H;

H ^
?
(F +G) = H ^

?
F +H ^

?
G:

   



At the same time, the anti-commutativity rule is now of the form

F ^
?
G = (�1)kk

0
�
Gtr ^

?
F tr
�tr

; (2.2.1)

where F 2 G
k

p (
), G 2 G
k0

p (
) (or F 2 Gk
p (
), G 2 Gk0

p (
)) and
“tr” stands for transposing of the matrix.

Thus we shall consider Gp (
) as a complex algebra which is
associative, distributive, non-commutative, with zero divisors and
with identity. The same with Gp (
).

2.3 The hyperholomorphic Cauchy-Riemann op-
erators on G1 and G1

Abusing perhaps a little the notation, we shall use the symbol “Æ”
to denote a (well-defined) composition of any pair of operators we
shall be in need of.

The differential operators introduced in Subsection 1.3 as oper-
ators acting on differential forms, extend naturally ontoG1 (
) and
G1 (
) by their entry-wise actions, for instance, given F 2 G1 (
)
or F 2 G1 (
), we have

d [F ] :=

�
d
�
F 11

�
; d

�
F 12

�
d
�
F 21

�
; d

�
F 22

� � ;
@F

@�zj
:=

0B@
P
k

@F 11
k

@�zj
d�zk;

P
k

@F 12
k

@�zj
d�zkP

k

@F 21
k

@�zj
d�zk;

P
k

@F 22
k

@�zj
d�zk

1CA :

Now we need certain matrix operators composed from scalar op-
erators of Subsection 1.3 and acting on matrix-valued differential
forms. We put

D :=

�
�@ �@�

�@� �@

�
; D

�
:=

�
�@� �@
�@ �@�

�
; (2.3.1)

and similarly

D :=

�
@ @�

@� @

�
; D� :=

�
@� @

@ @�

�
; (2.3.2)
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i.e., for F 2 G1 (
) we define D [F ] and D
�
[F ] to be

D [F ] =

�
�@ ^ F 11 + �@� ^ F 21; �@ ^ F 12 + �@� ^ F 22

�@� ^ F 11 + �@ ^ F 21; �@� ^ F 12 + �@ ^ F 22

�
=

=

�
�@
�
F 11

�
+ �@�

�
F 21

�
; �@

�
F 12

�
+ �@�

�
F 22

�
�@�
�
F 11

�
+ �@

�
F 21

�
; �@�

�
F 12

�
+ �@

�
F 22

� � ;
(2.3.3)

D
�
[F ] =

�
�@� ^ F 11 + �@ ^ F 21; �@� ^ F 12 + �@ ^ F 22

�@ ^ F 11 + �@� ^ F 21; �@ ^ F 12 + �@� ^ F 22

�
=

=

�
�@�
�
F 11

�
+ �@

�
F 21

�
; �@�

�
F 12

�
+ �@

�
F 22

�
�@
�
F 11

�
+ �@�

�
F 21

�
; �@

�
F 12

�
+ �@�

�
F 22

� � ;
(2.3.4)

analogously for D and D�.
Let I be the identity operator acting on some linear space of

differential forms; then we shall denote by E 2�2 and �E 2�2 , respec-
tively, the operators of the (left-hand-side) multiplication by E2�2

and �E2�2 (see Subsection 1.1) on the corresponding linear space of
m.v.d.f., i.e.,

E 2�2 ; =

�
I 0
0 I

�
; �E 2�2 :=

�
0 I

I 0

�
:

Then the following operator equalities hold onG2 (C
m ) and G2(C

m ),
respectively; they are of extreme importance for the whole theory:

D Æ D
�
= D

�
Æ D = �Cm E 2�2 ; (2.3.5)

and similarly,

D Æ D� = D� Æ D = �Cm E 2�2 : (2.3.6)

Recalling the observation in Subsection 1.3, we can interpret the
matrix D [F ] as a result of the “matrix wedge multiplication” of F
by D on the left-hand-side:

D ^
?
F :=

�
�@ �@�

�@� �@

�
^
?

�
F 11 F 12

F 21 F 22

�
:

   



Now we introduce the right-hand side operator Dr by the rule

Dr [F ] :=

�
�@r
�
F 11

�
+ �@�r

�
F 12

�
; �@�r

�
F 11

�
+ �@r

�
F 12

�
�@r
�
F 21

�
+ �@�r

�
F 22

�
; �@�r

�
F 21

�
+ �@r

�
F 22

� � ; (2.3.7)

which may differ greatly from D ^
?
F = D [F ]: the latter is an

m.v.d.f. while the former is a family of operators acting on m.v.d.f.,
which depends of z 2 
. Analogous definitions and conclusions are
true for the right-hand-side operators D�

r , Dr, D�
r .

The above operators, D, D�, D, and D�, as well as their right-
hand-side counterparts, are called the hyperholomorphic Cauchy-
Riemann operators, although the right-hand-side case has its pecu-
liarities which will be explained later.

The equality (2.3.5) may be seen as a factorization of the matrix
Laplace operator,

�Cm E 2�2 =

�
�Cm 0
0 �Cm

�
:

There are other ways of factorizing the matrix Laplace operator.
Indeed, the operators D and D

� are not independent:

D
�
= D Æ �E2�2 = �E2�2 Æ D; (2.3.8)

or equivalently

D = D
�
Æ �E 2�2 = �E 2�2 Æ D

�
: (2.3.9)

This leads to factorizations of another matrix Laplace operator,

��E2�2 =

�
0 �Cm

�Cm 0

�
:

D Æ D = �Cm � �E2�2 ;

D
�
Æ D

�
= �Cm � �E 2�2 :

The same type of relations hold for D and D�; we chose the factor-
ization (2.3.5) just to fix one of them.
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2.4 Formula for d
�
F ^

?
G

�

Let F 2 G
k

1 , G 2 G
s

1, then for any pair of their entries we have that

d
�
F�� ^G
Æ

�
= dF�� ^G
Æ + (�1)k F�� ^ dG
Æ :

It is straightforward now to verify that the same is true for matrices:

d
�
F ^

?
G
�
= dF ^

?
G+ (�1)k F ^

?
dG:

The same formula is valid for F 2 Gk
1 , G 2 Gs

1.

2.5 Differential matrix forms of the unit normal

The following operators acting on m.v.d.f. are of special importance.
Let � = (�1; : : : ; �m) and z = (z1; : : : ; zm) be canonical coordinates
in spaces Cm

� and Cm
z respectively. Then the following objects are

defined (for (�; z) 2 Cm
� � Cm

z ):

�� := ���; z =

mX
j=1

cjd��[j] ^ d� ^ d�z
j ;

��� := ����; z = (�1)m
mX
j=1

cjd�� ^ d�[j] ^
cd�zj ;

and similarly,

� := ��; z = (�1)m
mX
j=1

cjd�� ^ d�[j] ^ dz
j ;

�� := ���; z =
mX
j=1

cjd��[j] ^ d� ^
cdzj ;

where

cj :=
(�1)

m(m�1)
2

(2i)m
(�1)j�1 :

   



They will serve as entries of the following matrices:

� := ��; z =

�
�� ���

��� ��

�
;

�
� := �

�
�; z =

�
��� ��
�� ���

�
;

and similarly:

� := ��; z =

�
� ��

�� �

�
;

�
� := �

�
�; z =

�
�� �

� ��

�
:

The structure of all these matrices shows that there is a relation like
(2.3.8) between ��� and �� as well as between�� and �: By definition,
all symbols d�j , d��j commute with all symbols d�zj , cd�zj , dzj , cdzj .
Recalling the definition of the contraction operators cd�zj and cdzj , we
see that �, �� and �, �� should be seen as operators on some spaces
of m.v.d.f. F with entries F ij (�; z) =

P
�; �

F
ij
�; � (�; z) ^ dz

� ^ d�z�

(� 2 �1, z 2 �2) and each of F ij
�; � = F

ij
�; � (�; z) is a family of d.f. on

�1 which depends on z 2 �2, i.e.,

� [F ] := � ^
?
F :=

�
�� ^ F 11 + ��� ^ F 21; �� ^ F 12 + ��� ^ F 22

��� ^ F 11 + �� ^ F 21; ��� ^ F 12 + �� ^ F 22

�
where

��
�
F ij
�
:= �� ^ F ij :=

:=
X
�; �

mX
j=1

cjd��[j] ^ d� ^ F
ij
�; � ^ d�z

j ^ dz� ^ d�z� ;

���
�
F ij
�
:= ��� ^ F ij :=

:=
X
�; �

mX
j=1

cjd�� ^ d�[j] ^ F
ij
�; � ^

cd�zj hdz� ^ d�z�i :
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This means, in particular, that here we identify the differential
forms �� and � with the operators of (left) multiplication by them.

Consider now the relations between the above-introduced ma-
trices �, ��, and �, ��, and the normal vector to a surface in C

m .
Let � be a real (2m� 1)-surface in C

m of class C1. Denote by n� =�
n1� ; : : : ; nm�

�
the outward pointing normal unit vector to � at

� 2 � and let dS be a surface differential form on �. Consider now
on the surface �

njdS =

�
(�1)(2j�1)�1

1

2

�
d��1 + d�1

�
^

�
�

1

2i

��
d��1 � d�1

�
^ : : :

: : : ^
1

2

�
d��j�1 + d�j�1

�
^

�
�

1

2i

��
d��j�1 � d�j�1

�
^

^

�
�

1

2i

��
d��j � d�j

�
^

^
1

2

�
d��j+1 + d�j+1

�
^

�
�

1

2i

��
d��j+1 � d�j+1

�
^ : : :

: : : ^
1

2

�
d��m + d�m

�
^

�
�

1

2i

��
d��m � d�m

�
+

+(�1)(2j)�1 i
1

2

�
d��1 + d�1

�
^

�
�

1

2i

��
d��1 � d�1

�
^ : : :

: : : ^
1

2

�
d��j�1 + d�j�1

�
^

�
�

1

2i

��
d��j�1 � d�j�1

�
^

^
1

2

�
d��j + d�j

�
^

^
1

2

�
d��j+1 + d�j+1

�
^

�
�

1

2i

��
d��j+1 � d�j+1

�
^ : : :

: : : ^
1

2

�
d��m + d�m

�
^

�
�

1

2i

��
d��m � d�m

��
j� =

=

8><>: (�1)m

22m�1im
�
d��j � d�j

�
^

m̂

k=1
k 6=j

(�2) d��k ^ d�k�

�
(�1)m

22m�1im
�
d��j + d�j

�
^

m̂

k=1
k 6=j

(�2) d��k ^ d�k

9>=>; j� =

   



= 2
1

(2i)m

8><>:d�j ^
m̂

k=1
k 6=j

d��k ^ d�k

9>=>; j� =

= 2
(�1)

(m�2)(m�1)
2

(2i)m
�
d�j ^ d��[j] ^ d�[j]

	
j� =

= 2
(�1)

m(m�1)
2

(2i)m
(�1)j�1

�
d��[j] ^ d�

	
j�:

Therefore

njdS = 2
(�1)

m(m�1)
2

(2i)m
(�1)j�1

�
d��[j] ^ d�

	
j�:

Analogously, we have

�njdS = 2 (�1)m
(�1)

m(m�1)
2

(2i)m
(�1)j�1

�
d�� ^ d�[j]

	
j�;

and hence

�j� =
1

2

mX
j=1

 
njd�z

j ; �nj cd�zj
�njcd�zj ; njd�z

j

!
dS� =

=
1

2

mX
j=1

�
njd�z

jE2�2 + �nj cd�zj �E2�2

�
dS� ; (2.5.1)

�
�j� =

1

2

mX
j=1

 
�njcd�zj ; njd�z

j

njd�z
j ; �nj cd�zj

!
dS� ; (2.5.2)

and symmetrically

�j� =
1

2

mX
j=1

 
�njd�z

j ; nj
cd�zj

nj
cd�zj ; �njd�z

j

!
dS� ; (2.5.3)

�
�j� =

1

2

mX
j=1

 
nj
cd�zj ; �njd�z

j

�njd�z
j ; nj

cd�zj
!
dS� : (2.5.4)
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Thus these matrices will serve for integrating m.v.d.f. of two vari-
ables, � and z, with respect to � over surfaces in C

m
� :

2.6 Formula for d�
�
F ^

?
� ^

?
G

�

Let F and G be two elements fromG1 (
), consider

d�

�
F ^

?
� ^

?
G) = d�

�
F ^

?
� [G]

�
:

For any F (�; d�z), G (�; d�z) we have

F (�; d�z) ^
?
��; z ^

?
G (�; d�z) =

�
A11
�; z A12

�; z

A21
�; z A22

�; z

�
with

A11
�; z := F 11 (�; d�z) ^ ���; z ^G

11 (�; d�z) +

+F 11 (�; d�z) ^ ����; z ^G
21 (�; d�z) +

+F 12 (�; d�z) ^ ����; z ^G
11 (�; d�z) +

+F 12 (�; d�z) ^ ���; z ^G
21 (�; d�z) ;

A12
�; z := F 11 (�; d�z) ^ ���; z ^G

12 (�; d�z) +

+F 11 (�; d�z) ^ ����; z ^G
22 (�; d�z) +

+F 12 (�; d�z) ^ ����; z ^G
12 (�; d�z) +

+F 12 (�; d�z) ^ ���; z ^G
22 (�; d�z) ;

A21
�; z := F 21 (�; d�z) ^ ���; z ^G

11 (�; d�z) +

+F 21 (�; d�z) ^ ����; z ^G
21 (�; d�z) +

+F 22 (�; d�z) ^ ����; z ^G
11 (�; d�z) +

+F 22 (�; d�z) ^ ���; z ^G
21 (�; d�z) ;

   



d�

�
F ^

?
� ^

?
G
�

A22
�; z := F 21 (�; d�z) ^ ���; z ^G

12 (�; d�z) +

+F 21 (�; d�z) ^ ����; z ^G
22 (�; d�z) +

+F 22 (�; d�z) ^ ����; z ^G
12 (�; d�z) +

+F 22 (�; d�z) ^ ���; z ^G
22 (�; d�z) :

Because of linearity of d it is enough to consider

F (�; d�z) =
�
F�� (�; d�z)

�1���2
1���2

;

G (�; d�z) =
�
G
Æ (�; d�z)

�1�Æ�2
1�
�2

;

with entries of the form

F�� (�; d�z) := '�� (�) d�z
j��

and
G
Æ (�; d�z) :=  
Æ (�) d�z

q
Æ ;

where j�� =
�
j
��
1 ; : : : ; j

��
k��

�
, q
Æ =

�
q

Æ
1 ; : : : ; q


Æ
p
Æ

�
and '�� (�),

 
Æ (�) are functions of class C1.
Take F 11 (�; d�z) = '11 (�) d�z

j11 and G11 (�; d�z) =  11 (�) d�z
q11 ,

d�
�
F 11 ^ ��� ^G11

�
=

= d�

 
'11d�z

j11 ^

 
(�1)m

mX
s=1

csd�� ^ d�[s] ^ cd�zs
!
^

^ 11d�z
q11
�
=

= (�1)m
mX
s=1

csd�
�
'11 11d�� ^ d�[s]

�
^
�
d�zj

11
^ cd�zs ^ d�zq11� =

= (�1)m
mX
s=1

cs
@ ('11 11)

@�s
(�1)m+s�1 d�� ^ d� ^

�
d�zj

11
^ cd�zs^

^ d�zq
11
�
=

= (�1)m
mX
s=1

cs

�
@'11

@�s
 11 + '11

@ 11

@�s

�
(�1)m+s�1 d�� ^ d� ^

   



2� 2

^
�
d�zj

11
^ cd�zs ^ d�zq11� :

Completely analogously we have

d�

�
F�� ^ ��� ^G
Æ

�
=

= (�1)m
mX
s=1

cs

�
@'��

@�s
 
Æ + '��

@ 
Æ

@�s

�
(�1)m+s�1 d�� ^ d� ^

^
�
d�zj

��

^ cd�zs ^ d�zq
Æ� ;
for all the other possible combinations of indices.

Consider now

d�

�
F�� ^ �� ^G
Æ

�
=

= d�

 
'��d�z

j�� ^

 
mX
s=1

csd��[s] ^ d� ^ d�z
s

!
^  ��d�z

q
Æ

!
=

=
mX
s=1

csd�
�
'�� 
Æd��[s] ^ d�

�
^
�
d�zj

��

^ d�zs ^ d�zq

Æ
�
=

=

mX
s=1

cs
@ ('�� 
Æ)

@��s
(�1)s�1 d�� ^ d� ^

�
d�zj

��

^ d�zs ^ d�zq

Æ
�
=

=
mX
s=1

cs

�
@'��

@��s
 
Æ + '��

@ 
Æ

@��s

�
(�1)s�1 d�� ^ d� ^

�
d�zj

��

^

^d�zs ^ d�zq

Æ
�
:

Completely analogously for F; G 2 G1 (
) we have

d�

�
F�� ^ � ^G
Æ

�
=

= (�1)m
mX
s=1

cs

�
@'��

@�s
 
Æ + '��

@ 
Æ

@�s

�
(�1)m+s�1 d�� ^ d� ^

^
�
d�zj

��

^ d�zs ^ d�zq

Æ
�
;

d�

�
F�� ^ �� ^G
Æ

�
=

   



=
mX
s=1

cs

�
@'��

@��s
 
Æ + '��

@ 
Æ

@��s

�
(�1)s�1 d�� ^ d� ^

^
�
d�zj

��

^ cd�zs ^ d�zq
Æ� :
Hence we have, respectively, the relations

d�
�
F�� ^ �� ^G
Æ

�
(�; d�z) =

= �dr�
�
F�� ^ �� ^G
Æ

�
(�; d�z) =

=
�
�@r

h
F��

i
(�; d�z) ^G
Æ (�; d�z)

+F�� (�; d�z) ^ �@
h
G
Æ

i
(�; d�z)

�
dV� ;

d�
�
F�� ^ ��� ^G
Æ

�
(�; d�z) =

= �dr�

�
F�� ^ ��� ^G
Æ

�
(�; d�z) =

=
�
�@�r

h
F��

i
(�; d�z) ^G
Æ (�; d�z) +

+F�� (�; d�z) ^ �@�
h
G
Æ

i
(�; d�z)

�
dV� ;

d�
�
F�� ^ � ^G
Æ

�
(�; d�z) =

= �dr�

�
F�� ^ � ^G
Æ

�
(�; d�z) =

=
�
@r

h
F��

i
(�; d�z) ^G
Æ (�; d�z) +

+F�� (�; d�z) ^ @
h
G
Æ

i
(�; d�z)

�
dV� ;

d�
�
F�� ^ �� ^G
Æ

�
(�; d�z) =

= �dr�

�
F�� ^ �� ^G
Æ

�
(�; d�z) =

=
�
@�r

h
F��

i
(�; d�z) ^G
Æ (�; d�z) +

+F�� (�; d�z) ^ @�
h
G
Æ

i
(�; d�z)

�
dV� :
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2.7 Exterior differentiation and the hyperholomor-
phic Cauchy-Riemann operators

Theorem Let F and G be arbitrary m.v.d.f. from G1 (
) and F 0, G0 be
arbitrary m.v.d.f. fromG1 (
). The following equalities hold:

d�

�
F ^

?
� ^

?
G
�

= d�

�
F ^

?
� [G]

�
= �dr�

�
F ^

?
� ^

?
G
�
=

=
�
Dr [F ] ^

?
G+ F ^

?
D [G]

�
dV� ;

(2.7.1)

d�

�
F ^

?
�
� ^

?
G
�

= �dr�

�
F ^

?
�
� ^

?
G
�
=

=
�
D
�
r [F ] ^

?
G+ F ^

?
D
�
[G]
�
dV� ;

(2.7.2)

d�

�
F 0 ^

?
� ^

?
G0
�

= �dr�

�
F 0 ^

?
� ^

?
G0
�
=

=
�
Dr

�
F 0
�
^
?
G0 + F 0 ^

?
D
�
G0
��
dV� ;

(2.7.3)

d�

�
F 0 ^

?
�
� ^

?
G0
�

= �dr�

�
F 0 ^

?
�
� ^

?
G0
�
=

=
�
D�

r

�
F 0
�
^
?
G0 + F 0 ^

?
D�
�
G0
��
dV� :

(2.7.4)

Proof. Compare the left-hand sides of each equality with their
right-hand sides, using formulas in the end of the last section.

2.8 Stokes formula compatible with the hyper-
holo morphic Cauchy-Riemann operators

Theorem Let 
+ be a bounded domain in Cm with the topological bound-
ary �, which is a piecewise smooth surface. Let F and G be two arbitrary

   



m.v.d.f. from G1 (

+) \ G0 (


+ [ �) and F 0, G0 be arbitrary m.v.d.f.
fromG1 (


+) \G0 (

+ [ �). Then for any z 2 
+:

Z
��

F (�; d�z) ^
�
��;z ^

�
G (�; dz) =

=

Z
��

F (�; d�z) ^
�
��;z [G] (�; dz)

=

Z

�

Dr [F ] (�; dz) ^
�
G (�; d�z)

+F (�; d�z) ^
?
D [G] (�; d�z) dV� ; (2.8.1)

Z
��

F (�; d�z) ^
?
�
�
�; z ^

?
G (�; d�z) =

=

Z

+
�

�
D
�
r [F ] (�; d�z) ^

?
G (�; d�z)

+F (�; d�z) ^
?
D
�
[G] (�; d�z)

�
dV� ; (2.8.2)

Z
��

F 0 (�; dz) ^
?
��; z ^

?
G0 (�; dz) =

=

Z

+
�

�
Dr

�
F 0
�
(�; dz) ^

?
G0 (�; dz)

+ F 0 (�; dz) ^
?
D
�
G0
�
(�; dz)

�
dV� ; (2.8.3)

Z
��

F 0 (�; dz) ^
?
�
�
�; z ^

?
G0 (�; dz) =
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=

Z

+
�

�
D�

r

�
F 0
�
(�; dz) ^

?
G0 (�; dz)

+ F 0 (�; dz) ^
?
D�
�
G0
�
(�; dz)

�
dV� : (2.8.4)

Proof. Apply the usual Stokes theorem and use Theorem 2.7, not-
ing that F (�; d�z) ^

?
��; z ^

?
G (�; d�z), F (�; d�z) ^

?
�
�
�; z ^?

G (�; d�z),

F 0 (�; dz) ^
?
��; z ^

?
G0 (�; dz) and F 0 (�; dz) ^

?
�
�
�; z ^?

G0 (�; dz)

are well-defined on �.

2.9 The Cauchy kernel for the null-sets of the hy-
perholomorphic Cauchy-Riemann operators

Let us introduce the Cauchy kernels for the theory of m.v.d.f. from
the null-sets of the corresponding operators D and D

�, by the for-
mulas

KD (�; z) := 2
(m� 1)!

�m

mX
q=1

0@ ��q
j�j2m

dd�zq; �q

j�j2m
d�zq

�q

j�j2m
d�zq;

��q
j�j2m

dd�zq
1A ; (2.9.1)

KD� (�; z) := 2
(m� 1)!

�m

mX
q=1

0@ �q

j�j2m
d�zq;

��q
j�j2m

dd�zq
��q

j�j2m
dd�zq; �q

j�j2m
d�zq

1A ; (2.9.2)

and, respectively, for D and D� by

KD (�; z) := 2
(m� 1)!

�m

mX
q=1

0@ �q

j�j2m
ddzq; ��q

j�j2m
dzq

��q
j�j2m

dzq;
�q

j�j2m
ddzq

1A ; (2.9.3)

KD� (�; z) := 2
(m� 1)!

�m

mX
q=1

0@ ��q
j�j2m

dzq;
�q

j�j2m
ddzq

�q

j�j2m
ddzq; ��q

j�j2m
dzq

1A : (2.9.4)
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Note that, for any � , z, KD (�; z) is an operator on m.v.d.f., of
the same type as � from Subsection 2.5 and its coefficients are of
class C1 off the origin, which implies that for any m.v.d.f. F de-
fined off the origin, KD (�; z) [F ] is a m.v.d.f. and is of the same
class of smoothness. It is straightforward to verify that its coeffi-
cients are harmonic functions. Note that D Æ KD (�; z) [F ] is not
identically zero, in general, off the origin, but Sections 9.6 and 9.11
explain that in a certain sense KD (�; z) is the fundamental solution
of the Cauchy-Riemann operator D . The same is true for (2.9.2),
(2.9.3) and (2.9.4).

Using the structure of the matrices in (2.9.1) – (2.9.4), it is not
difficult to find the relations, similar to (2.3.8), between KD(�; z)
and KD�(�; z); as well as between KD(�; z) and KD�(�; z) (see also
Subsection 2.5).

2.10 Structure of the product K
D
^
?
�

The product mentioned in the subsection title is a very essential fac-
tor in many of the following formulas. Let us compute it. We have

KD (� � z; z) ^
?
��; z =

= 2
(m� 1)!

�m

mX
q=1

0B@
��q��zq
j��zj2m

bd�zq; �q�zq
j��zj2m

d�zq

�q�zq
j��zj2m

d�zq;
��q��zq
j��zj2m

bd�zq
1CA ^

?

^
?

(�1)
m(m�1)

2

(2i)m

mX
j=1

(�1)j�1 �

�

 
d��[j] ^ d� ^ d�z

j ; (�1)m d�� ^ d�[j] ^ bd�zj
(�1)m d�� ^ d�[j] ^ bd�zj; d��[j] ^ d� ^ d�z

j

!
=

= (�1)
m(m�1)

2 2
(m� 1)!

(2�i)m

8<:
mX
j=1

(�1)j�1
��j � �zj

j� � zj2m
d��[j] ^ d� ^

cd�zj^
^d�zjE2�2+
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+ (�1)m
mX
j=1

(�1)j�1
�j � zj

j� � zj2m
d�� ^ d�[j] ^ d�z

j ^ cd�zjE2�2+

+
X
q<j

�
(�1)j�1

�q � zq

j� � zj2m
d��[j] ^ d��

� (�1)q�1
�j � zj

j� � zj2m
d��[q] ^ d�

�
^ d�zq ^ d�zj �E2�2+

+(�1)m
X
q<j

�
(�1)j�1

��q � �zq

j� � zj2m
d�� ^ d�[j]�

� (�1)q�1
��j � �zj

j� � zj2m
d�� ^ d�[q]

�
^dd�zq ^ cd�zj �E2�2+

+
X
q 6=j

(�1)j�1
��q � �zq

j� � zj2m
d��[j] ^ d� ^dd�zq ^ d�zjE2�2+

+(�1)m
X
j 6=q

(�1)j�1
�q � zq

j� � zj2m
d�� ^ d�[j] ^ d�z

q^

^cd�zjE2�2

o
: (2.10.1)

Introducing notations

Uj (�; z) :=
(m� 1)!

(2�i)m
��j � �zj

j� � zj2m
;

U j (�; z) :=
(m� 1)!

(2�i)m
�j � zj

j� � zj2m
;

for any j = 1; : : : ; m, we have that

U (�; z) :=

mX
j=1

(�1)j�1 Uj (�; z) d��[j] ^ d� =

=
(m� 1)!

(2�i)m

mX
j=1

(�1)j�1
��j � �zj

j� � zj2m
d��[j] ^ d�;

U (�; z) := (�1)m
mX
j=1

(�1)j�1 U j (�; z) d�� ^ d�[j] =

= (�1)m
(m� 1)!

(2�i)m

mX
j=1

(�1)j�1
�j � zj

j� � zj2m
d�� ^ d�[j]:
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The first formula gives the well-known Bochner-Martinelli kernel
for holomorphic functions, which is why we will call the second
kernel, U (�; z), the Bochner-Martinelli kernel for antiholomorphic
functions. Note that U is not only a notation but also the complex
conjugate to U . Extending the idea we introduce

Uj (�; z) :=
(m� 1)!

(2�i)m

0B@ mX
p=1

p6=j1;:::;jk

(�1)p�1
��p � �zp

j� � zj2m
d��[p] ^ d�+

+(�1)m
X

p=j1;:::;jk

(�1)p�1
�p � zp

j� � zj2m
d�� ^ d�[p]

1A
=

mX
p=1

p6=j1;:::;jk

(�1)p�1Up (�; z) d��[p] ^ d� +

+(�1)m
X

p=j1;:::;jk

(�1)p�1Up (�; z) d�� ^ d�[p]

(2.10.2)

for any strictly increasing jjj-tuple j in f1; : : : ; mg, including j = ;.
We will see later that Uj (�; z) plays the same role for functions an-
tiholomorphic in zj1 , : : :, zjk and holomorphic in the rest variables
that U (�; z) plays for holomorphic functions. Under these nota-
tions, we have

KD (� � z; z) ^
?
��; z =

= (�1)
m(m�1)

2 2

8<:
mX
j=1

(�1)j�1 Uj (�; z) d��[j] ^ d� ^
cd�zj^

^d�zjE2�2+

+(�1)m
mX
j=1

(�1)j�1 U j (�; z) d�� ^ d�[j] ^ d�z
j ^ cd�zjE2�2+

+
X
q<j

�
(�1)j�1 Uq (�; z) d��[j] ^ d��
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� (�1)q�1 U j (�; z) d��[q] ^ d�
�
^ d�zq ^ d�zj �E2�2+

+(�1)m
X
q<j

�
(�1)j�1 Uq (�; z) d�� ^ d�[j]�

� (�1)q�1 Uj (�; z) d�� ^ d�[q]

�
^dd�zq ^ cd�zj �E2�2+

+
X
q 6=j

(�1)j�1 Uq (�; z) d��[j] ^ d� ^dd�zq ^ d�zjE2�2+

+(�1)m
X
j 6=q

(�1)j�1 Uq (�; z) d�� ^ d�[j] ^ d�z
q ^ cd�zjE2�2

9=; :

This expression, KD ^
?
�, defines an operator acting on G0(


nfzg). In particular on the setG
0
0 (
 n fzg) of matrices whose entries

are scalar-valued functions, it takes the form

KD (� � z; z) ^
?
��; z =

= (�1)
m(m�1)

2 2

�
U(�; z)E2�2 +

X
q<j

((�1)j�1Uq(�; z)d��[j] ^ d� �

�(�1)q�1U j�; z)d��[q] ^ d�) ^ d�z
q ^ d�zj �E2�2

�
:

Let � be a real (2m� 1)-surface of class C1. Taking into account
the contents of Subsection 2.5 we obtain, for any F 2 G0 (
 n fzg)\
G0 (
 [ �),n

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z)

o
j� =

= (2i)m

8<:
mX
j=1

Uj (�; z)nj; � cd�zj ^ d�zj ^ F (�; d�z) +

+

mX
j=1

Uj (�; z) �nj; �d�z
j ^ cd�zj ^ F (�; d�z) +

   



+
X
q<j

�
Uq (�; z)nj; � � U j (�; z)nq; �

�
^

^d�zq ^ d�zj �E2�2 ^
?
F (�; d�z) +

+
X
q<j

(Uq (�; z) �nj; � � Uj (�; z) �nq; � )^

^dd�zq ^ cd�zj �E2�2 ^
?
F (�; d�z) +

+
X
q 6=j

Uq (�; z)nj; �dd�zq ^ d�zj ^ F (�; d�z) +

+
X
j 6=q

Uq (�; z) �nj; �d�z
q ^ cd�zj ^ F (�; d�z)

9=; dS� ;

and for F 2 G
0
0 (
 n fzg) \G

0
0 (
 [ �),n

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z)

o
j� =

= (2i)m �

�
�11 �12
�21 �22

�
^
?
F (�; d�z) dS�

where

�11 =

mX
j=1

Uj (�; z)nj; � ;

�12 =
X
q<j

Uq (�; z)nj; �d�z
q ^ d�zj �

X
q<j

U j (�; z)nq;�d�z
q ^ d�zj ;

�21 =
X
q<j

Uq (�; z)nj; �d�z
q ^ d�zj �

X
q<j

U j (�; z)nq; �d�z
q ^ d�zj ;

�22 =

mX
j=1

Uj (�; z)nj; � :

2.11 Borel-Pompeiu (or Cauchy-Green) formula
for smooth differential matrix-forms

Theorem Let 
+ be a bounded domain with the topological boundary �,
which is a piecewise smooth surface, let F 2 G1 (


+) \G (
+ [ �) and

   



2� 2

G 2 G1 (

+) \G (
+ [ �). Then the following equalities hold in 
+:

2F (z) =

Z
�

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z)�

�

Z

+

KD (� � z; z) ^
?
D [F ] (�; d�z) dV� ;

(2.11.1)

2G (z) =

Z
�

KD (� � z; z) ^
?
��; z ^

?
G (�; dz)�

�

Z

+

KD (� � z; z) ^
?
D [G] (�; dz) dV� :

(2.11.2)

Proof. The proof will be given for the first case only. Take z 2 
+

fixed and choose � > 0 such that B (z; �) � 
+.
By Stokes formula we haveZ

Fr(
+nB (z; �))

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z) =

=

Z

+nB (z; �)

KD (� � z; z) ^
?
D [F ] (�; d�z) dV� : (2.11.3)

As D [F ] is continuous in 
+ and 
+ is a bounded set,

KD (� � z; z) ^
?
D [F ] (�; d�z) dV�

is Lebesgue absolutely integrable on 
+. Consequently, by taking
the limit for �! 0+ we get in the right-hand side of (2.11.3):Z


+

KD (� � z; z) ^
?
D [F ] (�; d�z) dV� :

   



As to the left-hand side of (2.11.3), it can be put into the formZ
�

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z)�

�

Z
S(z; �)

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z) :

We haveZ
S(z; �)

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z) =

=
(m� 1)!

�m

Z
S(z; �)

mX
q=1

0@ ��q��zq
j��zj2m

dd�zq; �q�zq
j��zj2m

d�zq

�q�zq
j��zj2m

d�zq;
��q��zq
j��zj2m

dd�zq
1A ^

?

^
?

mX
j=1

 
njd�z

j ; �njcd�zj
�njcd�zj ; njd�z

j

!
^
?
F (�; d�z) dS� :

Since for the sphere, nj = 1
�
(�j � zj) and �nj =

1
�
(��j � �zj), we obtain

that Z
S(z; �)

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z) =

=
(m� 1)!

�m

Z
S(z;�)

mX
q=1

 
��q��zq
�2m

dd�zq �q�zq
�2m

d�zq
�q�zq
�2m

d�zq
��q��zq
�2m

dd�zq
!
^
?

^
?

mX
j=1

 
�j�zj
�
d�zj

��j��zj
�
cd�zj

��j��zj
�
cd�zj �j�zj

�
d�zj

!
^
?
F (�; d�z) dS� =

=
(m� 1)!

�m

Z
S(z; �)

mX
q=1

 
��q��zq
�2m

dd�zq �q�zq
�2m

d�zq
�q�zq
�2m

d�zq
��q��zq
�2m

dd�zq
!
^
?
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^
?

 
�q�zq
�

d�zq
��q��zq
�
dd�zq

��q��zq
�
dd�zq �q�zq

�
d�zq

!
^
?
F (�; d�z) dS� +

+
(m� 1)!

�m

Z
S(z; �)

X
q 6=j

 
��q��zq
�2m

dd�zq �q�zq
�2m

d�zq
�q�zq
�2m

d�zq
��q��zq
�2m

dd�zq
!
^
?

^
?

 
�j�zj
�
d�zj

��j��zj
�
cd�zj

��j��zj
�
cd�zj �j�zj

�
d�zj

!
^
?
F (�; d�z) dS� :

For the first integral we have

(m� 1)!

�m
1

�2m+1

Z
S(z; �)

mX
q=1

�
j��q � �zqj

2dd�zq ^ d�zq+
+ j�q � zqj

2 d�zq ^dd�zq� �E2�2 ^
?
F (�; d�z) dS� =

=
(m� 1)!

�m
1

�2m�1

Z
S(z; �)

F (�; d�z) dS� =

=
(m� 1)!

�m
1

�2m�2

Z
S(z; �)

F (�; d�z)� F (z)

�
dS� +

+
(m� 1)!

�m
1

�2m�1

Z
S(z; �)

F (z) dS� =

=
(m� 1)!

�m
1

�2m�2

Z
S(z; �)

F (�; d�z)� F (z)

�
dS� + 2F (z) ;

where

1

�2m�2

�������
Z

S(z; �)

F (�; d�z)� F (z)

�
dS�

������� �
1

�2m�2
const

Z
S(z; �)

dS� �

   



� const � �:

Hence the first integral tends to 2F (z) when � tends to zero. Now,
using the same idea for the second integral, we see that it tends to
zero iff the following integral tends to zero when � tends to zero:

Z
S(z; �)

X
q 6=j

0B@ ��q��zq
�2m

dd�zq �q�zq
�2m

d�zq

�q�zq
�2m

d�zq
��q��zq
�2m

dd�zq
1CA ^

?

0B@
�j�zj
�
d�zj

��j��zj
�
cd�zj

��j��zj
�
cd�zj �j�zj

�
d�zj

1CA ^
?

^
?
E2�2dS� :

To prove the last identity it is sufficient to prove that, for any j 6= q,Z
S(z; �)

(��q � �zq) (��j � �zj) dS� = 0; (2.11.4)

Z
S(z; �)

(��q � �zq) (�j � zj) dS� = 0: (2.11.5)

Let us make a change of variables:

x1 = Re (z1) = � cos �2m�1 � � � cos �2 cos �1;

y1 = Im (z1) = � cos �2m�1 � � � cos �2 sin �1;

x2 = Re (z2) = � cos �2m�1 � � � cos �3 sin �2;

y2 = Im (z2) = � cos �2m�1 � � � cos �4 sin �3;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

xm = Re (zm) = � cos �2m�1 sin �2m�2;

ym = Im (zm) = � sin �2m�1;

where 0 � �1 � 2�, ��
2 � �i �

�
2 , i = 2; 3; : : : ; 2m � 1. To ob-

tain (2.11.4)–(2.11.5) it is sufficient to prove that the following usual
integrals are equal to zero: for any 2 < j � q,

�
2R

��
2

: : :

�
2R

��
2

cos2 �2m�1 : : : cos
2 �q sin �q�1 cos �q�1 : : :

: : : cos �j sin �j�1d� = 0;
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for any 2 < q,

�
2R

��
2

: : :

�
2R

��
2

2�R
0

cos2 �2m�1 : : : cos
2 �q sin �q�1 cos �q�1 : : :

: : : cos �2 sin �1d� = 0;

and for any 1 < q,

�
2R

��
2

: : :

�
2R

��
2

2�R
0

cos2 �2m�1 : : : cos
2 �q sin �q�1 cos �q�1 : : :

: : : cos �2 cos �1d� = 0;

which is trivially true.
Hence, finally,

lim
�!0+

Z
S(z; �)

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z) = 2F (z) :

2.11.1 Structure of the Borel-Pompeiu formula

First consider the product KD (� � z; z) ^
?
D [F ] (�; d�z). We have

KD (� � z; z) ^
?
D [F ] (�; d�z) =

= 2
(m� 1)!

�m

mX
q=1

0@ ��q��zq
j��zj2m

dd�zq; �q�zq
j��zj2m

d�zq

�q�zq
j��zj2m

d�zq;
��q��zq
j��zj2m

dd�zq
1A ^

?
� (�; d�z) =

=: R =
�
Rij
�
;

where
� (�; d�z) = (�pq)

2
p;q=1 ;

�11 = �@
�
F 11

�
(�; d�z) + �@�

�
F 21

�
(�; d�z) ;

�12 = �@
�
F 12

�
(�; d�z) + �@�

�
F 22

�
(�; d�z) ;

�21 = �@�
�
F 11

�
(�; d�z) + �@

�
F 21

�
(�; d�z) ;

   



�22 = �@�
�
F 12

�
(�; d�z) + �@

�
F 22

�
(�; d�z) ;

and

R11 = 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ ��@ �F 11

�
(�; d�z) +

+ �@� [F21] (�; d�z)
�
+

+ 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^

�
�@�
�
F 11

�
(�; d�z) +

+ �@
�
F 21

�
(�; d�z)

�
;

R21 = 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^

�
�@
�
F 11

�
(�; d�z)+

+ �@�
�
F 21

�
(�; d�z)

�
+

+ 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ ��@� �F 11

�
(�; d�z) +

+ �@
�
F 21

�
(�; d�z)

�
;

R12 = 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ ��@ �F 12

�
(�; d�z)+

+ �@� [F22] (�; d�z)
�
+

+ 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^

�
�@�
�
F 12

�
(�; d�z) +

+ �@
�
F 22

�
(�; d�z)

�
;

R22 = 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^

�
�@
�
F 12

�
(�; d�z)+

+ �@�
�
F 22

�
(�; d�z)

�
+

+ 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ ��@� �F 12

�
(�; d�z) +
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+ �@
�
F 22

�
(�; d�z)

�
:

Let us now substitute all this into the formula (2.11.1). We have

2F�� (z) =

= (�1)
m(m�1)

2 2 �

�

Z
�

� mX
j=1

(�1)j�1 Uj (�; z) d��[j] ^ d� ^
cd�zj ^ d�zj ^

^F�� (�; d�z) +

+ (�1)m
mX
j=1

(�1)j�1 U j (�; z) d�� ^ d�[j] ^ d�z
j ^ cd�zj ^

^F�� (�; d�z) +

+
X
q 6=j

(�1)j�1 Uq (�; z) d��[j] ^ d� ^dd�zq ^ d�zj ^ F�� (�; d�z) +
+ (�1)m

X
q 6=j

(�1)j�1 Uq (�; z) d�� ^ d�[j] ^ d�z
q ^ cd�zj ^

^F�� (�; d�z)

�
�

� 2 (2i)m
Z

+

8<:
mX
j=1

Uj (�; z) cd�zj ^ d�zj ^ @F��

@�zj
(�; d�z) +

+

mX
j=1

Uj (�; z) d�z
j ^ cd�zj ^ @F��

@zj
(�; d�z)+

+
X
q 6=j

Uq (�; z)dd�zq ^ d�zj ^ @F��

@�zj
(�; d�z)+

+
X
q 6=j

Uq (�; z) d�z
q ^ cd�zj ^ @F��

@zj
(�; d�z)

9=; dV� ; (2.11.6)

0 = (�1)
m(m�1)

2 2

Z
�

�X
q<j

�
(�1)j�1 Uq (�; z) d��[j] ^ d� �

   



� (�1)q�1 U j (�; z) d��[q] ^ d�
�
^ d�zq ^ d�zj ^ F�� (�; d�z) +

+ (�1)m
X
q<j

�
(�1)j�1 Uq (�; z) d�� ^ d�[j] �

� (�1)q�1 Uj (�; z) d�� ^ d�[q]

�
^dd�zq ^ cd�zj ^ F�� (�; d�z)��

� 2 (2i)m
Z

+

8<:X
q 6=j

Uq (�; z) d�z
q ^ d�zj ^

@F��

@�zj
(�; d�z) +

+
X
q 6=j

Uq (�; z)dd�zq ^ cd�zj ^ @F��

@zj
(�; d�z)

9=; dV� :

(2.11.7)

Thus we arrived at an integral representation of a smooth dif-
ferential form expressed in terms of the Bochner-Martinelli-like ker-
nels, together with a certain identity. Let us analyze them more rig-
orously, starting naturally with the case of one variable.

2.11.2 The casem = 1

Let F =

�
'11 '12

'21 '22

�
2 G

0
1. Then

2F (z) =
1

�i

Z
�

 
'11d�
��z

'12d�
��z

'21d�
��z

'22d�
��z

!
�

�
2

�

Z

+

 
1

��z
@'11

@�z
1

��z
@'12

@�z
1

��z
@'21

@�z
1

��z
@'22

@�z

!
dV� =

=
1

�i

Z
�

F (�) d�

� � z
�

2

�

Z

+

1

� � z

@F

@�z
(�) dV� :

(2.11.8)

As a matter of fact, the above equality with the matrix F dis-
solves into a system of four independent equalities of the same form
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(2.11.8), each one with its own function '�� . That is, (2.11.8) is
equivalent to the four Borel-Pompeiu formulas from the usual one-
dimensional complex analysis, with the holomorphic Cauchy ker-
nel.

Now for F =

�
 11
1 d�z  12

1 d�z
 21
1 d�z  22

1 d�z

�
2 G

1

1, we have

2F (z) = �
1

�i

Z
�

0B@
 111 d��
����z d�z

 121 d��
����z d�z

 211 d��
����z d�z

 221 d��
����z d�z

1CA�

�
2

�

Z

+

0B@ 1
����z

@ 111
@z

d�z 1
����z

@ 121
@z

d�z

1
����z

@ 211
@z

d�z 1
����z

@ 221
@z

d�z

1CAdV� =

= �
1

�i

Z
�

F (�; d�z) d��

�� � �z
�

2

�

Z

+

1

�� � �z

@F

@z
(�; d�z) dV� :

This means that we arrived at the Borel-Pompeiu formula in one
variable but with the antiholomorphic Cauchy kernel. Notice also
that the identity (2.11.7) does not give any information.

2.11.3 The casem = 2

We consider here, again, different types of differential forms. First
of all, for functions, that is, on G

0
1, we have

2F (z) = �2

Z
�

U (�; z)F (�)�

� 2
1

�2

Z

+

mX
j=1

��j � �zj

j� � zj4
@F

@�zj
(�) dV� ;

0 = � 2
1

(2�i)2

Z
�

�
�
�1 � z1

j� � zj4
d��1 ^ d��

�
�2 � z2

j� � zj4
d��2 ^ d�

�
F (�)�

   



� 2
1

�2

Z

+

�
�1 � z1

j� � zj4
@F

@�z2
(�)�

�2 � z2

j� � zj4
@F

@�z1
(�)

�
dV� ;

where F =

�
'11 '12

'21 '22

�
.

The first equality is nothing more than the Borel-Pompeiu for-
mula for the Bochner-Martinelli kernel and for m = 2, see [AiYu],
[HL1], [Ky] and many others. Note that in both formulas, the vol-
ume integrals disappear for holomorphic '�� .

For F =

0@  11
2 d�z

2  12
2 d�z

2

 21
2 d�z

2  22
2 d�z

2

1A of class C1, we have:

2F (z) = � 2

Z
�

U(2) (�; z)F (�; d�z)�

� 2
1

�2

Z

+

�
��1 � �z1

j� � zj4
@F

@�z1
(�; d�z)+

+
�2 � z2

j� � zj4
@F

@z2
(�; d�z)

�
dV� ;

0 = 2
1

(2�i)2

Z
�

�
�1 � z1

j� � zj4
d�� ^ d�1+

+
��2 � �z2

j� � zj4
d��2 ^ d�

�
F (�; d�z)�

�2
1

�2

Z

+

�
�1 � z1

j� � zj4
@F

@z2
(�; d�z)�

�
��2 � �z2

j� � zj4
@F

@�z1
(�; d�z)

�
dV� :

In the above representation, we get the Bochner-Martinelli-like
kernel for functions holomorphic in z1 and antiholomorphic in z2,
and the volume integrals disappear for that class of functions.
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Next, for F =

�
 11
1 d�z

1  12
1 d�z

1

 21
1 d�z

1  22
1 d�z

1

�
of class C1, we have

2F (z) = �2

Z
�

U(1) (�; z)F (�; d�z)�

� 2
1

�2

Z

+

�
�1 � z1

j� � zj4
@F

@z1
(�; d�z)+

+
��2 � �z2

j� � zj4
@F

@�z2
(�; d�z)

�
dV� ;

0 = �2
1

(2�i)2

Z
�

�
�2 � z2

j� � zj4
d�� ^ d�2+

+
��1 � �z1

j� � zj4
d��1 ^ d�

�
F (�; d�z)�

� 2
1

�2

Z

+

�
�2 � z2

j� � zj4
@F

@z1
(�; d�z)�

�
��1 � �z1

j� � zj4
@F

@�z2
(�; d�z)

�
dV� :

What is seen here, is the ”compatibility” with functions holo-
morphic in z2 and antiholomorphic in z1. Finally, for antiholomor-
phic (in both variables) functions we obtain

2F (z) = �2

Z
�

U (�; z)F (�; d�z)�

� 2
1

�2

Z

+

�
�1 � z1

j� � zj4
@F

@z1
(�; d�z)+

+
�2 � z2

j� � zj4
@F

@z2
(�; d�z)

�
dV� ;

0 = �2
1

(2�i)2

Z
�

�
��1 � �z1

j� � zj4
d�� ^ d�1+

   



+
��2 � �z2

j� � zj4
d�� ^ d�2

�
F (�; d�z) +

+ 2
1

�2

Z

+

�
��1 � �z1

j� � zj4
@F

@z2
(�; d�z)�

�
��2 � �z2

j� � zj4
@F

@z1
(�; d�z)

�
dV� ;

where F =

0@  11
12d�z  12

12d�z

 21
12d�z  22

12d�z

1A ; d�z = d�z1 ^ d�z2.

It is quite essential to note that each one of the obtained pairs
of formulas is compatible with a certain class of holomorphic-like
functions in the above-mentioned meaning, i.e., the volume inte-
grals disappear. But they may disappear not only on such classes.
What is more, all of them are just particular cases, for m = 2, of the
general Borel-Pompeiu formula from Theorem 2.11, and thus are
applicable to the same domain 
. This reflects a deep idea of con-
sidering, in a fixed domain, all classes of holomorphic-like functions
together, simultaneously, which will be presented in the sequel.

We will return to this subsection later when we will be able to
compare it contents with the Theorem 1.7 in [HL2].

2.11.4 Notations for some integrals in C
2

The results of these computations look quite instructive being rewrit-
ten in the operator form. For doing so let us introduce the following
notation for any F 2 G0

0 (
) or F 2 G0
0 (
) in C 2 :

U1 [F ] (z) := �

Z
�

U1 (�; z)F (�) d��2 ^ d�;

V1 [F ] (z) :=

Z
�

U1 (�; z)F (�) d��1 ^ d�;
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W1 [F ] (z) := �

Z
�

U1 (�; z)F (�) d�� ^ d�2;

X1 [F ] (z) :=

Z
�

U1 (�; z)F (�) d�� ^ d�1;

U2 [F ] (z) :=

Z
�

U2 (�; z)F (�) d��1 ^ d�;

V2 [F ] (z) := �

Z
�

U2 (�; z)F (�) d��2 ^ d�;

W2 [F ] (z) :=

Z
�

U2 (�; z)F (�) d�� ^ d�1;

X2 [F ] (z) := �

Z
�

U2 (�; z)F (�) d�� ^ d�2;

U1 [F ] (z) := �

Z
�

U1 (�; z)F (�) d�� ^ d�2;

V 1 [F ] (z) :=

Z
�

U1 (�; z)F (�) d�� ^ d�1;

W 1 [F ] (z) := �

Z
�

U1 (�; z)F (�) d��2 ^ d�;

   



X1 [F ] (z) :=

Z
�

U1 (�; z)F (�) d��1 ^ d�;

U2 [F ] (z) :=

Z
�

U2 (�; z)F (�) d�� ^ d�1;

V 2 [F ] (z) := �

Z
�

U2 (�; z)F (�) d�� ^ d�2;

W 2 [F ] (z) :=

Z
�

U2 (�; z)F (�) d��1 ^ d�;

X2 [F ] (z) := �

Z
�

U2 (�; z)F (�) d��2 ^ d�;

T1 [F ] (z) := � (2i)2
Z

+

U1 (�; z)F (�) dV� ;

T2 [F ] (z) := � (2i)2
Z

+

U2 (�; z)F (�) dV� ;

T 1 [F ] (z) := � (2i)2
Z

+

U1 (�; z)F (�) dV� ;

T 2 [F ] (z) := � (2i)2
Z

+

U2 (�; z)F (�) dV� ;

   



2� 2

and

U [F ] (z) := �

Z
�

U (�; z)F (�) ;

U(2) [F ] (z) := �

Z
�

U(2) (�; z)F (�) ;

U(1) [F ] (z) := �

Z
�

U(1) (�; z)F (�) ;

U [F ] (z) := �

Z
�

U (�; z)F (�) :

Now we resume the above computations in the following theo-
rems.

2.11.5 Formulas of the Borel-Pompeiu type in C 2

Theorem Let 
+ � C 2 be a bounded domain with the topological bound-
ary �, which is a piecewise smooth surface, let f 2 G0

1 (

+)\G

0
0 (


+ [ �).
Then the following equalities hold in 
+:

f = U [f ] + T1

�
@f

@�z1

�
+ T2

�
@f

@�z2

�
;

f = U(2) [f ] + T1

�
@f

@�z1

�
+ T 2

�
@f

@z2

�
;

f = U(1) [f ] + T 1

�
@f

@z1

�
+ T2

�
@f

@�z2

�
;

f = U [f ] + T 1

�
@f

@z1

�
+ T 2

�
@f

@z2

�
;

which are particular cases, or fragments, of the combined formula (2.11.6)
in C 2 (see (2.11.1) also).

   



2.11.6 Complements to the Borel-Pompeiu-type formulas
in C

2

Theorem. Let 
+ � C
2 be a bounded domain with the topological bound-

ary �, which is a piecewise smooth surface, let f 2 G
0
1 (


+)\G
0
0 (


+ [ �).
Then the following equalities hold in 
+:

0 = V 2 [f ]� V1 [f ] + T 2

�
@f

@z1

�
� T1

�
@f

@�z2

�
;

0 = X1 [f ]�X2 [f ] + T1

�
@f

@z2

�
� T2

�
@f

@z1

�
;

which are, again, particular cases, or fragments of the combined formula
(2.11.7) in C

2 (see (2.11.1) also).

2.11.7 The casem > 2

The case of m = 2, studied in detail, is a very good model of the
general situation of an arbitrary m � 2, which allows us not to re-
peat all the reasonings and just to write down the conclusions. To
this end we assume that

F =

0@  11
j d�z

j  12
j d�z

j

 21
j d�z

j  22
j d�z

j

1A = Fjd�z
j;

with Fj =

0@  11
j  12

j

 21
j  22

j

1A being of class C1, then we have

2Fj (z) = (�1)
m(m�1)

2 2

Z
�

Uj (�; z)Fj (�)�

� 2
(m� 1)!

�m

Z

+

8>><>>:
mX
j=1

j 6=j1; :::; jjjj

��j � �zj

j� � zj2m
@Fj

@�zj
(�)+

+
X

j=j1; :::; jjjj

�j � zj

j� � zj2m
@Fj

@zj
(�)

9=; dV� :
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Also, for jjj = 1; : : : ; m� 1, we have

0 = (�1)
m(m�1)

2 (�1)p+q (�1)
(p�q)�jp�qj

2(p�q) 2
(m� 1)!

(2�i)m
�

�

8<:
Z
�

(�1)kq�1
��jp � �zjp

j� � zj2m
d��[kq ] ^ d�Fj (�)�

� (�1)m (�1)jp�1
Z
�

�kq � zkq

j� � zj2m
d�� ^ d�[jp]Fj (�)

9=;�

� (�1)p+q (�1)
(p�q)�jp�qj

2(p�q) 2
(m� 1)!

�m
�

�

8<:
Z

+

��jp � �zjp

j� � zj2m
@Fj

@�zkq
(�) dV� �

Z

+

�kq � zkq

j� � zj2m
@Fj

@zjp
(�) dV�

9=; ;

where kq = 1; : : : ; m with jq < kq < jq+1 for any q = 0; : : : ; jjj, by
definition j0 := 0 and jjjj+1 := m+ 1 and for p = q, (p�q)�jp�qj

2(p�q) := 1.
For jjj = 0; : : : ; m� 2, we have

0 = (�1)
m(m�1)

2 2

Z
�

�
(�1)j�1 Uq (�; z) d��[j] ^ d��

� (�1)q�1 U j (�; z) d��[q] ^ d�
�
Fj (�)�

�2 (2i)m
Z

+

�
Uq (�; z)

@Fj

@�zj
(�)� U j (�; z)

@Fj

@�zq
(�)

�
dV� ;

where j; q = 1; : : : ; m, j; q 6= j1; : : : ; jjjj and q < j.
Finally, for jjj = 2; : : : ; m, we have

0 = (�1)
m(m�1)

2 2 (�1)m
Z
�

�
(�1)jq�1 Ujp (�; z) d�� ^ d�[jq]�

� (�1)jp�1 Ujq (�; z) d�� ^ d�[jp]

�
Fj (�)�

� 2 (2i)m
Z

+

�
Ujp (�; z)

@Fj

@zjq
(�)� Ujq (�; z)

@Fj

@zjp
(�)

�
dV� ;

   



where p; q = 1; : : : ; jjj and p < q .
Because all participating operators are linear, the case of an ar-

bitrary form does not give any new formula, only the same as that
considered above.

2.11.8 Notations for some integrals in C
m

We are going to present again the formulas from the previous Sub-
section 2.11.7 in the operator form, thus, generalizing the notations
from Subsection 2.11.4, let us introduce the following notation for
any F 2 G0

0 (
) or F 2 G0
0 (
):

Ujk [F ] (z) := (�1)
m(m�1)

2

Z
�

(�1)k�1 Uj (�; z)F (�) d��[k] ^ d�;

Wjk [F ] (z) := (�1)
m(m�1)

2 (�1)m
Z
�

(�1)k�1 Uj (�; z)F (�) d�� ^

^d�[k];

U jk [F ] (z) := (�1)
m(m�1)

2 (�1)m
Z
�

(�1)k�1 Uj (�; z)F (�) d�� ^

^d�[k];

W jk [F ] (z) := (�1)
m(m�1)

2

Z
�

(�1)k�1 U j (�; z)F (�) d��[k] ^ d�;

Tj [F ] (z) := � (2i)m
Z

+

Uj (�; z)F (�) dV� ;

T j [F ] (z) := � (2i)m
Z

+

U j (�; z)F (�) dV� ;

where j; k = 1; : : : ; m, and

Uj [F ] (z) := (�1)
m(m�1)

2

Z
�

Uj (�; z)F (�) ;

U [F ] (z) := U; [F ] = (�1)
m(m�1)

2

Z
�

U (�; z)F (�) ;
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U [F ] (z) := U1:::m [F ] = (�1)
m(m�1)

2

Z
�

U (�; z)F (�) ;

where j is a strictly increasing jjj-tuple in f1; : : : ; mg.
Now we resume the above computations in the following theo-

rems.

2.11.9 Formulas of the Borel-Pompeiu type in C m

Theorem Let 
+ � C
m be a bounded domain with the topological bound-

ary �, which is a piecewise smooth surface, let f 2 G0
1 (


+)\G
0
0 (


+ [ �).
Then the following equalities hold in 
+:

f = Uj [f ] +
mX
j=1

j 6=j1; :::; jjjj

Tj

�
@f

@�zj

�
+

X
j=j1;:::; jjjj

T j

�
@f

@zj

�
;

where j is a strictly increasing jjj-tuple in f1; : : : ; mg, specifically,

f = U [f ] +
mX
j=1

Tj

�
@f

@�zj

�
;

f = U [f ] +

mX
j=1

T j

�
@f

@zj

�
:

They are particular cases, or fragments, of the combined formula (2.11.6),
see also (2.11.1).

2.11.10 Complements to the Borel-Pompeiu-type formulas
in C m

Theorem. Let 
+ � Cm be a bounded domain with the topological
boundary �, which is a piecewise smooth surface, let f 2 G

0
1 (


+) \

G
0
0 (


+ [ �). Then the following equalities hold in 
+ for any j 6= k,
j; k = 1; : : : ; m:

0 = Ujk [f ]� Ukj [f ] + Tj

�
@f

@�zk

�
� T k

�
@f

@zj

�
;

   



0 = W jk [f ]�W kj [f ] + T j

�
@f

@�zk

�
� T k

�
@f

@�zj

�
;

0 = Wjk [f ]�Wkj [f ] + Tj

�
@f

@zk

�
� Tk

�
@f

@zj

�
:

which are particular cases, or fragments, of the combined formula (2.11.7),
see also (2.11.1).

   



Chapter 3

Hyperholomorphic
functions and differential
forms in C m

3.1 Hyperholomorphy in C
m

Definition We set
N(
) := ker (D);

and we shall call m.v.d.f. from N(
) (left)-hyperholomorphic in
 in the
sense of D. Analogously we set

N(
) := ker(D);

and we shall call the corresponding elements (left)-hyperholomorphic in the
sense of D:

Formally, one can introduce two more classes of m.v.d.f. analo-
gous to the above: N

�
(
) := ker (D

�
), N

�
(
) := ker (D�). But it

follows directly from (2.3.8) that (kerD�
) = kerD and kerD� = kerD:

Thus we shall deal, as a rule, with the setN(
) only.
The right-hand-side Cauchy-Riemann operators cannot be used

thus directly, and we introduce the following class of hyperholo-
morphy.

For a fixed m.v.d.f. G of class C0 we define the set

Mr; G (
) :=
n
F 2 G1 (
) jDr [F ] ^

?
G = 0

o
;

   



C
m

and its elements are called right-hyperholomorphic in the sense of Dr
and with respect to G. Analogously for the set

Mr; G (
) :=
n
F 2 G1 (
) jDr [F ] ^

?
G = 0

o
:

Normally we shall be working with the operator D referring to
the corresponding elements as just hyperholomorphic if no misun-
derstanding can arise. For example, it then follows from (2.3.3) and
(2.3.4) that F :=

�
F��

�1���2

1���2
is in N(
) iff in 


�@ ^ F 11 + �@� ^ F 21 = 0;
�@� ^ F 11 + �@ ^ F 21 = 0;
�@ ^ F 12 + �@� ^ F 22 = 0;
�@� ^ F 12 + �@ ^ F 22 = 0:

(3.1.1)

Of course, these equalities can be considered as the Cauchy-Riemann
conditions for the matrix F to be left-hyperholomorphic. Below we present
more detailed analysis of (3.1.1).

3.2 Hyperholomorphy in one variable

Let here m = 1, i.e., we are interested in the above-introduced
classes in C = C 1 . Let 
 be a domain in C and F 2 G1 (
), so
that any F�� is of the form '�� +  ��d�z1 for �; � 2 f1; 2g where
'�� and  �� are from C1 (
; C ), and let them satisfy the system
(3.1.1). Hence we have, for '11,  11, '21,  21,8><>:

@'11

@�z1
d�z1 + @ 11

@�z1
d�z1 ^ d�z1 + �@�

�
'21
�
+ @ 21

@z1
dd�z1 ^ d�z1 = 0;

�@�
�
'11
�
+ @ 11

@z1
dd�z1 ^ d�z1 + @'21

@�z1
d�z1 + @ 21

@�z1
d�z1 ^ d�z1 = 0;

or equivalently, 8><>:
@'11

@�z1
d�z1 + @ 21

@z1
= 0;

@ 11

@z1
+ @'21

@�z1
d�z1 = 0;

   



which means that the functions '11 and '21 are holomorphic, while
 11 and  21 are antiholomorphic in 
. Analogously for '12,  12,
'22,  22. Concluding, we can write

N (
) =

��
'�� +  ��d�z1

�1���2

1���2

�
;

with
�
'��

	
� Hol (
; C ),

�
 ��

	
� Hol (
; C ), where Hol con-

cerns holomorphic, and Hol antiholomorphic functions.
Observe that for any 0-matrix-form F and for any 1-matrix-form

G from N (
) there holds �@� [F ] = 0 and �@ [G] = 0 in 
, that is, all
such differential forms are, respectively, �@�-closed and �@-closed.

One more observation. We see that the setN (
) contains simul-
taneously both holomorphic and antiholomorphic functions in the
same domain, but the latter are identified with the coefficients of
specific differential forms.

Only this way allows us to consider holomorphic and antiholo-
morphic functions (in the same domain) as elements of a single set
which possesses a deep structural analogy with the set of only holo-
morphic functions (and, separately, with that of only antiholomor-
phic ones).

One more justification of the necessity to combine both classes
into a single one is that the case of more than one independent vari-
able requires exactly this approach, which will be shown in what
follows.

Of course, it cannot be achieved without loss: N (
) is not an
algebra with respect to the wedge-multiplication.

3.3 Hyperholomorphy in two variables

Now we take m = 2, that is,

F�� = '�� +
2X


=1

 ��
 d�z
 +  
��
12 d�z

1 ^ d�z2:

Straightforward computation gives

�@
h
F��

i
=

@'��

@�z1
d�z1 +

@'��

@�z2
d�z2 +

 
@ 

��
2

@�z1
�
@ 

��
1

@�z2

!
d�z1 ^ d�z2;

   



C
m

�@�
h
F��

i
=

@ 
��
1

@z1
+
@ 

��
2

@z2
�
@ 

��
12

@z2
d�z1 +

@ 
��
12

@z1
d�z2:

Hence, the first two equations in (3.1.1) take the form8>>>>>>>>>>>><>>>>>>>>>>>>:

�
@ 21

1

@z1
+

@ 21
2

@z2

�
+
�
@'11

@�z1
�

@ 21
12

@z2

�
d�z1+

+
�
@'11

@�z2
+

@ 21
12

@z1

�
d�z2 +

�
@ 11

2

@�z1
�

@ 11
1

@�z2

�
d�z1 ^ d�z2 = 0;

�
@ 11

1

@z1
+

@ 11
2

@z2

�
�
�
@ 11

12

@z2
� @'21

@�z1

�
d�z1+

+
�
@ 11

12

@z1
+ @'21

@�z2

�
d�z2 �

�
@ 21

1

@�z2
�

@ 21
2

@�z1

�
d�z1 ^ d�z2 = 0:

The same for F 12 and F 22. Thus F =
�
F��

�1���2

1���2
belongs to

N (
) if and only if the following hyperholomorphic Cauchy-Rie-
mann conditions hold:

8>>>>>>>>>>><>>>>>>>>>>>:

@ 21
1

@z1
+

@ 21
2

@z2
= 0;

@ 11
1

@z1
+

@ 11
2

@z2
= 0;

@'11

@�z1
�

@ 21
12

@z2
= 0; @'21

@�z1
�

@ 11
12

@z2
= 0;

@'11

@�z2
+

@ 2112
@z1

= 0;
@ 1112
@z1

+ @'21

@�z2
= 0;

@ 112
@�z1

�
@ 111
@�z2

= 0;
@ 212
@�z1

�
@ 211
@�z2

= 0;

(3.3.1)

8>>>>>>>>>>><>>>>>>>>>>>:

@ 22
1

@z1
+

@ 22
2

@z2
= 0;

@ 12
1

@z1
+

@ 12
2

@z2
= 0;

@'12

@�z1
�

@ 2212
@z2

= 0; @'22

@�z1
�

@ 1212
@z2

= 0;

@'12

@�z2
+

@ 2212
@z1

= 0;
@ 1212
@z1

+ @'22

@�z2
= 0;

@ 12
2

@�z1
�

@ 12
1

@�z2
= 0;

@ 22
2

@�z1
�

@ 22
1

@�z2
= 0:

(3.3.2)

In particular they mean that '11, '21, '12 and '22 can be taken
holomorphic in two variables and  21

12 ,  11
12 ,  22

12 and  12
12 are taken

   



antiholomorphic while  21
1 ,  11

1 ,  22
1 and  12

1 are taken antiholomor-
phic in the variable z1 and holomorphic in the variable z2 and  21

2 ,
 11
2 ,  22

2 and  12
2 are taken holomorphic in the variable z1 and anti-

holomorphic in the variable z2. In general,N (
) contains, as proper
subspaces:

1. the set Hol
�

; C 2

�
of all holomorphic mappings,

2. the set isomorphic to the set Hol
�

; C 2

�
of all antiholomor-

phic mappings, with their coordinate functions being identi-
fied with the coefficients of specific differential forms,

3. the sets isomorphic with the sets of mappings, whose coordi-
nate functions are holomorphic with respect to some variable
and antiholomorphic with respect to the other, where again it
is necessary to identify coordinate functions with certain dif-
ferential forms.

ButN (
) is not exhausted with them; for example, the matrices�
e2(Re(z2)+iIm(z1)); 0

�e2(Re(z2)+iIm(z1))d�z1 ^ d�z2; 0

�
;�

0; 0

0; e2(Re(z1)�iIm(z2))
�
d�z1 + d�z2

� �
are in N (
), but their non-zero entries do not belong to any of the
above described sets, i.e., their coefficients are neither holomorphic
nor antiholomorphic with respect to each one of the variables z1
and z2:

3.4 Hyperholomorphy in three variables

Now let m = 3. Then the elements of the matrices are of the form

F�� = '�� +
3X

k=1

X
j
j=k

 ��
 d�z
 :

Again straightforwardly one obtains

�@
h
F��

i
=

3X
q=1

@'��

@�zq
d�zq +

 
@ 

��
3

@�z2
�
@ 

��
2

@�z3

!
d�z2 ^ d�z3 +

   



C
m

+

 
@ 

��
3

@�z1
�
@ 

��
1

@�z3

!
d�z1 ^ d�z3 +

+

 
@ 

��
2

@�z1
�
@ 

��
1

@�z2

!
d�z1 ^ d�z2 + 

@ 
��
23

@�z1
�
@ 

��
13

@�z2
+
@ 

��
12

@�z3

!
d�z1 ^ d�z2 ^ d�z3;

�@�
h
F��

i
=

 
@ 

��
1

@z1
+
@ 

��
2

@z2
+
@ 

��
3

@z3

!
�

 
@ 

��
13

@z3
+
@ 

��
12

@z2

!
d�z1 +

+

 
@ 

��
12

@z1
�
@ 

��
23

@z3

!
d�z2 +

 
@ 

��
23

@z2
+
@ 

��
13

@z1

!
d�z3 +

@ 
��
123

@z1
d�z2 ^ d�z3 �

@ 
��
123

@z2
d�z1 ^ d�z3 +

@ 
��
123

@z3
d�z1 ^ d�z2:

Thus, the first two equations in (3.1.1) take the form

   



8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�
@ 21

1

@z1
+

@ 21
2

@z2
+

@ 21
3

@z3

�
+
�
@'11

@�z1
�

@ 21
13

@z3
�

@ 21
12

@z2

�
d�z1+

+
�
@'11

@�z2
+

@ 21
12

@z1
�

@ 21
23

@z3

�
d�z2+

+
�
@'11

@�z3
+

@ 21
23

@z2
+

@ 21
13

@z1

�
d�z3+

+
�
@ 11

3

@�z2
�

@ 11
2

@�z3
+

@ 21
123

@z1

�
d�z2 ^ d�z3+

+
�
@ 11

3

@�z1
�

@ 11
1

@�z3
�

@ 21
123

@z2

�
d�z1 ^ d�z3+

+
�
@ 11

2

@�z1
�

@ 11
1

@�z2
+

@ 21
123

@z3

�
d�z1 ^ d�z2+

+
�
@ 1123
@�z1

�
@ 1113
@�z2

+
@ 1112
@�z3

�
d�z1 ^ d�z2 ^ d�z3 = 0;

�
@ 11

1

@z1
+

@ 11
2

@z2
+

@ 11
3

@z3

�
+
�
@'21

@�z1
�

@ 11
13

@z3
�

@ 11
12

@z2

�
d�z1+

+
�
@'21

@�z2
+

@ 1112
@z1

�
@ 1123
@z3

�
d�z2+

+
�
@'21

@�z3
+

@ 11
23

@z2
+

@ 11
13

@z1

�
d�z3+

+
�
@ 213
@�z2

�
@ 212
@�z3

+
@ 11123
@z1

�
d�z2 ^ d�z3+

+
�
@ 21

3

@�z1
�

@ 21
1

@�z3
�

@ 11
123

@z2

�
d�z1 ^ d�z3+

+
�
@ 21

2

@�z1
�

@ 21
1

@�z2
+

@ 11
123

@z3

�
d�z1 ^ d�z2+

+
�
@ 21

23

@�z1
�

@ 21
13

@�z2
+

@ 21
12

@�z3

�
d�z1 ^ d�z2 ^ d�z3 = 0:

The same for F 12 and F 22.
Thus F =

�
F��

�1���2

1���2
belongs to N (
) in C 3 if and only if the

following hyperholomorphic Cauchy-Riemann conditions hold:

   



C
m

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

@ 21
1

@z1
+

@ 21
2

@z2
+

@ 21
3

@z3
= 0;

@ 11
1

@z1
+

@ 11
2

@z2
+

@ 11
3

@z3
= 0;

@'11

@�z1
�

@ 21
13

@z3
�

@ 21
12

@z2
= 0; @'21

@�z1
�

@ 11
13

@z3
�

@ 11
12

@z2
= 0;

@'11

@�z2
+

@ 21
12

@z1
�

@ 21
23

@z3
= 0; @'21

@�z2
+

@ 11
12

@z1
�

@ 11
23

@z3
= 0;

@'11

@�z3
+

@ 21
23

@z2
+

@ 21
13

@z1
= 0; @'21

@�z3
+

@ 11
23

@z2
+

@ 11
13

@z1
= 0;

@ 11
3

@�z2
�

@ 11
2

@�z3
+

@ 21
123

@z1
= 0;

@ 21
3

@�z2
�

@ 21
2

@�z3
+

@ 11
123

@z1
= 0;

@ 11
3

@�z1
�

@ 11
1

@�z3
�

@ 21
123

@z2
= 0;

@ 21
3

@�z1
�

@ 21
1

@�z3
�

@ 11
123

@z2
= 0;

@ 11
2

@�z1
�

@ 11
1

@�z2
+

@ 21
123

@z3
= 0;

@ 21
2

@�z1
�

@ 21
1

@�z2
+

@ 11
123

@z3
= 0;

@ 11
23

@�z1
�

@ 11
13

@�z2
+

@ 11
12

@�z3
= 0;

@ 21
23

@�z1
�

@ 21
13

@�z2
+

@ 21
12

@�z3
= 0;

(3.4.1)8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

@ 22
1

@z1
+

@ 22
2

@z2
+

@ 22
3

@z3
= 0;

@ 12
1

@z1
+

@ 12
2

@z2
+

@ 12
3

@z3
= 0;

@'12

@�z1
�

@ 22
13

@z3
�

@ 22
12

@z2
= 0; @'22

@�z1
�

@ 12
13

@z3
�

@ 12
12

@z2
= 0;

@'12

@�z2
+

@ 22
12

@z1
�

@ 22
23

@z3
= 0; @'22

@�z2
+

@ 12
12

@z1
�

@ 12
23

@z3
= 0;

@'12

@�z3
+

@ 22
23

@z2
+

@ 22
13

@z1
= 0; @'22

@�z3
+

@ 12
23

@z2
+

@ 12
13

@z1
= 0;

@ 123
@�z2

�
@ 122
@�z3

+
@ 22123
@z1

= 0;
@ 223
@�z2

�
@ 222
@�z3

+
@ 12123
@z1

= 0;

@ 123
@�z1

�
@ 121
@�z3

�
@ 22123
@z2

= 0;
@ 223
@�z1

�
@ 221
@�z3

�
@ 12123
@z2

= 0;

@ 12
2

@�z1
�

@ 12
1

@�z2
+

@ 22
123

@z3
= 0;

@ 22
2

@�z1
�

@ 22
1

@�z2
+

@ 12
123

@z3
= 0;

@ 12
23

@�z1
�

@ 12
13

@�z2
+

@ 12
12

@�z3
= 0;

@ 22
23

@�z1
�

@ 22
13

@�z2
+

@ 22
12

@�z3
= 0:

(3.4.2)

   



In particular they mean that:

'11, '21, '12 and '22 can be taken holomorphic in three variables
with  11

123,  21
123,  12

123 and  22
123 taken antiholomorphic, while

 11
3 ,  21

3 ,  12
3 and  22

3 are taken holomorphic in the variables z1, z2
and antiholomorphic in the variable z3 and  11

2 ,  21
2 ,  12

2 and
 22
2 are taken holomorphic in the variables z1, z3 and antiholo-

morphic in the variable z2;

and analogously,

 11
1 ,  21

1 ,  12
1 and  22

1 are taken holomorphic in the variables z2, z3
and antiholomorphic in the variable z1 while  11

23 ,  21
23 ,  12

23 and
 22
23 are taken holomorphic in the variable z1 and antiholomor-

phic in the variables z2, z3;

and finally,

 11
13 ,  21

13 ,  12
13 and  22

13 are taken holomorphic in the variable z2 and
antiholomorphic in the variables z1,z3 and  11

12 ,  21
12 ,  12

12 and
 22
12 are taken holomorphic in the variable z3 and antiholomor-

phic in the variables z1, z2.

AgainN (
) contains, as proper subspaces:

1. the set Hol
�

; C 3

�
of all holomorphic mappings,

2. the set isomorphic to the set Hol
�

; C 3

�
of all antiholomor-

phic mappings,

3. the sets isomorphic with the sets of mappings, whose coordi-
nate functions are holomorphic with respect to some variables
and antiholomorphic with respect to the others;

butN (
) is not exhausted with them.

   



C
m

3.5 Hyperholomorphy for any number of
variables

Consider now the case of an arbitrary m. We have

F�� = '�� +

mX
k=1

X
jjj=k

 
��
j d�zj:

For F�� one has

�@
h
F��

i
=

mX
q=1

@'��

@�zq
d�zq +

+
mX
k=2

X
jjj=k

kX
q=1

(�1)q�1
@ 

��
j1:::jq�1jq+1:::jk

@�zjq
d�zj;

(3.5.1)

and

�@�
h
F��

i
=

mX
q=1

@ 
��
q

@zq
+

+

m�1X
k=1

X
jjj=k

k+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1
@ 

��
j1:::jp�1; q; jp:::jk

@zq
d�zj;

(3.5.2)

where, by definition,

j0 := 0; jk+1 := m+ 1;

for any multiindex j.

Thus F =
�
F��

�1���2

1���2
belongs to N (
) in Cm , with 2 � m, if

and only if the following hyperholomorphic Cauchy-Riemann con-
ditions hold:
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>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

mP
q=1

@ 21q
@zq

= 0;

@'11

@�zq
+
q�1P
p=1

@ 21pq
@zp

�
mP

p=q+1

@ 21qp
@zp

= 0; 2 � m;

q = 1; : : : ; m;

kP
q=1

(�1)q�1
@ 11j1:::jq�1jq+1:::jk

@�zjq
+ for 3 � m;

k = 2; : : : ; m� 1;

+
k+1P
p=1

jp�1P
q=jp�1+1

(�1)
p�1 @ 

21
j1:::jp�1qjp:::jk

@zq
= 0; 1 � j1 < � � � < jk � m;

mP
q=1

(�1)
q�1 @ 

11
1:::(q�1)(q+1):::m

@�zq
= 0;

mP
q=1

@ 11q
@zq

= 0;

@'21

@�zq
+
q�1P
p=1

@ 11pq
@zp

�
mP

p=q+1

@ 11qp
@zp

= 0; 2 � m;

q = 1; : : : ; m;

kP
q=1

(�1)
q�1 @ 

21
j1:::jq�1jq+1:::jk

@�zjq
+ for 3 � m;

k = 2; : : : ; m� 1;

+
k+1P
p=1

jp�1P
q=jp�1+1

(�1)
p�1 @ 

11
j1:::jp�1qjp:::jk

@zq
= 0; 1 � j1 < � � � < jk � m;

mP
q=1

(�1)
q�1 @ 

21
1:::(q�1)(q+1):::m

@�zq
= 0;

(3.5.3)
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mP
q=1

@ 22q
@zq

= 0;

@'12

@�zq
+
q�1P
p=1

@ 22pq
@zp

�
mP

p=q+1

@ 22qp
@zp

= 0; 2 � m;

& q = 1; : : : ; m;

kP
q=1

(�1)q�1
@ 12j1:::jq�1jq+1:::jk

@�zjq
+ for 3 � m;

k = 2; : : : ; m� 1;

+
k+1P
p=1

jp�1P
q=jp�1+1

(�1)
p�1 @ 

22
j1:::jp�1qjp:::jk

@zq
= 0; 1 � j1 < � � � < jk � m;

mP
q=1

(�1)
q�1 @ 

12
1:::(q�1)(q+1):::m

@�zq
= 0;

mP
q=1

@ 12q
@zq

= 0;

@'22

@�zq
+
q�1P
p=1

@ 12pq
@zp

�
mP

p=q+1

@ 12qp
@zp

= 0; 2 � m;

q = 1; : : : ; m;

kP
q=1

(�1)
q�1 @ 

22
j1:::jq�1jq+1:::jk

@�zjq
+ for 3 � m;

k = 2; : : : ; m� 1;

+
k+1P
p=1

jp�1P
q=jp�1+1

(�1)
p�1 @ 

12
j1:::jp�1qjp:::jk

@zq
= 0; 1 � j1 < � � � < jk � m;

mP
q=1

(�1)
q�1 @ 

22
1:::(q�1)(q+1):::m

@�zq
= 0;

(3.5.4)

   



where, by definition,

j0 := 0; jk+1 := m+ 1:

In particular, if f : 
 ! C is a function of m complex vari-
ables, which is antiholomorphic in the “k” variables zj1 ; : : : ; zjk
(k = 0; : : : ; m) and holomorphic in the remaining variables, then
the matrix�

fd�zj1 ^ : : : ^ d�zjk 0
0 fd�zj1 ^ : : : ^ d�zjk

�
2 N (
) :

This m.v.d.f. can serve a canonical representation of f as a 2 � 2-
m.v.d.f.. Thus N (
) contains, as proper subspaces, the set Hol(
;
C ) of all holomorphic functions, the set isomorphic to the setHol(
;
C ) of all antiholomorphic functions, as well as other sets analogous
to those described for m = 2 and m = 3. Obviously, N (
) can be
described as a set of mappings 
! C 4�2m (generated by coordinates
of elements fromN (
)), and it is important to note that among the
coordinates of each element, there are not more than four holomor-
phic functions, not more than four antiholomorphic functions, and
not more than four functions from any other combination of holo-
morphy with respect to some variables and antiholomorphy with
respect to the rest of them. ButN (
) is not exhausted with them.

3.6 Observation about right-hand-side hyperholo-
morphy

We are not going to describe in detail the subclasses of Mr; G (
),
just several observations.

Let here m = 1, i.e., we are interested in the class Mr; G (
) in
C = C 1 , where 
 is a connected domain in C . Recall that Dr [F ]
is not a m.v.d.f., it is an operator acting on m.v.d.f. Let now G 2
G0 (
), then

Dr [F ] ^
?
G =

�
�11 �12
�21 �22

�
with

   



C
m

�11 =
@'11

@�z
g110 d�z +

@'12

@z
g111 +

@ 12

@z
g111 d�z +

+
@'12

@�z
g210 d�z +

@'11

@z
g211 +

@ 11

@z
g211 d�z;

�12 =
@'11

@�z
g120 d�z +

@'12

@z
g121 +

@ 12

@z
g121 d�z +

+
@'12

@�z
g220 d�z +

@'11

@z
g221 +

@ 12

@z
g221 d�z;

�21 =
@'21

@�z
g110 d�z +

@'22

@z
g111 +

@ 22

@z
g111 d�z +

+
@'22

@�z
g210 d�z +

@'21

@z
g211 +

@ 21

@z
g211 d�z;

�22 =
@'21

@�z
g120 d�z +

@'22

@z
g121 +

@ 22

@z
g121 d�z +

+
@'22

@�z
g220 d�z +

@'21

@z
g221 +

@ 11

@z
g221 d�z;

where F 2 G1 (
); so that any F�� is of the form '�� +  ��d�z
for �; � 2 f1; 2g, and '�� and  �� are from C1 (
; C ) ; G�� :=

g
��
0 + g

��
1 d�z.

Note first that Dr [F ] � 0 iff '�� are constant functions and  ��

are antiholomorphic functions.
Suppose that all coordinates of G are equal to zero less g110 , then

F 2 Mr; G (
) iff '11 and '21 are holomorphic functions and the
rest of the coordinates are only differentiable functions, so there is
no Cauchy’s integral theorem for that F .

Now, suppose that all coordinates of G are equal to zero less g111
and g211 , with g111 � g211 ; then F 2Mr; G (
) iff @'12

@z
+ @'11

@z
� 0 and

@ 12

@z
+ @ 11

@z
� 0, and this is not the one-variable complex analysis.

The setMr; G (
) is only auxiliary for us which we need in order
to have a symmetric Morera’s theorem, and it is quite different from
traditional theory.

   



Chapter 4

Hyperholomorphic
Cauchy’s integral theorems

4.1 The Cauchy integral theorem for left-hyper-
holomorphic matrix-valued differential forms

Theorem Let 
 be a domain with the topological boundary �, which is a
piecewise smooth surface, let G 2 N (
)\G0 (
 [ �). Then the following
equality holds: Z

�

��; z ^
?
G (�; d�z) = 0: (4.1.1)

Proof. It is enough to look at the Stokes formula, see Theorem
2.7.

4.2 The Cauchy integral theorem for right-G-hy-
perholomorphic m.v.d.f.

Theorem Let 
 be a domain with the topological boundary �, which
is a piecewise smooth surface, let G 2 N (
) \ G0 (
 [ �) and F 2
Mr; G (
) \G0 (
 [ �). Then the following equalities hold:Z

�

��; z ^
?
G (�; d�z) = 0;

   



Z
�

F (�; d�z) ^
?
��; z ^

?
G (�; d�z) = 0:

Proof. The second equality is again a corollary of the Stokes for-
mula from Theorem 2.7.

We consider now several corollaries for conventional complex
analysis in C

m :

4.3 Some auxiliary computations

Let first G = gE2�2 where g is a holomorphic function of several
complex variables. Then G satisfies the formula (4.1.1), henceZ

�

��; z ^
?
gE2�2 = 0;

that is, Z
�

�
�� ^ g ��� ^ g

��� ^ g �� ^ g

�
= 0;

which is equivalent to Z
�

�� ^ g = 0:

More explicitly, the last equality has the form

mX
j=1

0
@Z

�

g (�) d��[j] ^ d�

1
A d�zj = 0;

which is equivalent to any of two systems of equalities:Z
�

g (�) d��[j] ^ d� = 0; for any j = 1; : : : ; m;

and Z
�

nj (�) g (�) dS� = 0; for any j = 1; : : : ; m;

where n(�) = (n1(�); : : : ; nm(�)) is the unit outward-pointing nor-
mal vector to � at �:

   



4.4 More auxiliary computations

The above reasonings allow an immediate generalization.
Let G = gd�zjE2�2 where g is a complex function, which is an-

tiholomorphic in the variables zj1 , : : :, zjjjj and holomorphic in the
rest of variables, with j :=

�
j1; : : : ; jjjj

�
a strictly increasing jjj-tuple

in f1; : : : ; mg. Then G satisfies the formula (4.1.1), henceZ
�

��; z ^
?
gd�zjE2�2 = 0;

that is, Z
�

�
�� ^ gd�zj ��� ^ gd�zj

��� ^ gd�zj �� ^ gd�zj

�
= 0;

which is equivalent to

mX
j=1

0
@Z

�

g (�) d��[j] ^ d�

1
A d�zj ^ d�zj = 0;

mX
j=1

0
@Z

�

g (�) d�� ^ d�[j]

1
A cd�zj ^ d�zj = 0:

More explicitly, the last equalities have the formR
�

g (�) d��[j] ^ d� = 0; for j = 1; : : : ; m and j 6= j1; : : : ; jjjj;

R
�

g (�) d�� ^ d�[j] = 0; for any j = j1; : : : ; jjjj;

or equivalently,R
�

nj (�) g (�) dS� = 0; for j = 1; : : : ; m and j 6= j1; : : : ; jjjj;

R
�

�nj (�) g (�) dS� = 0; for any j = j1; : : : ; jjjj;

where nj is the complex conjugate of the j-th coordinate of the
vector n; dS� is the element of surface.

We resume the above computations in the following corollaries.

   



4.5 The Cauchy integral theorem for holomorphic
functions of several complex variables

Corollary Let g be a function holomorphic in the bounded domain 
+ and
continuous in 
+ [ � with � being a piecewise smooth boundary of 
+.
Then each of two equivalent conditions holds:

1. Z
�

g (�) d��[j] ^ d� = 0; for any j = 1; : : : ; m;

2. Z
�

nj (�) g (�) dS� = 0; for any j = 1; : : : ; m;

which are also expressed in slightly different terms:
1

0
. gj� is orthogonal to each d.f. d��[j] ^ d�; where j = 1; : : : ; m;

2
0
. g is orthogonal to the normal vector n :Z

�

g (�)n (�) dS� = 0;

where it is clear what the “orthogonality” means.

4.6 The Cauchy integral theorem for antiholomor-
phic functions of several complex variables

Corollary Let g be a function antiholomorphic in the bounded domain 
+

and continuous in 
+ [ � with � being a piecewise smooth boundary of

+. Then each of two equivalent conditions holds:

1. Z
�

g (�) d�� ^ d�[j] = 0; for any j = 1; : : : ; m;

2. Z
�

�nj (�) g (�) dS� = 0; for any j = 1; : : : ; m;

   



which are expressed also in slightly different terms:
1

0
. gj� is orthogonal to each d.f. d�� ^ d�[j], where j = 1; : : : ; m.

2
0
. g is orthogonal to the complex conjugate of the vector n :Z

�

g (�) �n (�) dS� = 0:

4.7 The Cauchy integral theorem for functions
holomorphic in some variables and antiholo-
morphic in the rest of variables

Corollary Let g be a function antiholomorphic in the bounded domain 
+

in the variables zj1 , : : :, zjjjj , holomorphic in the rest of variables, and con-
tinuous in 
+ [ �. Then each of two equivalent conditions holds:

1. R
�

g (�) d��[j] ^ d� = 0; for j = 1; : : : ; m

and j 6= j1; : : : ; jjjj;R
�

g (�) d�� ^ d�[j] = 0; for any j = j1; : : : ; jjjj;

2. R
�

nj (�) g (�) dS� = 0; for j = 1; : : : ; m

and j 6= j1; : : : ; jjjj;R
�

�nj (�) g (�) dS� = 0; for any j = j1; : : : ; jjjj;

which are also expressed in slightly different terms:

1
0
. gj� is orthogonal to each d.f. d�� ^ d�[j], for j in

�
j1; : : : ; jjjj

	
and to each d.f. d��[j] ^ d� for j 62 fj1; : : : ; jmg :

2
0
. g is orthogonal to the vector ~n := (~n1; : : : ; ~nm) with ~nj = nj

for j 2
�
j1; : : : ; jjjj

	
and ~nj = nj for the remaining indices.

   



4.8 Concluding remarks

Of course Corollaries 4.5, 4.6 and 4.7 do not pretend to be great
novelties, one can find Corollary 4.5 in many sources, and Corol-
laries 4.6 and 4.7 can be extracted from it. But we are trying again to
stress their relation to the hyperholomorphic theory. What is more,
although Corollaries 4.5 and 4.6 are of course particular cases of
Corollary 4.7, there is a slight difference between Corollary 4.5 on
one hand, and Corollaries 4.6 and 4.7 that reflects the structure of
the set N(
) (see remarks concluding Subsection 3.5): Corollary 4.5
presents nothing more than the equality (4.1.1) with a specific ma-
trix G(�; d�z); that is, Corollary 4.5 is exactly the equality (4.1.1) re-
stricted to a subclass of hyperholomorphic matrices; while Corollar-
ies 4.6 and 4.7 are not, exactly speaking, specific cases of the equality
(4.1.1), they give a property of coefficients of certain m.v.d.f. which
satisfy (4.1.1).

Anyhow it is an insignificant abuse to say that all three corol-
laries are contained directly in the equality (4.1.1), or that they are
just restrictions of (4.1.1) onto different subclasses of N(
); and one
may consider more subclasses.

   



Chapter 5

Hyperholomorphic Morera’s
theorems

5.1 Left-hyperholomorphic Morera theorem

Theorem Let 
+ be a domain in Cm with the topological boundary �, let
G 2 G1 (


+). If for any bounded surface-without-boundary �̂ which is a

piecewise smooth surface, with �̂ = Fr
�

̂+
�

, 
̂+ � 
+, �̂ � 
+, the
following equality holds:

Z

�̂

��; z ^
?
G (�; d�z) = 0; (5.1.1)

then
G 2 N

�

+
�
:

Proof. Let z 2 
+ be an arbitrary point, fB (z; "k)g
1
k=1 be a reg-

ular sequence of balls which is contracting to z, we suppose that,
for any k 2 N , B (z; "k) [ S (z; "k) � 
. By Lebesgue’s theorem we
obtain for the m.v.d.f. D [G], which is continuous and bounded on
B (z; "k) [ S (z; "k), that

lim
k!1

1

jB (z; "k)j

Z
B(z; "k)

D [G] (�; d�z) dV� = D [G] (z) ; (5.1.2)

   



where jB (z; "k)j denotes the usual volume of B (z; "k). Note that
the formula (2.8.1) takes the form

Z
B(z; "k)

D [G] (�; d�z) dV� =

Z
S(z; "k)

��; z ^
?
G (�; d�z) : (5.1.3)

Substituting (5.1.3) into (5.1.2), we have

lim
k!1

1

jB (z; "k)j

Z
S(z; "k)

��; z ^
?
G (�; d�z) = D [G] (z) : (5.1.4)

Substituting (5.1.1) into (5.1.4), we have

D [G] (z) = 0:

But z is an arbitrary point of 
.
Hence G 2 N (
).

Of course, the above theorem can be considered as an inverse
one to some reformulation of Theorem 4.1; thus we obtain an equiv-
alent definition of hyperholomorphy in terms of vanishing integrals
of a given m.v.d.f.

5.2 Version of a right-hyperholomorphic Morera
theorem

Theorem Let 
 be a domain in Cm with the boundary �, let F; G 2
G1 (
). If for any bounded surface-without-boundary �̂ which is a piece-

wise smooth surface, with �̂ = Fr
�

̂
�

, 
̂ � 
, �̂ � 
, the following
equalities hold:

Z

�̂

��; z ^
?
G (�; d�z) = 0; (5.2.1)

Z

�̂

F (�; d�z) ^
?
��; z ^

?
G (�; d�z) = 0; (5.2.2)

   



then

G 2 N (
) ;

F 2Mr; G (
) :

Proof. First, by Theorem 5.1, G 2 N (
); this is

D [G] = 0: (5.2.3)

We will use the same notations as in the proof of Theorem 5.1. By
Lebesgue’s theorem we obtain for the m.v.d.f. Dr [F ] ^

?
G, which is

continuous and bounded on B (z; "k) [ S (z; "k), that

lim
k!1

1
jB(z; "k)j

R
B(z; "k)

Dr [F ] (�; d�z) ^
?
G (�; d�z) dV� =

= Dr [G] (z) ^
?
G (z) :

(5.2.4)

Note that by (5.2.3) the formula (2.8.1) takes the form
R

B(z; "k)

Dr [F ] (�; d�z) ^
?
G (�; d�z) dV� =

=
R

S(z; "k)

F (�; d�z) ^
?
��; z ^

?
G (�; d�z) :

(5.2.5)

Substituting (5.2.5) into (5.2.4), we have

lim
k!1

1
jB(z; "k)j

R
S(z; "k)

F (�; d�z) ^
?
��; z ^

?
G (�; d�z) =

= Dr [F ] (z) ^
?
G (z) :

(5.2.6)

Substituting (5.2.2) into (5.2.6), we have

Dr [F ] (z) ^
?
G (z) = 0:

Again taking into account that z is an arbitrary point of � we obtain
that F 2Mr; G (
).

   



This is again an inverse theorem, now to Theorem 4.2, which
means that we obtain an equivalent definition, in terms of vanish-
ing integrals of two given m.v.d.f., of the right-hand-side hyperholo-
morphy of one of them with respect to the left-hyperholomorphic
(not arbitrary) second matrix.

5.3 Morera’s theorem for holomorphic functions
of several complex variables

Corollary Let 
 be a domain in C
m with the topological boundary �, let

g be a complex function of class C1 in the domain 
 . If for any bound-
ed surface-without-boundary �̂ which is a piecewise smooth surface, with

�̂ = Fr
�

̂
�

, 
̂ � 
 , �̂ � 
 , one of the following equivalent conditions
holds:

1. Z

�̂

g (�) d��[j] ^ d� = 0; for any j = 1; : : : ; m;

(i.e., gj�̂ is orthogonal to each d.f. d��[j] ^ d� , where j = 1; : : : ; m ,
with respect to the bilinear form defined by (g; w) :=

R
�̂

g (�)w (�)).

2. Z

�̂

nj (�) g (�) dS� = 0; for any j = 1; : : : ; m;

(i.e.,
R
�̂

g (�)n (�) dS� = 0, the orthogonality of g and n on �̂),

then g is a holomorphic function in the sense of several complex variables
function theory.

Proof. Using the computation in Subsection 4.3 and combining it
with Theorem 5.1, we have that G := gE2�2 is inN (
), this is:

�
�@ [g] �@� [g]
�@� [g] �@ [g]

�
= D [G] = 0;

   



or equivalently,

�@ [g] =
mX
j=1

@g

@�zj
d�zj = 0:

Then g is a holomorphic function in the sense of several complex
variables function theory.

Of course, the Morera theorem for holomorphic functions has
been long known; one can find an extensive literature on the subject.

5.4 Morera’s theorem for antiholomorphic func-
tions of several complex variables

Corollary Let 
 be a domain in C
m with the topological boundary �, let

g be a complex function of class C1 in the domain 
 . If for any bounded
surface-without-boundary �̂ which is a piecewise smooth surface, with �̂ =

Fr
�

̂
�

, 
̂ � 
 , �̂ � 
 , one of the following equivalent conditions holds:

1. Z

�̂

g (�) d�� ^ d�[j] = 0; for any j = 1; : : : ; m;

(i.e., gj�̂ is orthogonal to each d.f. d�� ^ d�[j], where j = 1; : : : ; m ,
with respect to the bilinear form defined by (g; w) :=

R
�̂

g (�)w (�)).

2. Z

�̂

�nj (�) g (�) dS� = 0; for any j = 1; : : : ; m;

(i.e.,
R
�̂

g (�) �n (�) dS� = 0, the orthogonality of g and n on �̂),

then g is an antiholomorphic function.

Proof. Using the computation in Subsection 4.4 and combining it
with Theorem 5.1, we have that G := gE2�2d�z is inN (
), that is�

�@ [gd�z] ; �@� [gd�z]
�@� [gd�z] ; �@ [gd�z]

�
= D [G] = 0;

   



or equivalently,

�@� [gd�z] =

mX
j=1

(�1)j�1
@g

@zj
d�z[j] = 0:

Then g is an antiholomorphic function.

Formally, one can obtain a proof of Corollary 5.4 directly from
Corollary 5.3. We have chosen, again, another way related to anti-
holomorphic functions as a subset of hyperholomorphic ones.

As in Chapter 4, both corollaries are included in a more general
assertion.

5.5 The Morera theorem for functions holomor-
phic in some variables and antiholomorphic
in the rest of variables

Corollary Let 
 be a domain in Cm with the topological boundary �,
let g be a complex-valued function of class C1 in the domain 
 and let
1 � j1 < � � � < js � m, for some s = 0; � � � ; m. If for any bounded
surface-without-boundary �̂ which is a piecewise smooth surface, with

�̂ = Fr
�

̂
�

, 
̂ � 
, �̂ � 
, one of the following equivalent condi-
tions holds:

1. R
�

g (�) d��[j] ^ d� = 0; for j = 1; : : : ; m

and j 6= j1; : : : ; jjjj;

R
�

g (�) d�� ^ d�[j] = 0; for any j = j1; : : : ; jjjj;

2. R
�

nj (�) g (�) dS� = 0; for j = 1; : : : ; m

and j 6= j1; : : : ; jjjj;

R
�

�nj (�) g (�) dS� = 0; for any j = j1; : : : ; jjjj;

   



then g is antiholomorphic in the variables zj1 , : : :, zjs and holomorphic in
the rest of the variables.

Proof. Let j := (j1; : : : ; js). Using the computation in Subsection
4.4 and combining it with Theorem 5.1, we have that G := gE2�2d�z

j

is inN (
), that is

D [G] =

0
@

�@
�
gd�zj

�
�@�
�
gd�zj

�

�@�
�
gd�zj

�
�@
�
gd�zj

�
1
A = 0;

equivalently,

sX
k=0

X
jk<j<jk+1

(�1)k
@g

@�zj
d�zj1 ^ : : : ^ d�zjk ^ d�zj ^ d�zjk+1 ^ : : :^

^d�zjs = 0;

sX
k=1

(�1)k�1
@g

@zjk
d�zj1 ^ : : : ^ d�zjk�1 ^ d�zjk+1 ^ : : : ^ d�zjs = 0:

Hence g is antiholomorphic in the variables zj1 , : : :, zjs and holo-
morphic in the rest of the variables.

Again, a proof could have been obtained from Corollary 5.3,
which we have not done in view of the above reasons.

Remark also that, abusing a little, as has been explained in Sub-
section 2.10 for the Cauchy integral theorem, Corollaries 5.3, 5.4
and 5.5 are contained directly in hyperholomorphic Morera’s theo-
rem 5.1, and that they are restrictions of Theorem 5.1 onto different
subclasses of N(
); and one may consider more subclasses.

   



Chapter 6

Hyperholomorphic
Cauchy’s integral
representations

6.1 Cauchy’s integral representation for left-
hyperholomorphic matrix-valued differential
forms

Theorem Let 
+ be a bounded domain with the topological boundary �,
which is a piecewise smooth surface, let F 2 N (
+)\G0 (


+ [ �). Then
the following equality holds in 
+:

2F (z) =

Z

�

KD (� � z; z) ^
?
��; z ^

?
F (�) : (6.1.1)

It follows trivially from the Borel-Pompeiu formula. As usual,
the Cauchy integral representation for a class of functions has nu-
merous consequences. But first we consider, as we did in Chapters
4 and 5, some corollaries of (6.1.1) for conventional complex anal-
ysis, i.e., its restrictions onto some subclasses of hyperholomorphic
m.v.d.f.

   



6.2 A consequence for holomorphic functions

Let G = gE2�2 where g is a holomorphic function of several com-
plex variables. Then G satisfies the formula (6.1.1) and combining it
with Subsection 2.10, we have

g (z) = (�1)
m(m�1)

2

Z

�

U (�; z) g (�) ; (6.2.1)

0 = W jk [g] (z)�W kj [g] (z) ; (6.2.2)

where j; k = 1; : : : ; m , j < k, and the definitions of W jk [g] (z),
W kj [g] (z) are in Subsection 2.11.8.

Note that the equality (6.2.1) is the usual Bochner-Martinelli in-
tegral representation of the holomorphic function g. There is a well-
known paradox of the Bochner-Martinelli integral: its kernel U is
non-holomorphic, but it reproduces, by (6.2.1), the holomorphic func-
tion g; what is more, given density g (not necessarily the boundary
value of a holomorphic function), the Bochner-Martinelli-type inte-
gral is holomorphic if and only if the density g is the boundary value
of a holomorphic function (see, for instance, [Ky]). Theorem 6.1 ex-
plains, in a certain sense, why it occurs: being non-holomorphic,
the kernel U is generated by the product KD(� � z; z) ^

?
��; z in

(6.1.1), which reproduces all hyperholomorphic m.v.d.f., and (6.2.1)
is nothing more (from this point of view) than the restriction of
(6.1.1) onto a specific subclass of hyperholomorphic m.v.d.f. And
later it will be explained in which meaning KD(� � z; z) is hyper-
holomorphic.

The equality (6.2.2) is not true, generally, for a function of class
C1; moreover the conditions (6.2.1), (6.2.2) are necessary and suffi-
cient for g to be a holomorphic function in 
+.

These reasonings have their symmetric image for antiholomor-
phic functions.

6.3 A consequence for antiholomorphic functions

Let G = gd�zE2�2 where g is an antiholomorphic function of several
complex variables. ThenG satisfies the formula (6.1.1), and combin-

   



ing it with Subsection 2.10, we have

g (z) = (�1)
m(m�1)

2

Z

�

U (�; z) g (�) ; (6.3.1)

0 = Wjk [g] (z)�Wkj [g] (z) ; (6.3.2)

where j; k = 1; : : : ; m , j < k, and the definitions of Wjk [g] (z),
Wkj [g] (z) are in Subsection 2.11.8.

Note that the equality (6.3.1) is the Bochner-Martinelli integral
representation of the antiholomorphic function g in the same do-
main 
+. Again (6.3.1) is the restriction of (6.1.1) onto a specific
subclass of hyperholomorphic m.v.d.f., which explains why a non-
antiholomorphic kernel U reproduces antiholomorphic functions.
The conditions (6.3.1), (6.3.2) are necessary and sufficient for g to be
an antiholomorphic function in 
+.

And now the general case will be considered.

6.4 A consequence for holomorphic-like functions

Let G = gd�zjE2�2 where g is a complex function, that is antiholo-
morphic in variables zj1 , : : :, zjjjj and holomorphic in the rest, where
j :=

�
j1; : : : ; jjjj

�
is strictly increasing jjj-tuple in f1; : : : ; mg, with

jjj = 1; : : : ; m� 1. Then G satisfies the formula (6.1.1) and combin-
ing it with (2.10), we have

g (z) = (�1)
m(m�1)

2

Z

�

U j (�; z) g (�) ; (6.4.1)

0 = Ujpkq [g] (z)� Ukqjp [g] (z) ; (6.4.2)

where kq = 1; : : : ; m with jq < kq < jq+1 for any q = 0; : : : ; jjj, by
definition j0 := 0 and jjjj+1 := m+ 1 and for p = q, (p�q)�jp�qj

2(p�q) := 0.
For jjj = 1; : : : ; m� 2, we have

0 = W jk [g] (z)�W kj [g] (z) ; (6.4.3)

where j; k = 1; : : : ; m, j; k 6= j1; : : : ; jjjj and j < k. And, for
jjj = 2; : : : ; m� 1, we have

0 = Wjpjq [g] (z)�Wjqjp [g] (z) ; (6.4.4)

   



where p; q = 1; : : : ; jjj and p < q .
The definitions of Ujpkq , Ukqjp , W jk, W kj , Wjpjq and Wjqjp are in

Subsection 2.11.8.
The equality (6.4.1) is the Bochner-Martinelli integral represen-

tation of a function antiholomorphic in the variables zj1 , : : :, zjjjj
and holomorphic in the rest in the same domain 
+. The conditions
(6.4.1), (6.4.2), (6.4.3) and (6.4.4) are necessary and sufficient for g to
be a function holomorphic in given variables and antiholomorphic
in the rest.

We resume the above in the following corollaries.

6.5 Bochner-Martinelli integral representation for
holomorphic functions of several complex vari-
ables, and hyperholomorphic function the-
ory

Corollary Let g be a function holomorphic in the bounded domain 
+,
which can be extended continuously until the topological boundary � of

+ which is a piecewise smooth surface. Then the hyperholomorphic Cauchy
integral representation yields

g (z) = (�1)
m(m�1)

2

Z

�

U (�; z) g (�) ; z 2 
+;

and besides

0 = W jk [g] (z)�W kj [g] (z) ; z 2 
+;

for any j; k = 1; : : : ; m, j < k.

6.6 Bochner-Martinelli integral representation for
antiholomorphic functions of several complex
variables, and hyperholomorphic function the-
ory

Corollary Let g be a function antiholomorphic in the bounded domain

   




+, which can be extended continuously until the topological boundary
� of 
+ which is a piecewise smooth surface. Then the hyperholomorphic
Cauchy integral representation yields

g (z) = (�1)
m(m�1)

2

Z

�

U (�; z) g (�) ; z 2 
+; (6.6.1)

and besides

0 = Wjk [g] (z)�Wkj [g] (z) ; z 2 
+; (6.6.2)

where j; k = 1; : : : ; m, j < k.

6.7 Bochner-Martinelli integral representation for
functions holomorphic in some variables and
antiholomorphic in the rest, and hyperholo-
morphic function theory

Corollary Let g be a function antiholomorphic in the bounded domain 
+

in the variables zj1 , : : :, zjjjj , and holomorphic in the rest, which can be
extended continuously until the topological boundary � of 
+, which is a
piecewise smooth surface, where j :=

�
j1; : : : ; jjjj

�
is strictly increasing

jjj-tuple in f1; : : : ; mg, with jjj = 1; : : : ; m � 1. Then the hyperholo-
morphic Cauchy integral representation yields

g (z) = (�1)
m(m�1)

2

Z

�

U j (�; z) g (�) ; (6.7.1)

and besides

0 =
�
Ujpkq [g] (z)� Ukqjp [g] (z)

�
; (6.7.2)

where kq = 1; : : : ; m with jq < kq < jq+1 for any q = 0; : : : ; jjj, by
definition j0 := 0 and jjjj+1 := m + 1 and for p = q, (p�q)�jp�qj

2(p�q) := 0.
For jjj = 1; : : : ; m� 2, we have also

0 = W jk [g] (z)�W kj [g] (z) ; (6.7.3)

   



where j; k = 1; : : : ; m, j; k 6= j1; : : : ; jjjj and j < k. And, for
jjj = 2; : : : ; m� 1, we have also

0 = Wjpjq [g] (z)�Wjqjp [g] (z) ; (6.7.4)

where p; q = 1; : : : ; jjj and p < q.

   



Chapter 7

Hyperholomorphic
D-problem

7.1 Some reasonings from one variable theory

Introduce the following integrals:

KD [F ] (z) =

Z
�

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z) ;

(7.1.1)

KD [G] (z) =

Z
�

KD (� � z; z) ^
?
��; z ^

?
G (�; dz)

and

TD [F ] (z) = �

Z

+

KD (� � z; z) ^
?
F (�; d�z) dV� ;

(7.1.2)

TD [G] (z) = �

Z

+

KD (� � z; z) ^
?
G (�; dz) dV� :

Hence the Borel-Pompeiu formulas take the form

2F (z) = KD [F ] (z) + TD Æ D [F ] (z) ;
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(7.1.3)

2G (z) = KD [G] (z) + TD Æ D [G] (z) :

For functions of one complex variable D = @
@�z and

K @
@�z

[f ] (z) =
1

2�i

Z
�

f (�) d�

� � z
; (7.1.4)

T @
@�z

[f ] (z) = �
1

2�i

Z



f (�)

� � z
d� ^ d�; (7.1.5)

with the Borel-Pompeiu formula

f (z) =
1

2�i

Z
�

f (�) d�

� � z
�

1

2�i

Z



@f
@�� (�)

� � z
d� ^ d�; (7.1.6)

which implies, as one of its multiple important consequences, the
right-hand-side invertibility of the complex Cauchy-Riemann oper-
ator:

@

@z
Æ T @

@z
[f ] = f : (7.1.7)

The latter leads immediately to the complete description of the
set of solutions of the inhomogeneous (complex) Cauchy-Riemann
equation: if

@f

@z
= g (7.1.8)

in a domain 
 with smooth enough boundary � = @�, then

f 2
�
Hol (
) + T @

@z
[g]
�
: (7.1.9)

In the case of more than one variable, there is an analogue of
(7.1.6) with the Bochner-Martinelli kernel now playing the role of
the Cauchy kernel. But because of the non-holomorphy of the Boch-
ner-Martinelli kernel, the properties of both summands are essen-
tially different and do not imply an analogue of (7.1.7), which means
that the @-problem in several complex variables

@f

@z1
= g1;

   



� � �  (7.1.10)
@f

@zm
= gm;

is much more complicated; it does not have a simple formula such
as (7.1.9) describing its solutions. The aim of this chapter is to show
that in the hyperholomorphic setting the hyperholomorphic Cauchy-
Riemann operator does have the right-hand-side inverse, and hence
the inhomogeneous hyperholomorphic Cauchy-Riemann equation
allows an easy description of the same form as (7.1.9). What is more,
having as a base the solution of the hyperholomorphic D -problem,
in Chapter 8 we obtain the necessary and sufficient conditions for
the solvability of the @-problem for complex-valued functions, to-
gether with the explicit formula for the solution itself when it exists.
In the case of the @-problem for differential forms, the necessary and
sufficient conditions obtained are not so efficient, but the formula
for the solution here is also quite explicit.

7.2 Right inverse operators to the hyperholomor-
phic Cauchy-Riemann operators

Theorem Let 
+ be a bounded open set in Cm with the topological bound-
ary �, which is a piecewise smooth surface. In the spaces G1 (


+) \
G0 (


+ [ �) and G1 (

+) \ G0 (


+ [ �), the operators D Æ TD and
D Æ TD are well-defined and, respectively, on these sets:

D Æ TD [F ] = 2F;

D Æ TD [G] = 2G:

Proof. Assume that F belongs to G2 (

+) \ G0 (


+ [ �) (or to
some other appropriate dense subset of G1 (


+) \ G0 (

+ [ �)).

Take �Cm to be a fundamental solution of the complex Laplace op-
erator on Cm (see Subsection 1.3), i.e., for z 6= 0,

�Cm (z) :=

8><
>:

�2 (m�2)!
�m

1

jzj2(m�1) ; m > 1;

2
�
ln (jzj) ; m = 1;

   



and
�Cm [�Cm ] = ÆCm

(Dirac’s delta on C
m ) in the distributional sense. From Theorem 2.7

we have that for � 6= z,

d�

�
�Cm (� � z)E2�2 ^

?
�
�
�; z ^

?
F (�; d�z)

�
=

=
�
D
�
r [�CmE2�2] (� � z) ^

?
F (�; d�z)+

+ �Cm (� � z)E2�2 ^
?
D
�
[F ] (�; d�z)

�
dV� ;

or, in the integral form,Z
�

�Cm (� � z)E2�2 ^
?
�
�
�; z ^

?
F (�; d�z) =

=

Z

+

KD (�; z) ^
?
F (�; d�z) dV� +

+

Z

+

�Cm (� � z)E2�2 ^
?
D
�
[F ] (�; d�z) dV� ;

which implies

TD [F ] =

Z

+

�Cm (� � z)E2�2 ^
?
D
�
[F ] (�; d�z) dV� �

�

Z
�

�Cm (� � z)E2�2 ^
?
�
�
�; z ^

?
F (�; d�z) :

Apply operator D to both sides of the last equality. It is straightfor-
ward to show that for �Cm (� � z) and for any H(� , d� , d�� , d�z) we
have

Dz

h
�Cm (� � z)E2�2 ^

?
H (�; d�; d�� ; d�z)

i
=

= Dr; z [�Cm (� � z)E2�2] ^
?
H (�; d�; d�� ; d�z) :

   



Hence

D Æ TD [F ] =

Z

+

Dr; z [�Cm (� � z)E2�2] ^
?
D
�
[F ] (�; d�z) dV� �

�

Z
�

Dr; z [�Cm (� � z)E2�2] ^
?
�
�
�; z ^

?

^
?
F (�; d�z) =

=

Z
�

Dr; � [�Cm (� � z)E2�2] ^
?
�
�
�; z ^

?
F (�; d�z)�

�

Z

+

Dr; � [�Cm (� � z)E2�2] ^
?

^
?
D
�
[F ] (�; d�z) dV� =

=

Z
�

KD� (�; z) ^
?
�
�
�; z ^

?
F (�; d�z)�

�

Z

+

KD� (�; z) ^
?
D
�
[F ] (�; d�z) dV� =

= KD
� [F ] + TD� Æ D

�
[F ] = 2F:

On the last step we made use of the Borel-Pompeiu formula con-
sistent with the operatorD�, which can be proved directly as in Sub-
section 2.11 or can be obtained from the formula (2.11.1) using the
relation (2.3.8).

7.2.1 Structure of the formula of Theorem 7.2

Theorem 7.2 has useful consequences both in hyperholomorphic
terms and in purely complex analysis terms. We start with the latter.
To this end, the equality

D Æ TD [F ] = 2F

is equivalent to�
�@[B11] + �@�[B21]; �@[B12] + �@�[B22]
�@�[B11] + �@[B21]; �@�[B12] + �@[B22]

�
= 2F;

   



oblem

where

B11 (z) = �2
(m� 1)!

�m

mX
q=1

Z

+

�
��q � �zq

j� � zj2m
dd�zq ^ F 11 (�; d�z) +

+
�q � zq

j� � zj2m
d�zq ^ F 21 (�; d�z)

�
dV� ;

B21 (z) = �2
(m� 1)!

�m

mX
q=1

Z

+

�
�q � zq

j� � zj2m
d�zq ^ F 11 (�; d�z) +

+
��q � �zq

j� � zj2m
dd�zq ^ F 21 (�; d�z)

�
dV� ;

B12 (z) = �2
(m� 1)!

�m

mX
q=1

Z

+

�
��q � �zq

j� � zj2m
dd�zq ^ F 12 (�; d�z) +

+
�q � zq

j� � zj2m
d�zq ^ F 22 (�; d�z)

�
dV� ;

B22 (z) = �2
(m� 1)!

�m

mX
q=1

Z

+

�
�q � zq

j� � zj2m
d�zq ^ F 12 (�; d�z) +

+
��q � �zq

j� � zj2m
dd�zq ^ F 22 (�; d�z)

�
dV� :

Hence for all entries F��(z) of the matrix F (z) we have

2F�� (z) =

= �@

2
4�2

(m� 1)!

�m

Z

+

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ F�� (�; d�z) dV�

3
5+

+ �@�

2
4�2

(m� 1)!

�m

Z

+

mX
q=1

�q � zq

j� � zj2m
d�zq ^ F�� (�; d�z) dV�

3
5 ;

(7.2.1)

   



0 = �@�

2
42(m� 1)!

�m

Z

+

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ F�� (�; d�z) dV�

3
5+

+ �@

2
42(m� 1)!

�m

Z

+

mX
q=1

�q � zq

j� � zj2m
d�zq ^ F�� (�; d�z) dV�

3
5 :

(7.2.2)

The equality (7.2.1) can be seen as an integral representation of a
smooth differential form F�� with differentiations outside the in-
tegrals.

Consider now what (7.2.1) and (7.2.2) give in different dimen-
sions.

7.2.2 Casem = 1

There are differential forms of degree 1 and of degree 0 here. First

let F =

�
 11
1  12

1

 21
1  22

1

�
d�z = F1d�z; then we have from (7.2.1)

F1 (z) =
@

@�z

2
4� 1

�

Z

+

F1 (�)

� � z
dV�

3
5 ;

or, using a commonly accepted notation T [F1] for the above inte-
gral,

F1 =
@

@�z
T [F1] ;

a well-known formula from one-dimensional complex analysis,
which expresses the existence of a right inverse operator to the com-
plex Cauchy-Riemann operator, a fact of enormous importance for
the whole theory in one variable. Of course Theorem 7.2 shows a
complete analogy with the hyperholomorphic situation, unlike that
of several complex variables.

The equality (7.2.2) gives no new information, since both sum-
mands in the right-hand side are identically zero.

   



lem

Let now F =

�
'11 '12

'21 '22

�
; so we have from (7.2.1)

F (z) =
@

@z

2
4� 1

�

Z

+

F (�)

�� � �z
dV�

3
5 ;

F =
@

@z
T [F ] :

This is an analogue of the above formula but for antiholomorphic
functions, and all the comments can be repeated.

7.2.3 Casem = 2

Here the variety of options is greater, and the conclusions are dif-
ferent. We consider subsequently what (7.2.1) and (7.2.2) give for
m.v.d.f. of a fixed degree. First, for the case of degree two, let

F =

0
@  11

12  12
12

 21
12  22

12

1
A d�z = F12d�z; so we have from (7.2.1)

F (z) = �@

2
4 1

�2

Z

+

��2 � �z2

j� � zj4
F12 (�) dV�d�z

1�

�
1

�2

Z

+

��1 � �z1

j� � zj4
F12 (�) dV�d�z

2

3
5 ;

and from (7.2.2)

0 = �@�

2
4 1

�2

Z

+

��2 � �z2

j� � zj4
F12 (�) dV�d�z

1�

�
1

�2

Z

+

��1 � �z1

j� � zj4
F12 (�) dV�d�z

2

3
5 ;

hence

F12 (z) =
@

@�z1

2
4� 1

�2

Z

+

��1 � �z1

j� � zj4
F12 (�) dV�

3
5+

   



+
@

@�z2

2
4� 1

�2

Z

+

��2 � �z2

j� � zj4
F12 (�) dV�

3
5 ;

0 = �
@

@z1

2
4� 1

�2

Z

+

��2 � �z2

j� � zj4
F12 (�) dV�

3
5+

+
@

@z2

2
4� 1

�2

Z

+

��1 � �z1

j� � zj4
F12 (�) dV�

3
5 :

It is quite instructive, again, to look at these equalities written in the
operator form. This will be done below for an arbitrary number of
variables (see Theorems 7.2.5 and 7.2.6.)

Now we pass to m.v.d.f. of degree one.

Let F =

0
@  11

1  12
1

 21
1  22

1

1
A d�z1 = F1d�z

1; so we have from (7.2.1)

F1 (z) d�z
1 = �@

2
4� 1

�2

Z

+

��1 � �z1

j� � zj4
F1 (�) dV�

3
5�

� �@�

2
4� 1

�2

Z

+

�2 � z2

j� � zj4
F1 (�) dV�d�z

1 ^ d�z2

3
5 =

=
@

@�z1

2
4� 1

�2

Z

+

��1 � �z1

j� � zj4
F1 (�) dV�

3
5d�z1 +

+
@

@�z2

2
4� 1

�2

Z

+

��1 � �z1

j� � zj4
F1 (�) dV�

3
5 d�z2 �

�
@

@z1

2
4� 1

�2

Z

+

�2 � z2

j� � zj4
F1 (�) dV�

3
5 d�z2 +

+
@

@z2

2
4� 1

�2

Z

+

�2 � z2

j� � zj4
F1 (�) dV�

3
5 d�z1;

   



em

and we obtain nothing new from (7.2.2), since both summands in
the right-hand-side are identically zero. Hence we get two equali-
ties for a given smooth matrix F1:

F1 (z) =
@

@�z1

2
4� 1

�2

Z

+

��1 � �z1

j� � zj4
F1 (�) dV�

3
5+

+
@

@z2

2
4� 1

�2

Z

+

�2 � z2

j� � zj4
F1 (�) dV�

3
5 ;

0 =
@

@�z2

2
4� 1

�2

Z

+

��1 � �z1

j� � zj4
F1 (�) dV�

3
5�

�
@

@z1

2
4� 1

�2

Z

+

�2 � z2

j� � zj4
F1 (�) dV�

3
5 :

Analogously, let F =

�
 11
2  12

2

 21
2  22

2

�
d�z2 = F2d�z

2; so we have from

(7.2.1)

F2 (z) d�z
2 = �@

2
4� 1

�2

Z

+

��2 � �z2

j� � zj4
F2 (�) dV�

3
5+

+ �@�

2
4� 1

�2

Z

+

�1 � z1

j� � zj4
F2 (�) dV�d�z

1 ^ d�z2

3
5 =

=
@

@�z1

2
4� 1

�2

Z

+

��2 � �z2

j� � zj4
F2 (�) dV�

3
5d�z1 +

+
@

@�z2

2
4� 1

�2

Z

+

��2 � �z2

j� � zj4
F2 (�) dV�

3
5 d�z2 +

+
@

@z1

2
4� 1

�2

Z

+

�1 � z1

j� � zj4
F2 (�) dV�

3
5 d�z2 �

   



�
@

@z1

2
4� 1

�2

Z

+

�1 � z1

j� � zj4
F2 (�) dV�

3
5 d�z1;

and we have nothing new from (7.2.2). Hence, for a given smooth
matrix F2; we get two equalities symmetric, with respect to the
variables z1 and z2; to those for F1:

F2 (z) =
@

@�z2

2
4� 1

�2

Z

+

��2 � �z2

j� � zj4
F2 (�) dV�

3
5+

+
@

@z1

2
4� 1

�2

Z

+

�1 � z1

j� � zj4
F2 (�) dV�

3
5 ;

0 =
@

@�z1

2
4� 1

�2

Z

+

��2 � �z2

j� � zj4
F2 (�) dV�

3
5�

�
@

@z2

2
4� 1

�2

Z

+

�1 � z1

j� � zj4
F2 (�) dV�

3
5 :

Finally we consider m.v.d.f. of degree zero, for which let

F =

�
'11 '12

'21 '22

�
;

so we have from (7.2.1)

F (z) = �@�

2
4� 1

�2

Z

+

�1 � z1

j� � zj4
F (�) dV�d�z

1+

+

�
�

1

�2

� Z

+

�2 � z2

j� � zj4
F (�) dV�d�z

2

3
5 ;

and from (7.2.2)

0 = �@

2
4� 1

�2

Z

+

�1 � z1

j� � zj4
F (�) dV�d�z

1+

   



m

+

�
�

1

�2

� Z

+

�2 � z2

j� � zj4
F (�) dV�d�z

2

3
5 :

Hence for a given smooth matrix F we get two equalities:

F (z) =
@

@z1

2
4� 1

�2

Z

+

�1 � z1

j� � zj4
F (�) dV�

3
5+

+
@

@z2

2
4� 1

�2

Z

+

�2 � z2

j� � zj4
F (�) dV�

3
5 ;

0 =
@

@z1

2
4� 1

�2

Z

+

�2 � z2

j� � zj4
F (�) dV�

3
5�

�
@

@z2

2
4� 1

�2

Z

+

�1 � z1

j� � zj4
F (�) dV�

3
5 :

Because all participating operators are linear, the case of an arbi-
trary form does not give any new formula. Operator interpretations
of all this will be given later on.

7.2.4 Casem > 2

The quite detailed cases of one and two variables considered above
give a good idea of what may occur in general situations; thus, we
shall present it now fluently, without too many explanations.

Let F =

0
@  11

j  12
j

 21
j  22

j

1
A d�zj = Fjd�z

j; so we have from (7.2.1)

Fj (z) d�z
j =

= �@

�
�
(m� 1)!

�m

Z

+

X
n=j1; :::; jjjj

��n � �zn

j� � zj2m
Fj (�) dV� �

� (�1)n�1 d�zj1 ^ : : : ^ d�zjn�1 ^ d�zjn+1 ^ : : : ^ d�zjjjj
�
+

   



+ �@�
�
�
(m� 1)!

�m

Z

+

jjjX
p=0

X
jp<n<jp+1

�n � zn

j� � zj2m
Fj (�) dV� �

�(�1)pd�zj1 ^ : : : ^ d�zjp ^ d�zn ^ d�zjp+1 ^ � � � ^ d�zjjjj
�
=

=
X

n=j1; :::; jjjj

j�2X
q=0

X
jq<k<jq+1

@

@�zk

�
�
(m� 1)!

�m

Z

+

��n � �zn

j� � zj2m
Fj (�) dV�

�
�

� (�1)q (�1)n�1 d�zj1 ^ : : : ^ d�zjq ^ d�zk ^ d�zjq+1 ^ : : :

: : : ^ d�zjn�1 ^ d�zjn+1 ^ : : : ^ d�zjjjj +

+
X

n=j1; :::; jjjj

X
jn�1<k<jn+1

@

@�zk

2
4�(m� 1)!

�m

Z

+

��n � �zn

j� � zj2m
Fj (�) dV�

3
5 �

� d�zj1 ^ : : : ^ d�zjn�1 ^ d�zk ^ d�zjn+1 ^ : : : ^ d�zjjjj +

+
X

n=j1; :::; jjjj

mX
q=n+1

X
jq<k<jq+1

@

@�zk

�
�
(m� 1)!

�m

Z

+

��n � �zn

j� � zj2m
Fj (�) dV�

�
�

� (�1)q�1 (�1)n�1 d�zj1 ^ : : : ^ d�zjn�1 ^ d�zjn+1 ^ : : :

: : : ^ d�zjq ^ d�zk ^ d�zjq+1 ^ : : : ^ d�zjjjj +

   



m

+ �@�
�
�
(m� 1)!

�m

Z

+

jjjX
p=0

X
jp<n<jp+1

�n � zn

j� � zj2m
Fj(�)dV� �

� (�1)p d�zj1 ^ : : : ^ d�zjp ^ d�zn ^ d�zjp+1 ^ : : : ^ d�zjjjj
�
;

and combining it with (7.2.2) we can conclude the following. Let j

be a strictly increasing jjj-tuple in f 1; : : : ; mg; take an arbitrary
smooth matrix-function which we denote by Fj(z) for the sake of
convenience and to emphasize the presence of j in the formulas
below. Then

Fj (z) =

jjjX
k=1

@

@�zjk

2
4�(m� 1)!

�m

Z

+

��jk � �zjk
j� � zj2m

Fj (�) dV�

3
5+

+

jjjX
k=0

X
jk<n<jk+1

@

@zj

2
4�(m� 1)!

�m

Z

+

�n � zn

j� � zj2m
Fj (�) dV�

3
5 ;

for 0 < jjj < m, k = 1; : : : ; jjj, n 6= j1; : : : ; jjjj, there holds

0 =
@

@�zj

2
4�(m� 1)!

�m

Z

+

��jk � �zjk
j� � zj2m

Fj (�) dV�

3
5�

�
@

@zjk

2
4�(m� 1)!

�m

Z

+

�n � zn

j� � zj2m
Fj (�) dV�

3
5 ;

for 1 < jjj �m, jk 6= jp, there holds

0 =
@

@zjp

2
4�(m� 1)!

�m

Z

+

��jk � �zjk
j� � zj2m

Fj (�) dV�

3
5�

�
@

@zjk

2
4�(m� 1)!

�m

Z

+

��jp � �zjp

j� � zj2m
Fj (�) dV�

3
5 ;

   



and finally for 0 � jjj < m� 1; q 6= n; q; n 6= j1; : : : ; jjjj there holds

0 =
@

@�zq

2
4�(m� 1)!

�m

Z

+

�n � zn

j� � zj2m
Fj (�) dV�

3
5�

�
@

@�zn

2
4�(m� 1)!

�m

Z

+

�q � zq

j� � zj2m
Fj (�) dV�

3
5 :

Now we resume the above computations in the following theo-
rems, where notations from Subsection 2.11.8 are used.

7.2.5 Analogs of (7.1.7)

Theorem Let 
+ � Cm be a bounded domain with the piecewise smooth
boundary. On the space C1 (
+; C ), for any j = 1; : : : ; m , the operators
@
@�zj

Æ Tj and @
@zj

Æ T j are well defined and, on this set,

f =

mX
j=1

j 6=j1; :::; jjjj

@

@�zj
Æ Tj [f ] +

X
j=j1; :::; jjjj

@

@zj
Æ T j [f ] ;

where j is a strictly increasing jjj-tuple in f1; : : : ; mg.

In particular, we have

f =

mX
j=1

@

@�zj
Æ Tj [f ] ;

and symmetrically

f =

mX
j=1

@

@zj
Æ T j [f ] :

For m = 1 we have the formulas from Subsection 7.2.2, which
give a right-hand-side invertibility of the Cauchy-Riemann opera-
tors, while for m > 1 the situation is radically different in principle.

   



7.2.6 Commutativity relations for T-type operators

Theorem Let 
+ � C
m be a bounded domain with the piecewise smooth

boundary. On the space C1 (
+; C ), for any j; k = 1; : : : ; m, j 6= k,
the operators @

@�zj
Æ Tk, @

@zj
Æ T k, @

@�zj
Æ T k and @

@zj
Æ Tk are well defined

and, on this set,

0 =
@

@�zj
Æ Tk [f ]�

@

@zk
Æ T j [f ] ;

0 =
@

@zj
Æ Tk [f ]�

@

@zk
Æ Tj [f ] :

Note that the last equality is equivalent to

0 =
@

@�zj
Æ T k [f ]�

@

@�zk
Æ T j [f ] :

The last theorem gives a kind of “commutativity relations” for
subindices of partial derivatives @

@�zj
and @

@zk
; on one hand, and of

operators T j and Tk; on the other.

7.3 Solution of the hyperholomorphicD-problem

Theorem Let 
+ be a bounded open set in Cm with the topological bound-
ary �, which is a piecewise smooth surface. Consider the following equa-
tion:

D [F ] = G; (7.3.1)

where G 2 G1 (

+) \G0 (


+ [ �). Each solution of the above equation
is of the form

F =
1

2
TD [G] +H;

where H is an arbitrary element ofN (
+).

Theorem 7.3 is a direct corollary of Theorem 7.2.

   



7.4 Structure of the general solution of the
hyperholomorphic D-problem

Explicitly, the equality (7.3.1) has the form

�@
�
F 11

�
+ �@�

�
F 21

�
= G11;

(7.4.1)
�@�
�
F 11

�
+ �@

�
F 21

�
= G21;

�@
�
F 12

�
+ �@�

�
F 22

�
= G12;

(7.4.2)
�@�
�
F 12

�
+ �@

�
F 22

�
= G22;

where G11, G21, G12 and G22 are arbitrary elements of G1 (

+)\

G0 (

+ [ �).

Note that the systems (7.4.1) and (7.4.2) are independent; thus,
we shall study the system (7.4.1) only.

Each solution of the system (7.4.1) can be written as a (2 � 2)-

matrix-valued differential form
�
F 11 0
F 21 0

�
, which is a solution

of the D-problem:

D [F ] =

�
G11 0
G21 0

�
: (7.4.3)

To obtain the general solution of the system (7.4.1), it is sufficient
to look at the general solution of the D-problem (7.4.3), which is in
Theorem 7.3.

Each solution of the D-problem (7.4.3) is of the form

F =
1

2
TD

��
G11 0
G21 0

��
+H;

where H is an arbitrary element ofN (
+). But, by definition,

1

2
TD

��
G11 0
G21 0

��
:=

   



m

:= �

Z

+

(m� 1)!

�m

mX
q=1

0
B@

��q��zq
j��zj2m

dd�zq; �q�zq
j��zj2m

d�zq

�q�zq
j��zj2m

d�zq;
��q��zq
j��zj2m

dd�zq
1
CA ^

?

^
?

�
G11 (�; d�z) ; 0
G21 (�; d�z) ; 0

�
dV� :

Hence, for G11 :=
P
j

G11
j d�z

j and G21 :=
P
k

G21
k d�z

k, there holds

1

2
TD

��
G11; 0
G21; 0

��
=

�
N11; 0
N21; 0

�
;

where

N11 :=
X
j

jjjX
q=1

(�1)q�1Tjq
�
G11

j

�
d�zj1 ^ : : : ^

^ d�zjq�1 ^ d�zjq+1 ^ : : : ^ d�zjjjj +

+
X
k

jkj+1X
p=1

kp�1X
q=kp�1+1

(�1)p�1 �Tq
�
G21

k

�
d�zk1 ^ : : : ^

^ d�zkp�1 ^ d�zq ^ d�zkp ^ : : : ^ d�zkjkj ;

N21 :=
X
j

jjj+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1 �Tq
�
G11

j

�
d�zj1 ^ : : : ^

^ d�zjp�1 ^ d�zq ^ d�zjp ^ : : : ^ d�zjjjj +

+
X
k

jkjX
q=1

(�1)q�1Tkq
�
G21

k

�
d�zk1 ^ : : : ^

^ d�zkq�1 ^ d�zkq+1 ^ : : : ^ d�zjjjj :

   



Therefore, each solution of the system (7.4.3) is of the form

F =

�
F 11; 0
F 21; 0

�

where

F 11 :=
X
j

jjjX
q=1

(�1)q�1Tjq
�
G11

j

�
d�zj1 ^ : : : ^

^ d�zjq�1 ^ d�zjq+1 ^ : : : ^ d�zjjjj +

+
X
jkj

k+1X
p=1

kp�1X
q=kp�1+1

(�1)p�1 �Tq
�
G21

k

�
d�zk1 ^ : : : ^

^ d�zkp�1 ^ d�zq ^ d�zkp ^ : : : ^ d�zkjkj + H11;

F 21 :=
X
j

jjj+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1 �Tq
�
G11

j

�
d�zj1 ^ : : : ^

^ d�zjp�1 ^ d�zq ^ d�zjp ^ : : : ^ d�zjjjj +

+
X
k

jkjX
q=1

(�1)q�1Tkq
�
G21

k

�
d�zk1 ^ : : : ^

^ d�zkq�1 ^ d�zkq+1 ^ : : : ^ d�zkjkj + H21;

(7.4.4)

where H11 and H21 satisfy the following conditions:

�@
�
H11

�
+ �@�

�
H21

�
= 0;

�@�
�
H11

�
+ �@

�
H21

�
= 0;

this is �
H11 0
H21 0

�
2N

�

+
�
:

   



7.5 D -type problem for the Hodge-Dirac
operator

As a matter of fact, the equation (7.3.1) contains many @-type prob-
lems. To illustrate this idea, which will be further elaborated on in
the next chapter, consider the D -type problem for the Hodge-Dirac
operator, (see Section 9.3):�

�@ + �@�
�
[f ] = g; (7.5.1)

where g is an arbitrary element of G1 (

+) \ G0 (


+ [ �).
Each solution of the equation (7.5.1) can be written as a solution

of the system (7.4.1) when G11 := G21 := g, and F 11 = F 21 = f .
Hence, to obtain all solutions of the equation (7.5.1), it is sufficient
to look at all solutions of the system (7.4.2) when G11 := G21 := g,
which are in (7.4.4).

When G11 := G21 := g :=
P
j

gjd�z
j, (7.4.4) takes the form

F 11 :=
X
j

jjjX
q=1

(�1)q�1Tjq [gj] d�z
j1 ^ : : : ^

^ d�zjq�1 ^ d�zjq+1 ^ : : : ^ d�zjjjj +

+
X
k

jkj+1X
p=1

kp�1X
q=kp�1+1

(�1)p�1 �Tq [gk] d�z
k1 ^ : : : ^

^ d�zkp�1 ^ d�zq ^ d�zkp ^ : : : ^ d�zkjkj + H11;

F 21 :=
X
j

jjj+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1 �Tq [gj] d�z
j1 ^ : : : ^

^ d�zjp�1 ^ d�zq ^ d�zjp ^ : : : ^ d�zjjjj +

+
X
k

jkjX
q=1

(�1)q�1 �Tkq [gk] d�z
k1 ^ : : : ^

^ d�zkq�1 ^ d�zkq+1 ^ : : : ^ d�zkjkj + H21;
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where H11 and H21 satisfy the following conditions:

�@
�
H11

�
+ �@�

�
H21

�
= 0;

�@�
�
H11

�
+ �@

�
H21

�
= 0:

Thus F 11 = F 22 already, and it suffices to take H11 = H21 =: h:
Therefore, each solution of the equation (7.5.1) is of the form

f =
X

j

jjj+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1 �Tq [gj] d�z
j1 ^ : : : ^

^ d�zjp�1 ^ d�zq ^ d�zjp ^ : : : ^ d�zjjjj +

+
X

j

jjjX
q=1

(�1)q�1 �Tjq [gj] d�z
j1 ^ : : : ^

^ d�zjq�1 ^ d�zjq+1 ^ : : : ^ d�zjjjj + h;

where h satisfies the homogeneous Hodge-Dirac system
�
�@ + �@�

�
[h] = 0;

that is, �
h 0
h 0

�
2 N

�

+

�
:

   



Chapter 8

Complex Hodge-Dolbeault
system, the @-problem and
the Koppelman formula

8.1 Definition of the complex Hodge-Dolbeault
system

We consider in this subsection an important particular case of (3.1.1)
where F 12 = F 21 = 0 and F 11 = F 22 =: f . In this case, (3.1.1)
reduces to the system

�@ [f ] = 0;
�@� [f ] = 0:

(8.1.1)

We shall call it the complex Hodge-Dolbeault system by the follow-
ing reason.

The classical Hodge-de Rham system is the system for harmonic
differential forms given by df = 0, d�f = 0, “�” being the Hodge
duality operator. What is more, the system �@f = 0, �@�f = 0 may be
seen as a complexification of the previous one.

As moreover the partial system �@f = 0 is already called the
Dolbeault system and is a complexification of the de Rham system
df = 0, the name “Hodge-Dolbeault” for the complexification of the
“Hodge-de Rham system” seems reasonable.

Let us mention that the examples of hyperholomophic matrices

   



with neither holomorphic nor antiholomorphic coefficients provide
also an example of a solution to the complex Hodge-Dolbeault sys-
tem which is a differential form, not a function. Indeed, if

f := e2(Rez1�iImz2)
�
d�z1 + d�z2

�
then �@f = �@�f = 0.

Note that if we are looking for solutions that are functions, not
differential forms, then the system (8.1.1) reduces to the equation
�@ [f ] = 0, which defines the notion of a holomorphic function in
C
m . Hence, at least formally, one may consider the set of all solu-

tions of the system (8.1.1) as a generalization of that notion onto the
level of (0; k)-differential forms. We shall see in this chapter that
such a generalization is not only a formal one but also fits quite con-
sistently certain very well-known objects of complex analysis —first
of all, the Koppelman integral representation for smooth differential
forms.

Conditions (8.1.1) mean that we are interested in hyperholomor-

phic m.v.d.f. of the form
�

f 0
0 f

�
= fE2�2: Hence, to obtain

main theorems and to detect, at the same time, peculiarities of the
case we shall use the already proved facts. We believe that direct
proofs, without appealing to hyperholomorphic theory, would not
be so easy.

8.2 Relation with hyperholomorphic case

Let p 2 f0; : : : ; mg be fixed. Let d.f.
P
jjj=p

gjd�z
j satisfy the complex

Hodge-Dolbeault system:

�@

24X
jjj=p

gjd�z
j

35 = 0;

�@�

24X
jjj=p

gjd�z
j

35 = 0:

   



Set G :=
P
jjj=p

gjd�z
jE2�2; then G satisfies the formula (4.1.1), hence

Z
�

��; z ^
?

X
jjj=p

gjd�z
jE2�2 = 0;

that is, Z
�

0B@ �� ^
P
jjj=p

gjd�z
j; ��� ^

P
jjj=p

gjd�z
j

��� ^
P
jjj=p

gjd�z
j; �� ^

P
jjj=p

gjd�z
j

1CA = 0;

which is equivalent toZ
�

�� ^
X
jjj=p

gjd�z
j = 0; (8.2.1)

Z
�

��� ^
X
jjj=p

gjd�z
j = 0; (8.2.2)

where �� and ��� were introduced in Subsection 2.5. Applying also
equality (2.5.1) we obtain an equivalent to (8.2.1) and (8.2.2) pair of
equalities:

P
jjj=p

mP
j=1

�R
�

nj(�)gj(�)ds�

�
d�zj ^ d�zj = 0;

P
jjj=p

mP
j=1

�R
�

�nj(�)gj(�)ds�

� cd�zj ^ d�zj = 0:

Now Theorem 4.1 implies the next corollary.

8.3 The Cauchy integral theorem for solutions of
degree p for the complex Hodge-Dolbeault
system

Corollary Let p 2 f0; 1; : : : ; mg be fixed. Let g =
P
jjj=p

gjd�z
j be a

p-d.f. of class C1, satisfying the complex Hodge-Dolbeault system in the

   



bounded domain 
+ and continuous up to its piecewise smooth boundary.
Then in 
+ there hold8>><>>:

P
jjj=p

mP
j=1

cj
R
�

gj(�)d��[j] ^ d� ^ d�zj ^ d�zj = 0;

P
jjj=p

mP
j=1

cj
R
�

gj(�)d�� ^ d��[j] ^
cd�zj ^ d�zj = 0;

(8.3.1)

or equivalently8>>><>>>:
P
jjj=p

mP
j=1

�R
�

nj(�)gj(�)ds�

�
d�zj ^ d�zj = 0;

P
jjj=p

mP
j=1

�R
�

�nj(�)gj(�)ds�

�cd�zj ^ d�zj = 0:
(8.3.2)

Recall that here n(�) = (n1(�) : : : ; nm(�)) denotes the outward-
pointing unit normal vector, and �n(�) is its complex conjugate; fcjg
are constants defined in Subsection 2.5. Let us mention also that it
is possible to formulate (8.3.1) and (8.3.2) more explicitly in terms of
coefficients gj: Indeed, with j = (j1; j2; : : : ; jp) (8.3.1) takes the
form

p�1X
q=0

(�1)q
X

jq<�<jq+1

c�

Z
�

gj(�)d��[�] ^ d� ^ d�zj1 ^ : : : ^

^ d�zjq ^ d�z� ^ d�zjq+1 ^ : : : ^ d�zjp = 0;

pX
q=1

(�1)m+q�1cjq

Z
�

gj(�)d�� ^ d�[jq] ^ d�zj1 ^ : : : ^

^ d�zjq�1 ^ d�zjq+1 ^ : : : ^ d�zjp = 0;

and (8.3.2) takes the form

p�1X
q=0

(�1)q
X

jq<�<jq+1

1

2

Z
�

gj(�)n�(�)dS�d�z
j1 ^ : : : ^

   



^ d�zjq ^ d�z� ^ d�zjq+1 ^ : : : ^ d�zjp = 0;

pX
q=1

(�1)m+q�1 1

2
cjq

Z
�

gj(�)�njq(�)dS�d�z
j1 ^ : : : ^

^ d�zjq�1 ^ d�zjq+1 ^ : : : ^ d�zjp = 0:

It suffices now to refer to the “degree of differential forms” argu-
ments, thus eliminating the differentials d�zj .

Corollary 8.3 extends, obviously, onto arbitrary solutions of the
complex Hodge-Dolbeault system.

8.4 The Cauchy integral theorem for arbitrary
solutions of the complex Hodge-Dolbeault
system

Corollary Let g =
P
j

gjd�z
j be a d.f. of class C1, satisfying the complex

Hodge-Dolbeault system in the bounded domain 
+ and continuous up to
its piecewise smooth boundary. Then8>>>><>>>>:

P
j

mP
j=1

cj
R
�

gj(�)d��[j] ^ d� ^ d�zj ^ d�zj = 0;

P
j

mP
j=1

cj
R
�

gj(�)d�� ^ d�[j] ^
cd�zj ^ d�zj = 0;

(8.4.1)

or equivalently8>>>>><>>>>>:

P
j

mP
j=1

�R
�

nj(�)gj(�)ds�

�
d�zj ^ d�zj = 0;

P
j

mP
j=1

�R
�

�nj(�)gj(�)ds�

� cd�zj ^ d�zj = 0:

(8.4.2)

   



8.5 Morera’s theorem for solutions of degree p

for the complex Hodge-Dolbeault system

Corollary Let 
 be a domain in C
m with the topological boundary �

which is a piecewise smooth surface, let g =
P
jjj=p

gjd�z
j be a p-d.f. of class

C1 in the domain 
 . If for any bounded piecewise smooth surface-without-

boundary �̂, with �̂ = Fr
�

̂
�

, 
̂ � 
 , �̂ � 
 , one of the following
equivalent conditions holds,8>>>>><>>>>>:

P
jjj=p

mP
j=1

cj
R̂
�

gj(�)d��[j] ^ d� ^ d�zj ^ d�zj = 0;

P
jjj=p

mP
j=1

cj
R̂
�

gj(�)d�� ^ d�[j] ^
cd�zj ^ d�zj = 0;

(8.5.1)

or 8>>>>>><>>>>>>:

P
jjj=p

mP
j=1

 R̂
�

nj(�)gj(�)ds�

!
d�zj ^ d�zj = 0;

P
jjj=p

mP
j=1

 R̂
�

�nj(�)gj(�)ds�

! cd�zj ^ d�zj = 0;

(8.5.2)

then g satisfies the complex Hodge-Dolbeault system (8.1.1).

Proof. Using the computation in Subsection 8.2 and combining it
with Theorem 5.1, we have that G := gE2�2 is inN (
), that is,

D [G] =

0BBBBBB@
�@

" P
jjj=p

gjd�z
j

#
�@�

" P
jjj=p

gjd�z
j

#

�@�

" P
jjj=p

gjd�z
j

#
�@

" P
jjj=p

gjd�z
j

#
1CCCCCCA = 0;

equivalently,

�@ [g] = 0;

   



�@� [g] = 0;

i.e., g satisfies the complex Hodge-Dolbeault system.

Note that this Corollary is the inverse theorem for Corollary 8.3.
Hence, it establishes an equivalent condition for a given p-d.f. g =P
jjj=p

gjd�z
j to satisfy the complex Hodge-Dolbeault system.

8.6 Morera’s theorem for arbitrary solutions of
the complex Hodge-Dolbeault system

Corollary Let 
 be a domain in C
m with the topological boundary �

which is a piecewise smooth surface, let g =
P
j

gjd�z
j be a d.f. of class C1

in the domain 
. If for any bounded piecewise smooth surface-without-

boundary �̂, with �̂ = Fr
�

̂
�

, 
̂ � 
, �̂ � 
, one of the following
equivalent conditions holds8>>>>><>>>>>:

P
j

mP
j=1

cj
R̂
�

gj(�)d�[j] ^ d� ^ d�zj ^ d�zj = 0;

P
j

mP
j=1

cj
R̂
�

gj(�)d�� ^ d�[j] ^
cd�zj ^ d�zj = 0;

(8.6.1)

or 8>>>>>><>>>>>>:

P
j

mP
j=1

 R̂
�

nj(�)gj(�)ds�

!
d�zj ^ d�zj = 0;

P
j

mP
j=1

 R̂
�

�nj(�)gj(�)ds�

! cd�zj ^ d�zj = 0;

(8.6.2)

then g satisfies the complex Hodge-Dolbeault system.

Proof. Mimics the above ones.

Note that this Corollary is the inverse theorem for the Corollary
8.4. Hence, it establishes an equivalent condition for a given d.f.
g =

P
j

gjd�z
j to satisfy the Hodge-Dolbeault system.

   



8.7 Solutions of a fixed degree

Let s = 1; : : : ; m � 1; be fixed. Let G =
P
jjj=s

gjd�z
jE2�2 where the

d.f.
P
jjj=s

gjd�z
j satisfies the complex Hodge-Dolbeault system

�@

24X
jjj=s

gjd�z
j

35 = 0;

�@�

24X
jjj=s

gjd�z
j

35 = 0:

Then G satisfies the formula (6.1.1); hence in 
+ ,

G(z) =
1

2

Z
�

K �D(� � z; z) ^
?
���;z ^G(�): (8.7.1)

Using (2.3.1) we get for the right-hand sideX
jjj=s

�
Uj[gj](z) � d�z

j �E2�2 +

+
X
q 6=p

�
Uqp[Gj]dd�zq ^ d�zp ^ d�zjE2�2 +

+ U qp[gj]d�z
q ^dd�zp ^ d�zjE2�2

�
+ (8.7.2)

+
X
q<p

�
W qp[gj] � W pq[gj]

�
d�zq ^ d�zp ^ d�zj �E2�2 +

+
X
q<p

(Wqp[gj] � Wpq[gj])dd�zq ^dd�zp ^ d�zj �E2�2

�
;

where the definition of Uj is (2.10.2) and the definitions of Uqp, U qp,
Wqp, and W qp are in Subsection 2.11.8.

8.8 Arbitrary solutions

It is easy to extend the above onto arbitrary solutions of the complex
Hodge-Dolbeault system.

   



Let d.f.
P
j

gjd�z
j satisfy the complex Hodge-Dolbeault system

�@

24X
j

gjd�z
j

35 = 0;

�@�

24X
j

gjd�z
j

35 = 0;

and let again G :=
P
j

gjd�z
jE2�2: Then (6.1.1) holds in 
+, and for

its right-hand-side we obtain

X
j

�
Uj[gj](z) � d�z

j �E2�2 +

+
X
q 6=p

�
Uqp[gj]dd�zq ^ d�zp ^ d�zjE2�2 +

+ U qp[gj]d�z
q ^dd�zp ^ d�zjE2�2

�
+ (8.8.1)

+
X
q<p

�
W qp[gj] � W pq[gj]

�
d�zq ^ d�zp ^ d�zj �E2�2 +

+
X
q<p

(Wqp[gj] � Wpq[gj])dd�zq ^dd�zp ^ d�zj �E2�2

�
:

Taking into account the structure of the matrices E2�2 and �E2�2

we arrive at the following corollary.

8.9 Bochner-Martinelli-type integral representa-
tion for solutions of degree s of the complex
Hodge-Dolbeault system

Corollary Let s = 1; : : : ; m; be fixed. Let g =
P
jjj=s

gjd�z
j be an s-

d.f. of class C1, satisfying the complex Hodge-Dolbeault system in the

   



bounded domain 
+, which can be extended continuously up to the topo-
logical piecewise smooth boundary � of 
+. Then

g(z) =
X
jjj=s

�
Uj [gj] (z) � d�z

j +
X
q 6=p

�
Uqp [gj]dd�zq ^ d�zp ^ d�zj

+ U qp [gj] d�z
q ^dd�zp ^ d�zj

��
; (8.9.1)

X
jjj=s

�X
q<p

�
W qp [gj] � W pq [gj]

�
d�zq ^ d�zp ^ d�zj +

+
X
q<p

(Wqp [gj] � Wpq [gj])dd�zq ^dd�zp ^ d�zj
�

= 0: (8.9.2)

Although formula (8.9.1) has been derived from the Cauchy in-
tegral representation, we prefer to use the name “the Bochner-Mar-
tinelli integral representation”, since the theory of null-solutions of
the complex Hodge-Dolbeault system differs essentially from the
one-dimensional complex function theory and has closer analogy
with the structure of several complex variables theory. Let us men-
tion also that the equality (8.9.2) is not true, generally speaking, for
a given differential form

P
jjj=s

gjdz
j of class C1; what is more, the

conditions (8.9.1) and (8.9.2) are characteristic for solutions of the
complex Hodge-Dolbeault system.

8.10 Bochner-Martinelli-type integral representa-
tion for arbitrary solutions of the complex
Hodge-Dolbeault system

Corollary Let g =
P
j

gjd�z
j be a d.f. of class C1, satisfying the com-

plex Hodge-Dolbeault system in the bounded domain 
+, which can be
extended continuously up to the topological, piecewise smooth boundary �
of 
+. Then in 
+,

g(z) =
X
j

�
Uj [gj] (z) � d�z

j +

   



�@

+
X
q 6=p

�
Uqp [gj]dd�zq ^ d�zp ^ d�zj + U qp [gj] d�z

q ^dd�zp ^ d�zj
�
;

(8.10.1)

X
q<p

�
W qp [gj] � W pq [gj]

�
d�zq ^ d�zp ^ d�zj +

+
X
q<p

(Wqp [gj] � Wpq [gj])dd�zq ^dd�zp ^ d�zj = 0:

(8.10.2)

The analogous comments can be repeated.

8.11 Solution of the �@-type problem for the
complex Hodge-Dolbeault system in a
bounded domain in C m

Let 
+ and � be as always. Consider the �@-type problem for the
complex Hodge-Dolbeault system, that is,

�@ [f ] = g1;
�@� [f ] = g2;

(8.11.1)

where g1; g2 2 G1 (

+)\G0 (


+ [ �), g1 =
P
j

g1j d�z
j; g2 =

P
k

g2kd�z
k:

Comparing (8.11.1) and (7.4.1), one can conclude that solutions
of (8.11.1) are exactly all solutions ( F 11 = f ; F 21) of (7.4.1), with
G11 := g1 and G21 := g2; such that @

� �
F 21

�
� @

�
F 21

�
� 0 .

Recalling formulas (7.4.4) we arrive at a necessary and sufficient
condition for the problem (8.11.1) to be solvable: the system (8.11.1)
has a solution if, and only if, the differential form

X
j

jjj+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1 T q

�
g1j
�
d�zj1 ^ : : : ^

^ d�zjp�1 ^ d�zq ^ d�zjp ^ : : : ^ d�zjjjj +

   



+
X
k

jkjX
q=1

(�1)q�1 Tkq
�
g2j
�
d�zk1 ^ : : : ^

^ d�zkq�1 ^ d�zkq+1 ^ : : : ^ d�zkjkj (8.11.2)

satisfies the complex Hodge-Dolbeault system (see (8.1.1)). Given
g1; g2 with the property (8.11.2), appealing again to (7.4.4) we obtain
that each solution of the system (8.11.1) is of the form

f =
X
j

jjjX
q=1

(�1)q�1 Tjq
�
g1j
�
d�zj1 ^ : : : ^

^ d�zjq�1 ^ d�zjq+1 ^ : : : ^ d�zjjjj +

+
X
k

jkj+1X
p=1

kp�1X
q=kp�1+1

(�1)p�1 T q

�
g2j
�
d�zk1 ^ : : : ^

^ d�zkp�1 ^ d�zq ^ d�zkp ^ : : : ^ d�zkjkj + h (8.11.3)

where h is an arbitrary null-solution of the homogeneous Hodge-
Dolbeault system.

We see again that there exists a deep difference between hyper-
holomorphic theory and the theory of the complex Hodge-Dolbeault
system: while the hypercomplex D-problem is always solvable, its
analog (and a particular case) (8.11.1) has a necessary and sufficient
condition for its solvability. For this reason, we have chosen the
term “@-type problem” instead of something like “@ � @

�-problem.”

8.12 Complex �@-problem and the �@-type problem
for the complex Hodge-Dolbeault system

Consider the �@-problem, that is, to find all d.f. which satisfy the
equation

�@ [f ] = g; (8.12.1)

where g 2 G1 (

+) \ G0 (


+ [ �).

   



�@

Let g be such that (8.12.1) has solutions, and let f0 be one of them.
Consider the �@-type problem

�@ [f ] = g;

�@� [f ] = �@� [f0] ;
(8.12.2)

with f an unknown d.f. Since (8.12.2) has an obvious solution, f0,
then it follows from Subsection 8.11 that the d.f.

X
j

jjj+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1 T q [gj] d�z
j1 ^ : : : ^

^ d�zjp�1 ^ d�zq ^ d�zjp ^ : : : ^ d�zjjjj +

+
X
k

jkjX
q=1

(�1)q�1 Tkq
�
�@� [f0]k

�
d�zk1 ^ : : : ^

^ d�zkq�1 ^ d�zkq+1 ^ : : : ^ d�zkjkj (8.12.3)

satisfies the complex Hodge-Dolbeault system.
This can be seen as follows. If g is such that (8.12.1) has a so-

lution, then there exists a d.f. ~g with the following property: the
d.f.

X
j

jjj+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1 T q [gj] d�z
j1 ^ : : : ^

^ d�zjp�1 ^ d�zq ^ d�zjp ^ : : : ^ d�zjjjj +

+
X
k

jkjX
q=1

(�1)q�1 Tkq [~gk] d�z
k1 ^ : : : ^

^ d�zkq�1 ^ d�zkq+1 ^ : : : ^ d�zkjkj (8.12.4)

satisfies the complex Hodge-Dolbeault system.
Let us prove now that the above condition is sufficient also, i.e.,

if there exists a d.f. ~g which satisfies (8.12.4) then (8.12.1) has a solu-
tion. Really, if there exists such ~g; the �@-type problem�

�@ [f ] = g;
�@� [f ] = ~g;

   



has a solution f0 which is immediately a solution to (8.12.1).
We resume all the above reasonings in the following theorems.

8.13 �@-problem for differential forms

Theorem Let 
 be a domain with the piecewise smooth boundary �, and
let g 2 G1 (


+) \ G0 (

+ [ �). The equation

�@ [f ] = g

has a solution if and only if there exists a d.f. ~g =
P
k

~gkd�z
k such that the

d.f.

X
j

jjj+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1 T q [gj] d�z
j1 ^ : : : ^

^ d�zjp�1 ^ d�zq ^ d�zjp ^ : : : ^ d�zjjjj +

+
X
k

jkjX
q=1

(�1)q�1 Tkq [~gk] d�z
k1 ^ : : : ^

^ d�zkq�1 ^ d�zkq+1 ^ : : : ^ d�zkjkj (8.13.1)

satisfies the complex Hodge-Dolbeault system. If it is true, then each solu-
tion f of the equation (8.12.1) is of the form

f =
X
j

jjjX
q=1

(�1)q�1 Tjq [gj] d�z
j1 ^ : : : ^

^ d�zjq�1 ^ d�zq+1 ^ : : : ^ d�zjjjj +

+
X
k

jkj+1X
p=1

jp�1X
q=jp�1+1

(�1)p�1 T q [~gk] d�z
k1 ^ : : : ^

^ d�zkp�1 ^ d�zq ^ d�zkp ^ : : : ^ d�zkjkj + h; (8.13.2)

where h is an arbitrary null-solution of the operator �@, that is

�@ [h] � 0:

   



�@-

8.13.1 �@-problem for functions of several complex variables

Theorem Let 
+ be a bounded open set in C
m with the topological

boundary �, which is a piecewise smooth surface. Let g 2 G
1
2 (


+) \

G
0
1 (


+ [ �). Then the �@-problem

�@ [f ] = g; (8.13.3)

has a solution in G01 (

+) if, and only if, the d.f.X

q;j

T q [gj ] d�z
q ^ d�zj (8.13.4)

satisfies the complex Hodge-Dolbeault system (see (8.1.1)). If it holds then
each solution f 2 G

0
1 (


+) of the equation (8.13.3) is of the form

f =

mX
q=1

Tq [gq] + h; (8.13.5)

where h is an arbitrary holomorphic function in 
.

Proof. If f0 2 G
0
1 (


+) is a solution of the equation (8.13.3), then
necessarily �@� [f0] � 0. Hence ~g � 0 can be taken in Theorem 8.13,
and the condition (8.13.1) converts into

mX
j=1

2X
p=1

jp�1X
q=jp�1+1

(�1)p�1 T q [gj] d�z
j1 ^ : : : ^

^ d�zjp�1 ^ d�zq ^ d�zjp ^ : : : ^ d�zjjjj =

=

mX
j=1

0@j�1X
q=1

T q [gj ] d�z
q ^ d�zj �

mX
q=j+1

T q [gj ] d�z
j ^ d�zq

1A =

=
mX
j=1

0@j�1X
q=1

T q [gj ] d�z
q +

mX
q=j+1

T q [gj ] d�z
q

1A ^ d�zj =

=

mX
j=1

mX
q=1

T q [gj ] d�z
q ^ d�zj ;

   



which gives (8.13.4). Analogously, (8.13.2) is transformed into (8.13.5).

8.14 General situation of the Borel-Pompeiu
representation

In Subsections 8.7 to 8.10 we made use of the hyperholomorphic
Cauchy integral representation (6.1.1), which brought us to the inte-
gral representations (8.9.1) and (8.10.1) where only the surface inte-
grals are included, not the volume ones. Consider now a more gen-
eral situation of the Borel-Pompeiu integral representation (2.11.1),
which was written in Subsection 7.1 as

2F (z) = KD[F ](z) + TD Æ D[F ](z);

with

KD[F ](z) :=

Z
�

KD (� � z; z) ^
?
��; z ^

?
F (�; d�z) ;

TD[F ](z) := �

Z

+

KD (� � z; z) ^
?
F (�; d�z) dV� :

The following formula was proved in Subsection 2.10:

KD (� � z; z) ^
?
��; z =

= (�1)
m(m�1)

2 2

8<:
mX
j=1

(�1)j�1 Uj (�; z) d��[j] ^ d� ^ cd�zj^
^ d�zjE2�2 +

+(�1)m
mX
j=1

(�1)j�1 U j (�; z) d�� ^ d�[j] ^ d�zj ^ cd�zjE2�2 +

+
X
q<j

�
(�1)j�1 Uq (�; z) d��[j] ^ d� �

   



� (�1)q�1 U j (�; z) d��[q] ^ d�
�
^ d�zq ^ d�zj �E2�2 +

+(�1)m
X
q<j

�
(�1)j�1 Uq (�; z) d�� ^ d�[j] �

� (�1)q�1 Uj (�; z) d�� ^ d�[q]

�
^dd�zq ^ cd�zj �E2�2 +

+
X
q 6=j

(�1)j�1 Uq (�; z) d��[j] ^ d� ^dd�zq ^ d�zjE2�2 +

+(�1)m
X
j 6=q

(�1)j�1 Uq (�; z) d�� ^ d�[j] ^ d�zq ^ cd�zjE2�2

9=; ;

which means that the product KD(� � z; z) ^
?
��; z is the matrix

�
A1; A2

A2; A1

�
:= A(�; z)

where

A1 := (�1)
m(m�1)

2 2

� mX
j=1

(�1)j�1Uj(�; z)d��[j] ^ d� ^ cd�zj ^ d�zj +

+(�1)m
mX
j=1

(�1)j�1U j(�; z)d�� ^ d�[j] ^ d�zj ^ cd�zj +
+
X
q 6=j

(�1)j�1 Uq(�; z)d��[j] ^ d� ^dd�zq ^ d�zj +

+(�1)m
X
j 6=q

(�1)j�1Uq(�; z)d�� ^ d�[j] ^ d�zq ^ cd�zj�;
and

A2 := (�1)
m(m�1)

2 2

�X
q<j

�
(�1)j�1Uq(�; z)d��[j] ^ d� �

� (�1)q�1U j(�; z)d��[q] ^ d�
�
^ d�zq ^ d�zj +

   



+ (�1)m
X
q<j

�
(�1)j�1Uq(�; z)d�� ^ d�[j] �

�(�1)q�1Uj(�; z)d�� ^ d�[q]
�
^dd�zq ^ cd�zj�:

Hence, the Cauchy-type integral of a m.v.d.f. F is an integral oper-
ator over � with the kernel A(�; z) (being itself an operator!):

KD[F ](z) =

Z
�

A(�; z) ^ F (�; dz):

For the second term in the Borel-Pompeiu formula we have from
Subsection 2.11.1

KD (� � z; z) ^
?
D [F ] (�; d�z) =: R =

�
Rij
�
;

where

R11 = 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ ��@ �F 11

�
(�; d�z)+

+ �@�
�
F 21

�
(�; d�z)

�
+

+ 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^

�
�@�
�
F 11

�
(�; d�z) +

+ �@
�
F 21

�
(�; d�z)

�
;

R21 = 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^

�
�@
�
F 11

�
(�; d�z)+

+ �@�
�
F 21

�
(�; d�z)

�
+

+ 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ ��@� �F 11

�
(�; d�z) +

   



+ �@
�
F 21

�
(�; d�z)

�
;

R12 = 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ ��@ �F 12

�
(�; d�z)+

+ �@�
�
F 22

�
(�; d�z)

�
+

+ 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^

�
�@�
�
F 12

�
(�; d�z) +

+ �@
�
F 22

�
(�; d�z)

�
;

R22 = 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^

�
�@
�
F 12

�
(�; d�z)+

+ �@�
�
F 22

�
(�; d�z)

�
+ 2

(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ ��@� �F 12

�
(�; d�z) +

+ �@
�
F 22

�
(�; d�z)

�
:

Hence the Borel-Pompeiu formula takes the form

2F (z) =

Z
�

A(�; z) ^ F (�; d�z) �

Z

+

R(�; z; d�z)dV� : (8.14.1)

Let f be a d.f., and set F := fE2�2: Then

R11 = 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ �@ [f ] (�; d�z)+

+ 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^ �@� [f ] (�; d�z) ;

   



R21 = 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^ �@ [f ] (�; d�z)+

+ 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ �@� [f ] (�; d�z) ;

(8.14.2)

R12 = 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ �@� [f ] (�; d�z) +

+ 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^ �@ [f ] (�; d�z) ;

R22 = 2
(m� 1)!

�m

mX
q=1

�q � zq

j� � zj2m
d�zq ^ �@� [f ] (�; d�z) +

+ 2
(m� 1)!

�m

mX
q=1

��q � �zq

j� � zj2m
dd�zq ^ �@ [f ] (�; d�z) ;

that is, in particular, R11 = R22; R21 = R12; and the formula
(8.14.1) written component-wisely gives the following equalities:

2f =
R
�

A1 ^ f �
R

+

R11(�; z; d�z)dV� ;

0 =
R
�

A2 ^ f �
R

+

R12(�; z; d�z)dV� ;

or, more explicitly,

f(z; d�z) = (�1)
m(m�1)

2 �

�

Z
�

(
mX
j=1

(�1)j�1Uj(�; z)d��[j] ^ d� ^ cd�zj ^ d�zj ^ f(�; d�z) +

   



+(�1)m
mX
j=1

(�1)j�1U j(�; z)d�� ^ d�[j] ^ d�zj ^ cd�zj ^
^f (�; d�z) +

+
X
q 6=j

(�1)j�1 Uq (�; z) d��[j] ^ d� ^dd�zq ^ d�zj ^ f (�; d�z) +

+(�1)m
X
q 6=j

(�1)j�1 Uq (�; z) d�� ^ d�[j] ^ d�zq ^ cd�zj ^
^f � (�; d�z)

)
(2i)m

Z

+

(
mX
q=1

Uq (�; z)dd�zq ^ �@f (�; d�z) +

+

mX
q=1

Uq (�; z) d�z
q ^ �@�f (�; d�z)

)
dV� ;

(8.14.3)

0 =

Z
�

(X
q<j

�
(�1)j�1Uq(�; z)d��[j] ^ d� �

�(�1)q�1U j(�; z)d��[q] ^ d�

�
^ d�zq ^ d�zj ^ f(�; d�z) +

+(�1)m
X
q<j

�
(�1)j�1Uq(�; z)d�� ^ d�[j] �

�(�1)q�1Uj(�; z)d�� ^ d�[q]

�
^dd�zq ^ cd�zj ^ f(�; d�z)

)
�

�(2i)m
Z

+

� mX
q=1

Uq(�; z)d�z
q ^ @f(�; d�z) +

+

mX
q=1

Uq(�; z)dd�zq ^ �@�f(�; d�z)

�
dV� :

(8.14.4)

We are going to compare the formulas (8.14.3) and (8.14.4) with

   



the well-known Koppelman (or Bochner-Martinelli-Koppelman) for-
mula, see, e.g., x1 in [Ky], [HL1], Chap. I in [HL2], Chap. IV in [R].
To this end we start with the following assertion.

8.15 Partial derivatives of integrals with a weak
singularity

Theorem Let 
 be a bounded domain in C
m with the piecewise smooth

boundary �, let g 2 C1(
; C ), then for any k; j 2 f1; : : : ;mg there holds

@

@zk

Z



g(�)Uj(�; z)d� ^ d� =

= (�1)m�j

Z
�

g(�)Uk(�; z)d� ^ d�[j] +

Z



@g

@�j
Uk(�; z)d� ^ d� ;

(8.15.1)
@

@zk

Z



g(�)U j(�; z)d� ^ d� =

= (�1)j
Z
�

g(�)Uk(�; z)d� ^ d� [j] +

Z



@g

@� j
Uk(�; z)d� ^ d�;

(8.15.2)

where

Uj(�; z) =
(m� 1)!

(2�i)m
;
� j � zj
j� � zj2m

;

U j(�; z) =
(m� 1)!

(2�i)m
;
�j � zj
j� � zj2m

:

Proof. It is enough to prove the equality (8.15.1) only. Given j 2
f1; : : : ;mg, consider the differential form

!j := (�1)m+j�1 � g(�)j� � zj2�2md� ^ d�[j];

for which we have

d!j =

mX
k=1

@

@�k

�
(�1)m+j�1g(�) � j� � zj2�2m

�
d�k ^ d� ^ d�[j] +

   



+

mX
k=1

@

@�k

�
(�1)m+j�1g(�) � j� � zj2�2m

�
d�k ^ d� ^ d�[j] =

= (�1)m+j�1 @

@�j

�
g(�)j� � zj2�2m

�
d�j ^ d� ^ d�[j] =

=

�
@g

@�j
� j� � zj2�2m + g(�) �

@

@�j

�
j� � zj2�2m

��
d� ^ d�:

But
@

@�j

�
j� � zj2�2m

�
= (1�m)

�j � zj
j� � zj2m

;

hence

d!j =

�
@g

@�j
� j� � zj2�2m + (1�m)g(�)

� j � zj
j� � zj2m

�
d� ^ d�:

Both ! on � and d! on 
 are absolutely integrable, thus the Stokes
formula is valid:

(�1)m�j+1

Z
�

g(�) � j� � zj2�2md� ^ d�[j] =

=

Z



@g

@�j
� j� � zj2�2md� ^ d� + (1�m)

Z



g(�)
� j � zj
j� � zj2m

d� ^ d�;

which implies thatZ



g(�)
� j � zj
j� � zj2m

d� ^ d� =

=
(�1)m�j+1

1�m

Z
�

g(�) � j� � zj2�2md� ^ d�[j] �

�

Z



@g

@�j
j� � zj2�2md� ^ d� =: I1 + I2:

For z 2 
; I1 is differentiable and by Leibnitz’s rule

@I1
@zk

= (�1)m�j

Z
�

g(�)
�k � zk
j� � zj2m

d� ^ d�[j]:

   



The integral I2 is improper; differentiating under the integral sign
we arrive again at the improper integral both being absolutely con-
vergent, thus

@I2
@zk

=

Z



�k � zk
j� � zj2m

@g

@�j
d� ^ d�:

Hence we get, finally, the equality

@

@zk

Z



g(�)
� j � zj
j� � zj2m

d� ^ d� =

= (�1)m�j

Z
�

g(�)
�k � zk
j� � zj2m

d� ^ d�[j]

+

Z



@g

@�j
�
�k � zk
j� � zj2m

� d� ^ d�;

which is exactly the equality (8.15.1). One can compare all this with
Lemma 1.15 from [Ky].

8.16 Theorem 8.15 in C 2

Having in mind further development, in this subsection we write
down explicitly what Theorem 8.15 gives for m = 2. We obtain the
following four formulas from (8.15.1):

if k = 1; j = 1 then

@

@z1

Z



g(�)U1(�; z)d� ^ d� =

= �

Z
�

g(�)U 1(�; z)d� ^ d�2 +

Z



@f

@�1
U1(�; z)d� ^ d� ;

(8.16.1)

if k = 1; j = 2 then

@

@z1

Z



g(�)U2(�; z)d� ^ d� =

   



C
2

=

Z
�

g(�)U1(�; z)d� ^ d�1 +

Z



@g

@�2
� U1(�; z)d� ^ d� ;

(8.16.2)

if k = 2; j = 1 then

@

@z2

Z



g(�)U1(�; z)d� ^ d� =

= �

Z
�

g(�)U 2(�; z)d� ^ d�2 +

Z



@g

@�1
U2(�; z)d� ^ d� ;

(8.16.3)

if k = 2; j = 2 then

@

@z2

Z



g(�)U2(�; z)d� ^ d� =

=

Z
�

g(�)U 2(�; z)d� ^ d�1 +

Z



@g

@�2
U2(�; z)d� ^ d�:

(8.16.4)

8.17 Formula (8.14.3) in C
2

To illustrate the general idea, we begin with comparing the formu-
las (8.14.3) and (8.14.4) and the Koppelman formula in C 2 . The in-
teresting case here is that of a differential form of degree 1, i.e., let
m = 2; f = f1(�)dz1 + f2(�)dz2. Substituting this into (8.14.3) we
obtain the equality

f1dz1 + f2dz2 =

= dz1

Z
�

�
f1(�)(U2(�; z)d� 1 ^ d� � U1(�; z)d� ^ d�2) +

+ f2(�)
�
U2(�; z)d� 2 ^ d� + U1(�; z)d� ^ d�1

��
+

+ dz2

Z
�

�
f2(�)U2(�; z)d� ^ d�1 � U1(�; z)d� 2 ^ d�

�
�

   



� f1(�) �

�
U1(�; z)d� 1 ^ d� + U2(�; z)d� ^ d�2

�
+

+ dz1

Z



�
(
@f1
@z1

+
@f2
@z2

)U1(�; z)�

� (
@f2
@z1

�
@f1
@z2

)U2(�; z)

�
d� ^ d� +

+ dz2

Z



�
(
@f1
@z1

+
@f2
@z2

)U2(�; z)�

�(
@f2
@z1

�
@f1
@z2

)U1(�; z)

�
d� ^ d�:

(8.17.1)

Both functions f1 and f2 are arbitrary; in particular, one of them
may be taken identically zero, which leads to the equalities

f1(z) =

Z
�

f1(�)
�
U2(�; z)d� 1 ^ d� � U1(�; z)d� ^ d�2

�
+

+

Z



�
@f1
@z1

U1(�; z) +
@f1
@z2

U2(�; z)

�
d� ^ d� ; (8.17.2)

0 =

Z
�

f1(z)(U1(�; z)d� 1 ^ d� + U2(�; z)d� ^ d�2)�

�

Z



�
@f1
@z1

U2(�; z) �
@f1
@z2

U1(�; z)

�
(�; z)d� ^ d� ;

(8.17.3)

f2(z) =

Z
�

f2(�)
�
U2(�; z)d� ^ d�1 � U1(�; z)d� 2 ^ d�

�
+

+

Z



�
@f2
@z2

U2(�; z) +
@f2
@z1

U1(�; z)

�
d� ^ d� ;

(8.17.4)

0 =

Z
�

f2(�)
�
U2(�; z)d� 2 ^ d� + U1(�; z)d� ^ d�1

�
+

   



C
2

+

Z



�
@f2
@z2

U1(�; z) �
@f2
@z1

U2(�; z)

�
d� ^ d�:

(8.17.5)

What is more, f1 and f2 may be taken real-valued which means that
we have, in fact, two pairs of formulas such that in each pair one of
the formulas is the complex conjugate to the other one. We resume
the above reasonings as follows.

8.18 Integral representation (8.14.3) for a
(0; 1)-differential form in C

2 , in terms of
its coefficients

Proposition Let 
 � C 2 and � = @
 be as always, and let g 2
C1(
; C ). Then for any z 2 
 there holds

g(z) =

Z
�

g(�)
�
U2(� ; z) � d� 1 ^ d� � U1(� ; z)d� ^ d�2

�
+

+

Z



�
@g

@z1
U1(� ; z) +

@g

@z2
U2(� ; z)

�
d� ^ d� ;

(8.18.1)

0 =

Z
�

g
�
�)(U1(� ; z) � d� 1 ^ d� + U2(� ; z)d� ^ d�2

�
�

�

Z



�
@g

@z1
U2(� ; z)�

@g

@z2
U1(� ; z)

�
d� ^ d�:

(8.18.2)

8.19 Koppelman’s formula in C 2

Take again the differential form f = f1dz1 + f2dz2 (in C 2 ) and sub-
stitute it into the Koppelman formula. We obtain

f1dz1 + f2dz2 =

   



= dz1

Z
�

(f1(�)U2(�; z)d� 1 ^ d� + f2U2(�; z)d� 2 ^ d�)�

� dz2

Z
�
(f1U1(�; z)d� 1 ^ d� + f2U1(�; z)d� 2 ^ d�) +

+ dz1 �
@

@z1

Z


(f1U1(�; z) + f2U2(�; z)) d� ^ d� +

+ dz2 �
@

@z2

Z


(f1U1(�; z) + f2U2(�; z)) d� ^ d� �

� dz1

Z



�
@f2
@�1

�
@f1
@�2

�
U2(�; z)d� ^ d� +

+ dz2

Z



�
@f2
@�1

�
@f1
@�2

�
U1(�; z)d� ^ d�: (8.19.1)

We now apply the same procedure as in Subsection 8.17: separate
the coordinates of dz1 and dz2 and take into account that f1 and f2
are arbitrary smooth functions. This gives the following assertion.

8.20 Koppelman’s formula in C
2 for a

(0; 1) - differential form, in terms of its
coefficients

Proposition Let 
 � C 2 and � = @
 be as always, and let g 2
C1(
; C ). Then for any z 2 
 there holds

g(z) =

Z
�
g(�)U2(�; z)d� 1 ^ d� +

+
@

@z1

Z


g(�)U1(�; z)d� ^ d� +

Z



@g

@�2
U2(�; z)d� ^ d� ;

(8.20.1)

g(z) = �

Z
�
g(�)U1(�; z)d� 2 ^ d� +

   



+
@

@z2

Z


g(�)U2(�; z)d� ^ d� +

Z



@g

@�1
U1(�; z)d� ^ d� ;

(8.20.2)

0 =

Z
�
g(�)U1(�; z)d� 1 ^ d� �

�
@

@z2

Z


g(� )U1(�; z)d� ^ d� +

Z



@g

@�2
U1(�; z)d� ^ d� ;

(8.20.3)

0 =

Z
�
g(�)U2(�; z)d� 2 ^ d� +

+
@

@z1

Z


g(�)U2(�; z)d� ^ d� �

Z



@g

@�1
U2(�; z)d� ^ d�:

(8.20.4)

8.21 Comparison of Propositions 8.18 and 8.20

Now we are ready to compare the formulas in Proposition 8.20 and
Proposition 8.18. Take the formula (8.20.1) and apply the equality
(8.16.1):

g(z) =

Z
�
g(U2(�; z)d� 1 ^ d� +

@

@z1

Z


g(�)U1(�; z)d� ^ d�

+

Z



@g

@�2
U1(�; z);U2(�; z)d� ^ d� =

=

Z
�
g(�)U2(�; z)d� 1 ^ d� �

Z
�
g(�)U1(�; z)d�2 ^ d� +

+

Z



@g

@�1
U1(�; z)d� ^ d� +

Z



@g

@�2
U2(�; z)d� ^ d� =

=

Z
�
g(�)(U2(�; z)d� 1 ^ d� � U1(�; z)d�2 ^ d� ) +

+

Z



�
@g

@�1
U1(�; z) +

@g

@� 2
U2(�; z)

�
d� ^ d�;

   



which is exactly the formula (8.18.2). Take now (8.20.1) and apply

(8.16.4) to the term with
@

@z2
; we get

g(z) = �

Z
�
g(�)U1(�; z)d� 2 ^ d� +

Z
�
g(�)U2(�; z)d�1 ^ d� +

+

Z



@g

@�2
U2(�; z)d� ^ d� +

Z



@g

@�1
U1(�; z)d� ^ d� =

=

Z
�
g(�)

�
U2(�; z)d�1 ^ d� � U1(�; z)d� 2 ^ d�

�
+

+

Z



�
@g

@�2
U2(�; z) +

@g

@�1
U1(�; z)

�
d� ^ d�:

The function f is an arbitrary function, in particular, a real-valued
one, hence this is just the complex conjugate to the formula (8.18.1).

For the formula (8.20.1) we obtain, using (8.16.3)

0 =

Z
�
g(�)U1(�; z)d� 1 ^ d� �

@

@z2

Z


g(�)U1(�; z)d� ^ d� +

+

Z



@g

@� 2
U1(�; z)d� ^ d� =

=

Z
�
g(�)U1(�; z)d� 1 ^ d� +

Z
�
g(�)U2(�; z)d�2 ^ d� �

�

Z



@g

@�1
U2(�; z)d� ^ d� +

Z



@g

@�2
U1(�; z)d� ^ d� =

=

Z
�
g(�)(U1(�; z)d� 1 ^ d� + U2(�; z)d�2 ^ d�) +

+

Z



�
@g

@�2
U1(�; z) �

@g

@�1
U2(�; z)

�
d� ^ d�;

which is the formula (8.18.2), while (8.20.1) gives its complex conju-
gate if one makes use of (8.16.2):

0 =

Z
�
gU2(�; z)d� 2 ^ d� +

@

@z1

Z


gU2(�; z)d� ^ d� �

�

Z



@g

@�1
U2(�; z)d� ^ d� =

=

Z
�
gU2(�; z)d� 2 ^ d� +

Z
�
gU1(�; z)d�1 ^ d� +

   



C
2

+

Z



@g

@�2
U1(�; z)d� ^ d� �

Z



@g

@�1
U2(�; z)d� ^ d� =

=

Z
�
g (�)

�
U2(�; z)d� 2 ^ d� + U1(�; z)d�1 ^ d�

�
+

+

Z



�
@g

@�2
U1(�; z)�

@g

@� 1
U2(�; z)

�
d� ^ d�:

8.22 Koppelman’s formula in C 2 and
hyperholomorphic theory

Thus we may conclude already that, at least in C
2 , the Koppel-

man formula is another way of writing the integral representation
(8.14.3). We see the following advantage of the formula (8.14.3): it
reveals the deep and intimate relation between the Koppelman for-
mula and the complex Hodge-Dolbeault system for which (8.14.3)
is its “Borel-Pompeiu-type” integral representation. It shows also
that a “Cauchy-type” integral representation for the Koppelman for-
mula cannot be obtained by just crossing out both volume integrals;
one must first perform a transformation of the kind described by
Theorem 8.15, thus arriving at (8.14.3) and seeing that the volume
integrals disappear for a differential form which is a solution of the
complex Hodge-Dolbeault system. In this way the relation between
the Koppelman formula and the hyperholomorphic theory is estab-
lished as well. This relation involves the equation (8.14.4) also: the
Koppelman formula for two variables (8.19.1) written in the form
(8.17.1) and taken together with the corresponding corollary of (8.3)
gives the hyperholomorphic Borel-Pompeiu formula for differential
forms.

8.23 Definition of �H;K

Certain calculations in what follows get simplified if one uses the
notion we shall introduce now. Let H and K be arbitrary finite sets
of integers with cardinal numbers card H and card K , respectively.
Then

�H;K :=

�
0; if H \K 6= ;;

(�1)� ; if H \K = ;;

   



where � is the number of elements in the Cartesian product H�K =

f(h; k) jh 2 H; k 2 K g with the property h > k. Those elements are
called sometimes the inversions of the pair (H;K).

One can prove that, in particular, for the three sets H, K, L there
hold

? �H;K � �H[K;L = �K;L � �H;K[L = �H;K � �K;L � �H;L;

(8.23.1)
? �H;K = (�1)cardH�cardK �K;H ;

(8.23.2)

? �H;K[L = �H;K � �H;L:

(8.23.3)

More properties and explanations will be given in Subsection
8.29.

We shall make use of these properties working with wedge prod-

ucts of differential forms and with the operator cdzi. For example, let
H and K be ordered subsets of f1; :::;mg and let H [K denote the
ordered union of the two sets, then

d�zH ^ d�zK = �H;Kd�z
H[K :

If j 2 f1; :::;mg then

cd�zj ^ d�zH = �fjg;Hnfjg � d�z
Hnfjg:

8.24 A reformulation of the Borel-Pompeiu
formula

Let us proceed now to the general case of m variables. It is enough
to consider a differential form f = fJdz

J with jJ j = q fixed (q 2
f0; 1; : : : ;mg), J = (j1; : : : ; jq), j1 < j2 < : : : < jq.

Then the formula (8.14.3) reads

f(z) = (�1)
m(m�1)

2

Z
�

�X
i62J

(�1)i�1fJ(�)Ui(�; z)d� [i] ^ d� ^ dzJ +

   



+ (�1)m
X
i2J

(�1)i�1fJ(�)U i(�; z)d� ^ d�[i] ^ dzJ +

+
X
i62J

X
p6=i

(�1)i�1fJ(�)Up(�; z) �

� d� [i] ^ d� ^ddzp ^ dzi ^ dzJ +

+
X
i2J

X
p6=i

(�1)m+i�1fJ(�)Up(�; z) �

� d� ^ d�[i] ^ dzp ^ cdzi ^ dzJ
�
�

� (�1)
m(m�1)

2

Z



� mX
p=1

Up(�; z)
X
n62J

@fJ
@zn

ddzp ^ dzn ^ dzJ +

+

mX
p=1

Up(�; z)
X
n2J

@f

@zn
dzp ^cdzn ^ dzJ

�
d� ^ d�: (8.24.1)

The first two surface integrals are already of the form we need. For
the third surface integral we haveZ

�

X
p6=i
i62J

(�1)i�1fJ(�)Up(�; z)d� [i] ^ d� ^ddzp ^ �fig;Jdz
J[fig =

=

Z
�

X
i62J
p2J

(�1)i�1fJ(�)Up(�; z)�fig;J � �fpg;(J[fig)nfpg �

� d� [i] ^ d� ^ dz(J[fig)nfpg:

Analogously, for the fourth surface integral we getZ
�

X
i2J
p6=i

(�1)m+i�1fJ(�)Up(�; z) � �fig;Jnfig �

� d� ^ d�[i] ^ dzp ^ dzJnfig =

=

Z
�

X
i2J
p62J

(�1)m+i�1fJ(�)Up(�; z)�fig;Jnfig � �fpg;Jnfig �

� d� ^ d�[i] ^ dz(Jnfig)[fpg:

   



Now we proceed to the volume integrals in (8.24.1). For the first of
them we getZ




X
n62J

mX
p=1

@fJ
@zn

(�) � Up(�; z)�fng;Jd� ^ d�^

^ddzp ^ dzJ[fng =

=

Z



X
n62J

�X
p=n

+
X
p2J

+
X

p62J[fng

�
�

�
@fJ
@zn

(�)Up(�; z)�fng;J � d� ^ d� ^ddzp ^ dzJ[fng =

=

Z



X
p62J

@fJ
@zp

(�) � Up(�; z)d� ^ d� � �fpg;J � �fpg;J � dz
J +

+

Z



X
n62J

X
p2J

@fJ
@zn

(�) � Up(�; z)d� ^ d��fng;J �

� �fpg;(J[fng)nfpg � dz
(J[fng)nfpg:

Analogously, for the last volume integral we obtainZ



X
n2J

mX
p=1

@fJ
@zn

(�)Up(�; z) � �fng;Jnfngd� ^ d� ^ dzp ^ dzJnfng =

=

Z



X
n2J

�X
p=n

+
X

p2Jnfng

+
X
p62J

�
�

�
@fJ
@zn

Up(�; z) � �fng;Jnfngd� ^ d� ^ dzp ^ dzJnfng =

=

Z



X
n2J

@fJ
@zn

(�) � Un(�; z)d� ^ d� ^ dzJ +

+

Z



X
n2J
p62J

@fJ
@zn

Up(�; z) � �fng;Jnfng �

� �fpg;Jnfngd� ^ d� ^ dz(Jnfng)[fpg:

Substituting all this into (8.24.1) and comparing the differentials in
both sides, we conclude that (8.24.1) is equivalent to the following

   



system:

fJ(z) = (�1)
m(m�1)

2

8<:
Z
�

0@X
i62J

(�1)i�1fJ(�)Ui(�; z)d� [i] ^ d� +

+ (�1)m
X
i2J

(�1)i�1fJ(�)U i(�; z)d� ^ d�[i]

!
�

�

Z



X
p62J

@fJ
@zp

(�) � Up(�; z)d� ^ d� �

�

Z



X
n2J

@fJ
@zn

(�)Un(�; z) � d� ^ d�

�
;

(8.24.2)

0 =

Z
�

�
(�1)i�1fJ(�)Up(�; z)�fig;J � �fpg;(J[fig)nfpgd� [i] ^ d� +

+ (�1)m+p�1fJ(�)U i(�; z)�fpg;Jnfpg � �fig;Jnfpgd� ^ d�[p]
�
�

�

Z



�
@fJ
@zi

(�)Up(�; z)�fig;J � �fpg;(J[fig)nfpg+

+
@fJ
@zp

(�)U i(�; z)�fpg;Jnfpg � �fig;(Jnfpg)

�
d� ^ d�

(8.24.3)

for all i =2 J , 8 p 2 J .

8.25 Identity (8.14.4) for a d.f. of a fixed degree

Quite similar reasonings, applied to the identity (8.14.4) with f =

fJ � dz
J for jJ j = q fixed, lead to its following equivalent form:Z

�

( X
p<j

fp;jg�J

�
(�1)j�1Up(�; z)d� [j] ^ d� �

� (�1)p�1U j(�; z)d� [p] ^ d�

�
fJ(�) � �fp;jg;J ^ dzJ[fp;jg +

   



+ (�1)m
X
p<j

fp;jg�J

�
(�1)j�1Up(�; z)d� ^ d�[j] �

�(�1)p�1Uj(�; z)d� ^ d�[q]

�
�

� fJ(�) � �fjg;Jnfjg � �fpg;Jnfp;jg � dz
Jnfp;jg

)
�

� (2i)m
Z

+

( X
p<j

fp;jg6�J

�
Up(�; z) �

@fJ
@zj

(�)��U j(�; z)
@fJ
@zp

(�)

�

�fp;jg;J � dz
J[fp;jg +

+
X
p<j

fp;jg�J

�
Up(�; z) �

@fJ
@zj

(�)� Uj(�; z) �
@fJ
@zp

(�)

�
�

� �fjg;Jnfjg � �fpg;Jnfp;jg � dz
Jnfp;jg

)
dV� :

(8.25.1)

The above means that (8.14.4) is equivalent to the following set
of identities in 
+:
if p < j and fp; jg 6�J then

0 =

Z
�

�
(�1)j�1Up (�; z) d� [j] ^ d� �

� (�1)p�1U j (�; z) d� [p] ^ d�
�
fJ (�)�

� (2i)m
Z

+

�
Up (�; z)

@fJ
@zj

(�)� U j (�; z)
@fJ
@zp

(�)

�
dV� ;

(8.25.2)

if p < j and fp; jg � J then

0 = (�1)m
Z
�

�
(�1)j�1Up (�; z) d� ^ d�[j] �

   



� (�1)p�1Uj (�; z) d� ^ d�[p]
�
fJ (�)�

�(2i)m
Z

+

�
Up (�; z)

@fJ
@zj

(�)� Uj (�; z)
@fJ
@zp

(�)

�
dV� :

(8.25.3)

8.26 About the Koppelman formula

The Koppelman formula has several forms of representation; we
shall make use of that one which is in [R]. Let f be an arbitrary
(0; q)-differential form, with 0 � q � m, then in 


f(z) =

Z
�
f(�) ^Kq(�; z) �

Z


@f(�) ^Kq(�; z)�

� @z

Z


f(�) ^Kq�1(�; z); (8.26.1)

where K�1 :� 0,

Kq(�; z) =
(�1)

q(q�1)
2

(2�i)m
(m� 1)!

q!(m� q � 1)!
��n �

� @�� ^

�
@�@��

�m�q�1

^

�
@z@��

�q

;

with �(�; z) := j� � zj2.
Since

@�� =

mX
p=1

(� p � zp)d�p;

@�@�� =

mX
p=1

d�p ^ d�p;

@z@�� = �
mX
p=1

dzp ^ d�p;

   



one gets

�
@�@��

�m�q�1

= (m� q � 1)!
X

j�j=m�q�1

^�2�

�
d�� ^ d��

�
;

�
@z@��

�q

= (�1)q � q!
X
jJj=q

^�2J

�
d�� ^ dz�

�
:

Combining all this, one obtains

Kq(�; z) = (�1)
q(q+1)

2

mX
i=1

Ui(�; z)d�i ^
X

jIj=m�q�1

d� I1 ^

^ d�I1 ^ : : : ^ d� Im�q�1 ^ d�Im�q�1 ^
X
jHj=q

d�H1 ^

^ dzH1 ^ : : : ^ dzHq ^ d�Hq =

= (�1)
q(q+1)

2 (�1)
(m�q�1)(m�q�2)

2

mX
i=1

Ui(�; z)d�i ^

^
X

jIj=m�q�1

d� I ^ d�I ^
X
jHj=q

d�H ^ dzH =

= (�1)
q(q+1)

2 (�1)
(m�q�1)(m�q�2)

2 �
mX
i=1

Ui(�; z)d�i ^

^
X

j�j=m�q�1
j�j=q
�\�=�

��;�d�� ^ d��[� ^ dz� =

= (�1)
q(q+1)

2
+ (m�q�1)(m�q�2)

2
+(m�q�1) �

mX
i=1

X
j�j=m�q�1

j�j=q
�\�\fig=�

� ��;�(�1)i�1Ui(�; z)d�� ^ d� ^ dz� =

= (�1)
q(q+1)

2
+ (m�q�1)(m�q)

2

mX
i=1

X
j�j=m�q�1

j�j=q
�\�\fig=�

��;�(�1)i�1

� Ui(�; z)d�� ^ d� ^ dz� =

   



= (�1)
1
2
m(m�1)+qm

mX
i=1

X
j�j=m�q�1

j�j=q
�\�\fig=�

��;�(�1)i�1

� Ui(�; z)d�� ^ d� ^ dz�:

Let again f = fJd�
J , with jJ j = q, q 2 f0; 1; : : : ;mg. Hence

@f =

mX
k=1

@fJ
@�k

d�k ^ d�J =

mX
k=1

@fJ
@�k

�fkg;Jd�
J[fkg

and

f(�) ^Kq�1(�; z) = fJ(�)d�
J ^Kq�1(�; z) =

= (�1)
1
2
m(m�1)+(q�1)mfJ(�)d�

J ^

^
mX
i=1

X
j�j=m�q
j�j=q�1

�\�\fig=�

��;�(�1)i�1 �

� Ui(�; z)d�� ^ d� ^ dz�:

In the last sum the only terms to survive are those corresponding
to � = f1; : : : ;mg n J , i 2 J , � = J n fig. Hence

f(�) ^Kq�1(�; z) = (�1)
1
2
m(m�1)+(q�1)m � fJ(�) �

�
X
i2J

�f1;:::;mgnJ;Jnfig � (�1)i�1 � �J;f1;:::;mgnJ �

� Ui(�; z)d� ^ d� ^ dzJnfig:

Using now Theorem 8.15, we obtain

@z

Z


f(�) ^Kq�1(�; z) =

= (�1)
1
2
m(m�1)+(q�1)m

X
i2J

(�1)i�1�f1;:::m;gnJ;Jnfig �

� �J;f1;:::;mgnJ � @z

Z


fJ(�)Ui(�; z)d� ^ d� ^ dzJnfig =

   



= (�1)
1
2
m(m�1)+(q�1)m

X
i2J

(�1)i�1�f1;:::;mgnJ;Jnfig � �J;f1;:::;mgnJ �

mX
k=1

@

@zk

Z


fJ(�)Ui(�; z)d� ^ d� ^ dzk ^ dzJnfig =

= (�1)
1
2
m(m+1)+(q�1)m

X
i2J

(�1)i�1 � �f1;:::;mgnJ;Jnfig � �J;f1;:::;mgnJ �

�

�X
k=i

+
X
k 62J
k 6=i

+
X

k2Jnfig

�
�

�
(�1)m�i

Z
�
fJ(�)Uk(�; z)d� ^ d�[i]

+

Z



@fJ
@�i

Ukd� ^ d�

�
^ dzk ^ dzJnfig =

= (�1)
1
2
m(m�1)+(q�1)m �

X
i2J

(�1)i�1�f1;:::;mgnJ;Jnfig � �J;f1;:::;mgnJ �

�

��
(�1)m�i

Z
�
fJ(�)U i(�; z)d� ^ d�[i]

+

Z



@fJ
@�i

U i(�; z)d� ^ d�

�
�i;Jnfigdz

J +

+
X
k 62J

�
(�1)m�i

Z
�
fJ(�)Uk(�; z)d� ^ d�[i] +

+

Z



@fJ
@�i

Uk(�; z)d� ^ d�

�
^ �fkg;Jnfigdz

(Jnfig)[fkg

�
:

Analogous computation applies to
R
� f(�)^Kq(�; z) and

R

 @f(�)^

Kq(�; z), which givesZ
�
f(�) ^Kq(�; z) =

= (�1)
1
2
m(m�1)+qm

X
i2J

X
p62J

(�1)i�1�(f1:::mgnJ)nfpg;(Jnfig)[fpg �

� �J;(f1:::mgnJ)nfpg

Z
�
fJ(�)Ui(�; z)d� [p] ^ d� ^ dz(J[fpg)nfig +

+ (�1)
1
2
m(m�1)+qm

X
i62J

(�1)i�1�(f1:::mgnJ)nfig;J � �J;(f1:::mgnJ)nfig �

   



�

Z
�
fJ(�)Ui(�; z)d� [i] ^ d� ^ dzJ

andZ


@f(�) ^Kq(�; z) =

X
k 62J

�fkg;J(�1)
1
2
m(m�1)+qm �

� (�1)k�1�f1:::mgn(J[k);J

Z



@f

@�k
Uk(�; z) � �J[fkg;f1:::mgn(J[fkg) �

� d� ^ d� ^ dzJ +
X
k 62J

�fkg;J(�1)
1
2
m(m�1)+qm �

�
X
i2J

(�1)i�1�f1:::mgn(J[fkg);(Jnfig)[fkgZ



@fJ

@�k
Ui(�; z) � �J[fkg;f1:::mgn(J[fkg) �

� d� ^ d� ^ dz(Jnfig)[fkg:

Substituting all this into (8.26.1) and comparing the differentials
in both sides, we conclude that (8.26.1) is equivalent to the following
system:

fJ(z) =

= (�1)
1
2
m(m�1)+qm

X
i62J

(�1)i�1�f1:::mgnJ)nfig;J � �J;(f1:::mgnJ)nfig �

�

Z
�

fJ(�)Ui(�; z)d� [i] ^ d�

�
X
k 62J

�fkg;J(�1)
1
2
m(m�1)+qm � (�1)k�1�f1:::mgn(J[fkg);J �

�

Z



@f

@�k
Uk(�; z) � �J[fkg;f1;:::;mgn(J[fkg) � d� ^ d�

� (�1)
1
2
m(m�1)+(q�1)m �

�
X
i2J

(�1)i�1�f1;:::;mgnJ;Jnfig � �J;f1;:::;mgnJ �

   



�

�
(�1)m�i

Z
�
fJ(�)U i(�; z)d� ^ d�[i] +

+

Z



@fJ

@�i
U i(�; z)d� ^ d�

�
�i;Jnfig:

(8.26.2)

0 = (�1)
1
2
m(m�1)+qm �

�
X
i2J

X
p=2J

(�1)i�1�(f1:::mgnJ)nfpg;(Jnfig)[fpg � �J;(f1:::mgnJ)nfpg �

�

Z
�

fJ(�)Ui(�; z)d� [p] ^ d� ^ dz(J[fpg)nfig �

�(�1)
1
2
m(m�1)+qm �

�
X
k=2J

�fkg;J �
X
i2J

(�1)i�1�(f1:::mgn(J[fkg);(Jnfig)[fkg �

� �J[fkg;f1:::mgn(J[fkg) �

�

Z



@fJ

@�k
Ui(�; z) � d� ^ d� ^ dz(Jnfig)[fkg �

�(�1)
1
2
m(m�1)+(q�1)m �

X
i2J

(�1)i�1�f1:::mgnJ;Jnfig � �J;f1:::mgnJ �

X
k=2J

24(�1)(m�i)

Z
�

fJ(�)Uk(�; z)d� ^ d�[i]l; +

Z



@fJ

@�i
Uk(�; z)d� ^ d�

35 ^ �fkg;Jnfigdz
(Jnfig)[fkg:

(8.26.3)

   



8.27 Auxiliary computations

Consider the right-hand-side term in the representation (8.26.2) for
fJ(z). Using the properties of �H;K from Subsection 8.23 we have

(�1)
1
2
m(m�1)+qm � (�1)i�1�(f1:::mgnJ)nfig;J � �J;(f1:::mgnJ)nfig =

= (�1)
1
2
m(m�1)+qm � (�1)i�1 � (�1)q(m�q�1) =

= (�1)
1
2
m(m�1) � (�1)i�1:

Analogously, consider

Y := �(�1)
1
2
m(m�1)+qm � (�1)i�1 � (�1)m�i

� �f1;:::;mgnJ;Jnfig � �J;f1;:::;mgnJ � �fig;Jnfig;

which, with the intermediate notations H := f1; :::;mgnJ; K :=
Jnfig; L := fig; becomes

Y = �(�1)
1
2
m(m�1)+(q�1)m � (�1)m�i � (�1)i�1

� �H;K � �K[L;H � �L;K :

But (�1)i�1 = �L;H[K = (�1)cardL�card(H[K) � �H[K;L

= (�1)m�1�H[K;L, which implies that

Y = �(�1)
1
2
m(m�1)+(q�1)m � (�1)m�i � (�1)m�1

��H[K;L � �H;K � �K[L;H � �L;K

and then

Y = (�1)
1
2
m(m�1)+qm � (�1)m�i � �K;L �

� �H;K[L � �(K[L);H � �L;K =

= (�1)
1
2
m(m�1)+qm+m�i � (�K;L � �L;K) �

� (�H;K[L � �K[L;H) =

   



= (�1)
1
2
m(m�1)+qm+m�i � (�1)card K�card L �

�(�1)card H�card(K[L) =

= (�1)
1
2
m(m�1)+qm+m�i+q�1+(m�q)�q =

= (�1)
1
2
m(m�1) � (�1)m � (�1)i�1:

In the same way we get

Y1 : = ��fkg;J � (�1)
1
2
m(m+1)+qm � (�1)k�1 �

� �f1;:::;mgn(J[fkg);J � �J[fkg;f1:::mgn(J[fkg) =

= �(�1)
1
2
m(m�1)+qm+1 � �fkg;J � �fkg;f1:::mgnfkg �

� �f1:::mgn(J[fkg);J � �J[fkg;f1:::mgn(J[fkg);

which, with the intermediate notations H1 := f1:::mgn(J [ fkg),
K1 := J ; L1 := fkg; becomes

Y1 := (�1)
1
2
m(m+1)+qm+1 � �L1;K1 � �L1;H1[K1 �

� �H1;K1 � �K1[L1;H1 =

= (�1)
1
2
m(m+1)+qm+1 � (�1)cardL1�card(H1[K1) �

� (�H1[K1;L1 � �H1;K1) � �L1;K1 � �K1[L1;H1 =

= (�1)
1
2
m(m+1)+qm+1+(m�1) � �K1;L1 � �H1;K1[L1 �

� �L1;K1 � �K1[L1;H1 =

   



= (�1)
1
2
m(m+1)+qm+m � (�1)q � (�1)(m�q�1)(q+1)

= �(�1)
1
2
m(m+1);

and

Y2 := �(�1)
1
2
m(m+1)+(q�1)m � (�1)i�1 � �f1:::mgnJ;Jfig) �

� �J;f1:::mgnJ � �fig;Jnfig)=

= �(�1)
1
2
m(m+1)+(q�1)m � �fig;f1:::mgnfig � �f1:::mgnJ;Jnfig) �

� �J;f1:::mgnJ � �fig;Jnfig);

which, after quite similar computation, leads to

Y2 = �(�1)
1
2
m(m+1):

Hence for the volume integral we have

�(�1)
1
2
m(m+1)

Z



 X
k=2J

@f

@�k
Uk (�; z) d� ^ d� +

+
X
k2J

@f

@�k
� Uk(�; z)d� ^ d�

!
;

and combining all the above we get that the equality (8.26.2) is equiv-
alent to the following one:

fJ(z) = (�1)
1
2
m(m+1)

0@X
i=2J

(�1)i�1

Z
�

fJ (�)Ui (�; z) d� [i] ^ d� +

+ (�1)m
X
i2J

(�1)i+1

Z
fJ (�)U i (�; z) d� ^ d�[i]

!
�

� (�1)
1
2
m(m+1)

X
k=2J

Z



@fJ

@�k
(�)Uk (�; z) d� ^ d� �

   



� (�1)
1
2
m(m+1)

X
i2J

Z



@fJ

@�i
(�)Ui (�; z) d� ^ d� :

(8.27.1)

8.28 The Koppelman formula for solutions of the
complex Hodge-Dolbeault system

By the linearity reasons all above extends readily onto arbitrary dif-
ferential forms of a fixed degree q 2 f0; :::;mg: f(z) =

P
J

jJj=q

fJ (�) dzJ :

Then we may conclude that for any such a differential form the
Koppelman formula (8.26.1) is a particular case of the formula (8.14.3)
derived from the hyperholomorphic Borel-Pompeiu formula. This
means that if the differential form from the Koppelman formula is,
additionally, a solution of the complex Hodge-Dolbeault system,
then the Koppelman formula turns into the Bochner-Martinelli-type
integral representation from Corollary 8.9.

Theorem Let q 2 f0; 1; :::mg be fixed; let f =
P

jJj=q

fJdz
J be a dif-

ferential form of class C1 satisfying the complex Hodge-Dolbeault system
in a domain 
+ with usual restrictions. Then the Koppelman formula for
f does not contain volume integrals, and it reads

f(z; dz) =

= (�1)
m(m+1)

2 �

�

Z
�

� mX
j=1

(�1)j�1Uj (�; z) d� [j] ^ d� ^ cdzj ^ dzj ^ f (�; dz) +

+(�1)m
mX
j=1

(�1)j�1U j(�; z)d� ^ d�[j] ^ dzj ^ cdzj ^

^f(�; z) +

+
X
q 6=j

(�1)j�1Uq (�; z) d� [j] ^ d� ^ddzq ^ dzj ^ f (�; dz) +

   



�H;K

+(�1)m
X
q 6=j

(�1)j�1Uq(�; z)d� ^ d�[j] ^ dzq ^ cdzj ^ f(�; dz

�
;

or equivalently, using the notations introduced earlier,

f(z) =
X
jjj=q

�
Uj [fj] (z) � dz

j +

+
X
n6=p

�
Unp [fj]ddzn ^ dzp ^ dzj +

+ Unp [fj] dz
n ^ddzp ^ dzj

��
:

8.29 Appendix: properties of �H;K

We give here some complements to what is described in Subsection
8.28. Given n 2 N, put Nn := f1; :::; ng. Then any bijection of Nn is
called a permutation of degree n, and let Pn be the set of all permu-
tations of degree n. It is clear that cardPn = n!. The composition
(�; �) 2 Pn � Pn �! � Æ � makes Pn a group, and we shall write
frequently just �� instead of � Æ �. We denote v the neutral element
of Pn. The group Pn is called the symmetric group of order n.

Let fi; jg � Nn with i 6= j, the permutation � 2 Pn defined
by �(i) := j, �(j) := i, �(k) = k for all k 2 Nnnfi; jg, is called a
transposition and is denoted sometimes by (i; j).

It is easily verified that any permutation � 2 Pn can be repre-
sented as a product of transpositions. Moreover, any such � is repre-
sentable as a product of transpositions with consequent indices, i.e.,
transpositions of the form (i; i + 1) with i 2 Nn�1 . For a fixed per-
mutation the number of transpositions that are necessary for such
a representation is always even or always odd, which results in the
names an even permutation and an odd permutation, respectively.

Let � 2 Pn; define

sgn(�) :=

�
1; for an even �;
�1; for an odd �;

   



sgn(�) is called the sign of the permutation. For any two permuta-
tions � and � there holds

sgn(��) = sgn(��) = sgn � � sgn � :

The set of all even permutations in Pn is a subgroup of Pn which
is called the alternating group of order n, and for n � 2 it has order
n!
2 .

Let � 2 Pn and let fi; jg � Nn be such that i < j; the pair fi; jg
is called an inversion of the permutation � if �(i) > �(j); compare
with Subsection 8.3. If I(�) is the number of all inversions of �,
then sgn(�) = (�1)I(�), which is a way to find out whether a given
permutation is even or odd.

We proceed now to the characteristic �H;K introduced in Subsec-
tion 8.23.

Take K = H 0 and

H = fi1; ::; irg with i1 < ::: < ir ;

H 0 = fjr+1; ::; jng with jr+1 < ::: < jn ;

consider the following permutation:

� =

�
1; 2; :::; r; r + 1; :::; n
i1; i2; :::; ir ; jr+1; :::; jn

�
:

All i� are ordered naturally, hence if fp; qg � Nr and p < q then
(p; q) is not an inversion of �: In the same way if fp; qg � NnnNr and
p < q then (p; q) is not an inversion of �:

Hence, if � 2 Nr and q 2 NnnNr then (p; q) is an inversion of � if
and only if ip > jq; that is, if and only if (ip; jq) is an inversion of the
pair (H;H 0) : Thus

sgn � = (�1)I(�) = (�1)� = �H;H0 :

Let now
H [K = fk1; :::; kr+sg

with k1; :::; kr+s; and � 2 Pr+s be a unique permutation such that

k�(1) = i1; :::; k�(r) = ir;

   



�H;K

k�(r+1) = j1; :::; k�(r+s) = js:

If fp; qg � Nr and p < q then there holds

k�(1) = ip < iq = k�(q);

which means that (p; q) is not an inversion of �: In the same way, if
fp; qg � NnnNr and p < q , then (p; q) is not an inversion of �:

Taking now p 2 Nr and r + q 2 NsnNr , we may conclude that
(p; r + q) will be an inversion of � if and only if �(p) > �(r + q);
which means by definition that k�(p) > k�(r+q); i.e., ip > jq which
is equivalent to the statement that (ip; jq) is an inversion of the pair
(H;H 0):

Let us prove here the first property of �H;K from Subsection 8.23.
Let H;K;L; be subsets of Nn :

Assume first that H;K;L; are not disjoint in pairs. Then each
term in (8.23.3) is equal to zero, and that is all. To prove that the
extreme terms in (8.23.3) are equal, it is enough to prove that

�H[K;L = �H;L � �K;L: (8.29.1)

Let �1 and �2 be the numbers of inversions of the pairs (H;L)
and (K;L) : Since H \K = ;, �1 + �2 is the number of inversions of
the pair (H [K;L), hence

�H[K;L = (�1)�1+�2 = (�1)�1 � (�1)�2 = �H;L � �K;L;

and (8.29.1) is true.
In the same way the middle term and the third term in (8.23.1)

are equal, which means that (8.23.3) is true also.
Now about the equality (8.23.2). Let here �1 and �2 be the num-

bers of inversions of the pairs (H;K) and (K;H) :
Since H\K = ;; �1+�2 is the number of all the pairs of elements

of H �K; i.e., �1 + �2 = jHj � jKj: Now

�H;K � �K;H = (�1)�1 � (�1)�2 = (�1)�1+�2 = (�1)card H�card K :

   



Chapter 9

Hyperholomorphic theory
and Clifford analysis

9.1 One way to introduce a complex Clifford
algebra

Recall that the principal discomfort in the above theory consists of
the fact that the differentials d�zj and the operators cd�zj are of differ-
ent natures, and thus, formally, do not belong to the same algebra.
To include into the same algebra all complex d.f. and the complex
algebra generated by the operators cd�zj , so that the equalities (1.3.4)
hold, let us consider the following complex algebra generated by i1,
: : :, im; î1, : : :, îm; with the following rules of multiplication:

�
ij � ik = �ik � ij;

ij � ij = 0;
(9.1.1)

�
îj � îk = �îk � îj;

îj � îj = 0;
(9.1.2)

�
îj � ik = �ik � îj ;

îj � ij + ij � îj = 1;
(9.1.3)

where k, j = 1, : : :, m; with k 6= j.

   



This complex algebra is associative, distributive, non-commu-
tative, with zero divisors and with identity. We will denote this al-
gebra by W m .

Immediate consequences of the rules (9.1.1), (9.1.2) and (9.1.3)
are that for any j = 1, : : :, m; the following equalities hold:

îj � ij � îj � ij = îj � ij ;

ij � îj � ij � îj = ij � îj :

Each element a of W m is of the form

a =
X
jk

ajkî
j
� ik; (9.1.4)

where ajk 2 C and j, k are, respectively, strictly increasing jjj-tuple,
jkj-tuple, in f1; : : : ; mg with jjj, jkj = 0, : : :, m, and

îj := îj1 � : : : � îjjjj ;

ik := ik1 � : : : � ikjkj :

Note that j or k can be equal ;, the empty set; in this case, îj or ik

are not included in the expression îj � ik.
The defining equalities (9.1.1), (9.1.2) and (9.1.3) say that two

Grassmann algebras, one generated by
�
ik
	

and the other by
n
îk
o

,
got mixed by the crucial conditions (9.1.3) into a single object.

9.1.1 Classical definition of a complex Clifford algebra

Let Cl0; 2m be a complex Clifford algebra with generators e1, e2, : : :,
e2m. This means that

e2k = �1 =: �e0; k 2 f1; : : : ; 2mg;

ekeq + eqek = 0; k 6= q;

any element a 2 Cl0; 2m is of the form

a =
X
A

aAeA;

   



where A = (�1; : : : ; �p) with 1 � �1 < : : : < �p � 2m, faAg � C ,
eA := e�1 : : : e�p . The reader can find all the necessary information
in [DeSoSo] and in many other sources.

Mention that for the Clifford conjugation of a we use the nota-
tion a�:

a� :=
X
A

aAe
�

A

with e�A := e��p : : : e
�
�1

:= (�e�p) : : : (�e�1), and for the complex con-
jugation �a:

�a :=
X
A

�aA � eA

with �aA := Re aA� iIm aA. Note that sometimes both conjugations
are denoted by the same symbol, but we prefer to use different ones.

Consider the following elements of Cl0; 2m:

fj :=
1

2
(e2j + ie2j�1) ;

�fj =
1

2
(e2j � ie2j�1) ;

where j = 1, : : :, m. Note that the 2m-tuple
�
f1; : : : ; fm; � �f1;

: : : ; � �fm
�

is an underlying space basis of Cl0; 2m in the sense of a
complex vector space. But, on the other hand,

fj � fk = �fk � fj;�
� �fj

�
� fk = �fk �

�
� �fj

�
;�

� �fj
�
�

�
� �fk

�
= �

�
� �fk

�
�

�
� �fj

�
;

9>>>>=>>>>;
for all k; j = 1;

: : : ;m;

with k 6= j;

fj � fj = 0;�
� �fj

�
� fj + fj �

�
� �fj

�
= 1;�

� �fj
�
�

�
� �fj

�
= 0;

9>>>>>>=>>>>>>;
for all j = 1; : : : ;m:

(9.1.5)

Hence we can make the following identifications: ij � fj and îj �

� �fj.

   



This means that the complex algebra W m is nothing more than
the complex Clifford algebra Cl0; 2m, but with the other basis fixed.

This basis is called the Witt basis and below we will see that it is
important to study the Grassmann algebra as a part of the Clifford
algebra. We shall use the notation W m when we want to use the
representation (9.1.4) of a complex Clifford number.

9.2 Some differential operators on W m-valued
functions

Let 
 be an open set on Cm . We shall considerW m -valued functions
defined in 
 :

f : 
! W m :

On the set C1 (
; W m ) define the operators �@ and �@
^ by the equal-

ities

�@ [f ] :=

mX
q=1

iq
@f

@�zq
; (9.2.1)

�@
^
[f ] :=

mX
q=1

îq
@f

@zq
; (9.2.2)

where

@

@�zq
:=

1

2

�
@

@xq
+ i

@

@yq

�
;

@

@zq
:=

1

2

�
@

@xq
� i

@

@yq

�
:

As in Subsection 1.3, W m -valued function �@ [f ] can be interpreted
as a specific “Clifford product” of a W m -valued function f with the
“W m -valued function whose coordinates are partial derivations (not

partial derivatives)”, i.e., with �@ :=
mP
q=1

iq @
@�zq

; what is more, in this

sense f is multiplied by �@ on the left-hand side:

�@ � f := �@ [f ] : (9.2.3)

Of course it is assumed here that a scalar-valued function commutes
with the generators of W m . The same interpretations are valid for
�@
^.

   



W m

We define now

�@r [f ] := f � �@ :=

mX
q=1

@f

@�zq
iq;

�@
^

r [f ] := f � �@
^
:=

mX
q=1

@f

@zq
îq:

Note that �@r [f ] and �@
^

r [f ] are W m -valued functions, which differs
greatly from the definition of �@�r in Subsection 1.3. Mention that now
one can use the notation f ��@^ without possible confusions (compare
with Subsection 1.3), but one needs to be careful with the fact that
the multiplication “�”, when the factors �@ and �@

^ are included, is
not associative, that is, in general:�

f � �@
�
� g 6= f �

�
�@ � g

�
;�

f � �@
^
�
� g 6= f �

�
�@
^
� g

�
:

9.2.1 Factorization of the Laplace operator

On W m -valued functions of class C2 it is natural to define the com-
plex Laplace operator as

�Cm [f ] :=

mX
k=1

@2f

@zk@�zk
=

mX
k=1

@2f

@�zk@zk
(9.2.4)

(compare with (1.3.3)).

Theorem The following operator equalities hold on W m -valued functions
of class C2:

�@ �@
^
+ �@

^�@ = �Cm ;
�@r

�@
^

r + �@
^

r
�@r = �Cm :

(9.2.5)

�@ �@ = 0;
�@
^�@

^
= 0;

�@r
�@r = 0;

�@
^

r
�@
^

r = 0:

(9.2.6)

   



Proof. We have

(�@ �@
^
+ �@

^�@) [f ] :=

mX
p=1

ip
@

@�zp
�@� [f ] +

mX
p=1

îp
@

@zp
�@ [f ] =

=

mX
p=1

mX
q=1

ipîq
@2f

@�zp@zq
+

mX
p=1

mX
q=1

îpiq
@2f

@zp@�zq
=

=

mX
p=1

mX
q=1

ipîq
@2f

@�zp@zq
+

mX
q=1

mX
p=1

îqip
@2f

@zq@�zp
=

=

mX
p=1

mX
q=1

ipîq
@2f

@�zp@zq
+

mX
p=1

mX
q=1

îqip
@2f

@zq@�zp
:

Recall that f is a function of class C2, then

(�@ �@
^
+ �@

^�@) [f ] =

mX
p=1

mX
q=1

ipîq
@2f

@�zp@zq
+

mX
p=1

mX
q=1

îqip
@2f

@�zp@zq
=

=

mX
p=1

mX
q=1

n
ipîq + îqip

o @2f

@�zp@zq
=

=

mX
p=1

n
ipîp + îpip

o @2f

@�zp@zp
+

+
X

p; q=1; :::; m

p<q

n
ipîq + îqip

o @2f

@�zp@zq
:

Now using the equalities (9.1.1), (9.1.2) and (9.1.3), we get

(�@ �@
^
+ �@

^�@) [f ] =
mP
p=1

@2f
@�zp@zp

+
P

p;q=1;:::;m

p<q

n
ipîq � ipîq

o
@2f

@�zp@zq
=

=: �Cm [f ] :

The same for the second equality in (9.2.5).
We have now

�@ �@ [f ] :=

mX
p=1

ip
@

@�zp
�@ [f ] =

mX
p=1

mX
q=1

ipiq
@2f

@�zp@�zq
=

   



W m

=

mX
p=1

ipip
@2f

@�zp@�zp
+

+
X

p; q=1; :::; m

p<q

�
ipiq

@2f

@�zp@�zq
+ iqip

@2f

@�zq@�zp

�
:

Recall that f is a function of class C2, then

�@ �@ [f ] :=

mX
p=1

ipip
@2f

@�zp@�zp
+

+
X

p; q=1; :::; m

p<q

�
ipiq

@2f

@�zp@�zq
+ iqip

@2f

@�zp@�zq

�
=

=

mX
p=1

ipip
@2f

@�zp@�zp
+

X
p; q=1; :::; m

p<q

fipiq + iqipg
@2f

@�zp@�zq
:

Now using the equalities (9.1.1), (9.1.2) and (9.1.3), we get

�@ �@ [f ] =
X

p; q=1; :::; m

p<q

fipiq � ipiqg
@2f

@�zp@�zq
= 0:

The same for the rest of equalities in (9.2.6).
Note that we don’t have the second equality from (9.2.5) in (1.3.4).

Note also that the equalities (9.2.5) are not factorizations of the Lap-
lace operator. . There are various ways to obtain them for instance
introducing the algebra as below in Subsection 9.4.

9.3 Relation of the operators �@ and �@
^ with the

Dirac operator of Clifford analysis

Let 
 be a domain in Cm . For all f 2 C1 (
; Cl0; 2m) one introduces
the Clifford-Dirac operator as follows:

#t [f ] :=

2mX
k=1

ek �
@f

@tk
:

   



Note that the usual notation of the Clifford-Dirac operator is @t,
but we here prefer to use the notation #t because the notation @

has been used, as a traditional notation, in this text and in several
complex variables function theory in many other meanings in fact.

We have

#t :=

2mX
k=1

ek �
@

@tk
=

=

mX
k=1

e2k�1 �
@

@xk
+

mX
k=1

e2k �
@

@yk
=

=

mX
k=1

�i
�
ik + îk

�
�
@

@xk
+

mX
k=1

�
ik � îk

�
�
@

@yk
=

= �i

mX
k=1

ik
�

@

@xk
+ i

@

@yk

�
� i

mX
k=1

îk
�

@

@xk
� i

@

@yk

�
=

= �2i

 
mX
k=1

ik
@

@�zk
+

mX
k=1

îk
@

@zk

!
= �2i

�
�@ + �@

^
�
:

9.4 Matrix algebra with entries from W m

Now we need the set of 2 � 2 matrices with entries from W m . We
use the following denotations:

Wm :=

�
W m W m

W m W m

�
:=

��
A

11
A

12

A
21

A
22

�
j

�
A

ij
	
� W m

�
:

The structure of a complex linear space in W m is inherited by
Wm: it is enough to add the elements and to multiply them by com-
plex scalars in an entry-wise manner.

Given A, B from Wm, their “Clifford product” A �
?
B is intro-

duced as follows:

A �
?
B =

�
A

11
A

12

A
21

A
22

�
�
?

�
B
11

B
12

B
21

B
22

�
:=

�
A

11
�B

11 +A
12
�B

21; A
11
�B

12 +A
12
�B

22

A
21
�B

11 +A
22
�B

21; A
21
�B

12 +A
22
�B

22

�
:

   



This product remains to be associative and distributive:�
A �

?
B

�
�
?
C = A �

?

�
B �

?
C

�
;

(A+B) �
?
C = A �

?
C+B �

?
C;

C �
?
(A+B) = C �

?
A+C �

?
B:

Thus we shall considerWm as a complex algebra which is asso-
ciative, distributive, non-commutative, with zero divisors and with
identity.

9.5 The matrix Dirac operators

Let 
 be a open set on Cm . We shall considerWm-valued functions
defined in 
:

F : 
!Wm:

Now we need certain matrix operators composed from scalar op-
erators (9.2.1), (9.2.2), and acting on Wm-valued functions of class
C1. We put

D :=

�
�@ �@

^

�@
^ �@

�
; D

�
:=

�
�@
^ �@

�@ �@
^

�
; (9.5.1)

i.e., for F 2 C1 (
; W m ) we define D [F] and D�
[F] to be

D [F] =

�
�@ � F11 + �@

^
� F

21; �@ � F12 + �@
^
� F

22

�@
^
� F

11 + �@ � F21; �@
^
� F

12 + �@ � F22

�
=

�
�@
�
F
11
�
+ �@

^ �
F
21
�
; �@

�
F
12
�
+ �@

^ �
F
22
�

�@
^ �
F
11
�
+ �@

�
F
21
�
; �@

^ �
F
12
�
+ �@

�
F
22
� � ;

(9.5.2)

D
�
[F] =

�
�@
^
� F

11 + �@ � F21; �@
^
� F

12 + �@ � F22

�@ � F11 + �@
^
� F

21; �@ � F12 + �@
^
� F

22

�
=

=

�
�@
^ �
F
11
�
+ �@

�
F
21
�
; �@

^ �
F
12
�
+ �@

�
F
22
�

�@
�
F
11
�
+ �@

^ �
F
21
�
; �@

�
F
12
�
+ �@

^ �
F
22
� � :

(9.5.3)

   



Recalling observation in Subsection 9.2, we can interpret the ma-
trixD [F] as a result of the matrix Clifford multiplication of F by D on
the left-hand side:

D �
?
F :=

�
�@ �@

^

�@
^ �@

�
�
?

�
F
11

F
12

F
21

F
22

�
:

Now we introduce the right-hand-side operatorDr by the rule

Dr [F] :=

�
F
11
� �@ + F

12
� �@

^
; F

11
� �@

^
+ F

12
� �@

F
21
� �@ + F

22
� �@

^
; F

21
� �@

^
+ F

22
� �@

�
=

=

�
�@r

�
F
11
�
+ �@

^

r

�
F
12
�
; �@

^

r

�
F
11
�
+ �@r

�
F
12
�

�@r

�
F
21
�
+ �@

^

r

�
F
22
�
; �@

^

r

�
F
21
�
+ �@r

�
F
22
� � :

(9.5.4)

Matrix (9.5.4) may differ from D �
?
F = D [F], but in this occasion

both are Wm-valued functions (compare with (2.3.7)). Analogous
definitions and conclusions are true for the right-hand-side operator
D
�

r .
For all above, D and D�, as well as their right-hand side coun-

terparts, are also called the matrix Dirac operators.

9.5.1 Factorization of the Laplace operator on Wm-valued
functions

Theorem The following operator equalities hold on C2 (
; Wm):

D ÆD
�
= D

�
ÆD = �Cm E2�2 ; (9.5.5)

Dr ÆD
�

r = D
�

r ÆDr = �Cm E 2�2 : (9.5.6)

Proof. We have

D ÆD
�

:=

�
�@ �@

^

�@
^ �@

�
�
?

�
�@
^ �@

�@ �@
^

�
=

=

�
�@ �@

^
+ �@

^�@; �@ �@ + �@
^�@

^

�@
^�@

^
+ �@ �@; �@

^�@ + �@ �@
^

�
:

   



Now using Theorem 9.2.1, we get

D ÆD
�

:=

�
�Cm 0

0 �Cm

�
= �E2�2 :

Also, we have

Dr ÆD
�

r :=

�
�@ �@

^

�@
^ �@

�
�
?

�
�@
^ �@

�@ �@
^

�
=

=

�
�@ �@

^
+ �@

^�@; �@ �@ + �@
^�@

^

�@
^�@

^
+ �@ �@; �@

^�@ + �@ �@
^

�
:

Now using Theorem 9.2.1, we get

Dr ÆD
�

r :=

�
�Cm 0

0 �Cm

�
= �E2�2 :

The rest of the proof is similar to the above.

Note that the proofs of Theorem 9.5.1 show that the equalities
(9.1.1), (9.1.2) and (9.1.3) are sufficient conditions to obtain the above
authentic factorization of the Laplace operator.

9.6 The fundamental solution of the matrix Dirac
operators

Let �Cm be a fundamental solution of the complex Laplace operator
on Cm , see Subsection 1.3, that is

�Cm (z) :=

(
�

4(m�2)!

(2�)m
1

jzj2m�2 ; m > 1;

2
�
ln jzj ; m = 1:

Then it follows easily that

�Cm E2�2 [�CmE2�2] = ÆCmE2�2;

i.e., the matrix �
�Cm 0

0 �Cm

�

   



is a fundamental solution to the Laplace operator �Cm E2�2 onWm.
Hence, we have the fundamental solutions of the operators D

and D�:

KD (�) := D
�
[�CmE2�2] (�) =

=

mX
q=1

0B@
@�Cm
@�q

(�) îq; @�Cm

@��q
(�) iq

@�Cm

@��q
(�) iq; @�Cm

@�q
(�) îq

1CA =

= 2
(m� 1)!

�m

mX
q=1

0BB@
��q

j�j2m
îq;

�q

j�j2m
iq

�q

j�j
2m i

q;
��q

j�j
2m î

q

1CCA ; (9.6.1)

K
D
� (�) := D [�CmE2�2] (�) :=

:=

mX
q=1

0B@
@�Cm

@��q
(�) iq; @�Cm

@�q
(�) îq

@�Cm
@�q

(�) îq; @�Cm

@��q
(�) iq

1CA =

= 2
(m� 1)!

�m

mX
q=1

0BB@
�q

j�j2m
iq;

��q

j�j2m
îq

��q

j�j2m
îq;

�q

j�j2m
iq

1CCA : (9.6.2)

Formally, for (9.5.6), one can set

KDr
:= D

�

r [�CmE2�2] ;

K
D
�
r

:= Dr [�CmE2�2] :

Since the matrix �CmE2�2 is scalar-valued, one has

KD = KDr
; (9.6.3)

K
D
� = K

D
�
r

: (9.6.4)

Using the factorization (9.5.5) we have

D
�
KD

�
= D ÆD

�
[�CmE2�2] = �Cm E 2�2 [�CmE2�2] = ÆCmE2�2:

   



Wm

The same for (9.6.2). By that reason we shall call each ofWm-valued
functions (9.6.1) and (9.6.2) the matrix Cauchy-Dirac kernel for the
theory ofWm-valued functions from the null-set of the correspond-
ing operator.

Note that for every matrix Dirac operator, both the “left-hand-
side” theory and the “right-hand-side” theory, have the same matrix
Cauchy-Dirac kernel. Compare with Subsection 2.9.

9.7 Borel-Pompeiu formulas for Wm-valued
functions

Theorem Let 
+ be a bounded domain with the topological bound-
ary �, which is a piecewise smooth surface, let F 2 C1 (
+; Wm) \

C0 (
+
[ �; Wm). Then the following equalities hold in 
+:

2F (z) =

Z
�

KD (� � z) ^
?
�� ^

?
F (�)�

�

Z

+

KD (� � z) ^
?
D [F] (�) dV� ; (9.7.1)

2F (z) =

Z
�

K
D
� (� � z) ^

?
�
�

� ^
?
F (�)�

�

Z

+

K
D
� (� � z) ^

?
D
�
[F] (�) dV� ; (9.7.2)

2F (z) =

Z
�

F (�) ^
?
�� ^

?
KD (� � z)�

�

Z

+

Dr [F] (�) ^
?
KD (� � z) dV� ; (9.7.3)

2F (z) =

Z
�

F (�) ^
?
�
�

� ^
?
K

D
� (� � z)�

�

Z

+

D
�

r [F] (�) ^
?
K

D
� (� � z) dV� : (9.7.4)

   



The proof is really the same as that of the analogous theorem in
Clifford analysis, see [DeSoSo, Chapter II].

9.8 Monogenic Wm-valued functions

Definition Let 
 be an open set in Cm and F 2 C1 (
; Wm). Then:

1. F is called D-monogenic if

D [F] = 0; in 
;

O (
) := ker D;

2. F is called D�-monogenic if

D
�
[F] = 0; in 
;

O
�

(
) := ker D
�
;

3. F is called Dr-monogenic if

Dr [F] = 0; in 
;

Or (
) := ker Dr;

4. F is called D�

r-monogenic if

D
�

r [F] = 0; in 
;

O
�

r (
) := ker D
�

r:

9.9 Cauchy’s integral representations for
monogenic Wm-valued functions

Theorem Let 
+ be a bounded domain with the topological boundary �,
which is a piecewise smooth surface, let F 2 C1(
+;Wm)\C0(
+

[ �;

Wm).

   



1. If F 2 O (
+) then the following equality holds in 
+:

2F (z) =

Z
�

KD (� � z) �
?
�� �

?
F (�) : (9.9.1)

2. If F 2 O
�

(
+) then the following equality holds in 
+:

2F (z) =

Z
�

K
D
� (� � z) �

?
�
�

� �
?
F (�) : (9.9.2)

3. If F 2 Or (

+) then the following equality holds in 
+:

2F (z) =

Z
�

F (�) �
?
�� �

?
KD (� � z) : (9.9.3)

4. If F 2 O
�

r (

+) then the following equality holds in 
+:

2F (z) =

Z
�

F (�) �
?
�
�

� �
?
K

D
� (� � z) : (9.9.4)

It follows trivially from the Borel-Pompeiu formulas in Subsec-
tion 9.7.

9.10 Clifford algebra with the Witt basis and
differential forms

We are ready now to imbed elements of W m into the set of all linear
operators acting on differential forms in 
. First of all we set

'
�
îj
�

:= dd�zj1 Æ : : : Æ[d�zjjjj = dd�zj1 ^ : : : ^[d�zjjjj ;
'
�
ik
�

:= d�zk1^:::^d�z
kjkj

M ;

 
�
îj
�

:= [d�zjjjjr Æ : : : Æ
dd�zj1r;

 
�
ik
�

:= Md�zk1^:::^d�z
kjkj

;

   



where, by definition, for each d.f. w on 


d�zk1^:::^d�z
kjkj

M [w] := d�zk1 ^ : : : ^ d�zkjkj ^ w;

Md�zk1^:::^d�z
kjkj

[w] := w ^ d�zk1 ^ : : : ^ d�zkjkj :

Then we extend ' and  onto the whole algebra up to an algebra
homomorphism:

'
�
îj � ik

�
:= '

�
îj
�
Æ '
�
ik
�
;

 
�
îj � ik

�
:=  

�
ik
�
Æ  
�
îj
�
;

and for a 2 W m , a =
P
jk

ajkî
j
^ ik, one has

' (a) :=
X
jk

ajk'
�
îj
�
Æ '
�
ik
�
;

 (a) :=
X
jk

ajk 
�
ik
�
Æ  
�
îj
�
:

This definition means that ' : W m ! ' (W m ) and  : W m !

 (W m) are isomorphisms of complex algebras, where the multipli-
cation in ' (W m ) and  (W m) is the usual composition of operators.

This definition applied pointwise says that each

f =
X
jk

fjkî
j
� ik 2 C0 (
; W m ) ; (9.10.1)

where fjk 2 C0 (
; C ) and j, k are, respectively, strictly increasing
jjj-tuple, jkj-tuple, in f1; : : : ; mg with jjj, jkj = 0, : : :, m, can be
identified with the linear operators ' (f) and  (f) on d.f. in 
 de-
fined as follows:

' (f) : w 7!

X
jk

fjk 
 '
�
îj
�
Æ '
�
ik
�
[w] ;

 (f) : w 7!

X
jk

fjk 
  
�
ik
�
Æ  
�
îj
�
[w] ;

   



where w is a d.f. in 
 and 
 is the tensor product. In particular, for
each f 2 C0 (
; W m) of the form

f =
X
k

fki
k;

the linear operators ' (f) and  (f) are, respectively, the operators of
multiplication on the left-hand side and the right-hand side, by the
following d.f. in 
:

f =
X
k

fkd�z
k
2 G0 (
) :

9.11 Relation between the two matrix algebras

Now we extend the mappings ' and  onto the matrix algebras
with corresponding entries: each A 2 Wm can be identified with
the two linear operators ' (A),  (A) on m.v.d.f. in 
, defined by

' (A) [F ] :=0
@

'
�
A

11
� �
F
11
�
+ '

�
A

12
� �
F
21
�
; '

�
A

11
� �
F
12
�
+ '

�
A

12
� �
F
22
�

'
�
A

21
� �
F
11
�
+ '

�
A

22
� �
F
21
�
; '

�
A

21
� �
F
12
�
+ '

�
A

22
� �
F
22
�

1
A ;

 (A) [F ] :=0
@

 
�
A

11
� �
F
11
�
+  

�
A

21
� �
F
12
�
;  

�
A

12
� �
F
11
�
+  

�
A

22
� �
F
12
�

 
�
A

11
� �
F
21
�
+  

�
A

21
� �
F
22
�
;  

�
A

12
� �
F
21
�
+  

�
A

22
� �
F
22
�

1
A :

This definition means that ' : Wm ! ' (Wm) and  : Wm !

 (Wm) are isomorphisms of complex algebras, where the multipli-
cation in ' (Wm) and  (Wm) is the usual composition of operators.
This implies, in particular, that for all A, B 2Wm there hold

'
�
A �

?
B

�
= ' (A) �

Æ
' (B) ; (9.11.1)

 
�
A �

?
B

�
=  (B) �

Æ
 (A) : (9.11.2)

First of all, note that C0 (
; Wm) is a complex algebra with the
following addition and multiplication. Let F, G 2 C0 (
; Wm),

   



then

(F+G) (z) := F (z) +G (z) ;�
F �

?
G

�
(z) := F (z) �

?
G (z) :

Each F 2 C0 (
; Wm) can be identified with the linear operators on
d.f. in 
 defined as follows:

' (F) [W ] (z) = ' (F (z)) [W ] (z) ;

 (F) [W ] (z) =  (F (z)) [W ] (z) ;

where z 2 
 and W is a m.v.d.f. on 
. Again,

' : C0 (
; Wm) ! '
�
C0 (
; Wm)

�
and

 : C0 (
; Wm) !  
�
C0 (
; Wm)

�
are isomorphisms of complex algebras, where the multiplication in
'
�
C0 (
; Wm)

�
and  

�
C0 (
; Wm)) is the usual composition of

operators. This implies, in particular, that for allF,G 2 C0 (
; Wm)

there hold

'
�
F �

?
G

�
= ' (F) ^

Æ
' (G) ; (9.11.3)

 
�
F �

?
G

�
=  (G) ^

Æ
 (F) : (9.11.4)

Again, being applied pointwisely, the above says that for each
F 2 C0 (
; Wm) of the form

F :=
X
k

Fk

�
ik 0

0 ik

�
; (9.11.5)

whereFk 2 G
0

0 (
), the linear operators ' (F) and  (F) are, respec-
tively, the operators of multiplication on the left-hand side and on
the right-hand side, by the following m.v.d.f. on 
:

F :=
X
k

Fk

�
d�zk 0

0 d�zk

�
2 G0 (
) :

   



9.11.1 Operators D andD

Let 
 be an open set in Cm and denote by G 1 (
) the matrix Grass-
mann algebra, a subalgebra of C1 (
; Wm), of all mappings of class
C1 of the form (9.11.5).

Note that the mapping

� : F =
X
k

Fk

�
d�zk 0

0 d�zk

�
7! � (F ) :=

X
k

Fk

�
ik 0

0 ik

�
is an isomorphism between the matrix Grassmann algebra G1 (
)

of all m.v.d.f. in 
 of class C1 and G 1 (
).
Theorem Let 
 be an open set in Cm and let F 2 G1 (
). Then:

1.
D [F ] = '

�
D [� (F )]

�
[E2�2] ; (9.11.6)

2. F is hyperholomorphic, if and only if '
�
D [� (F )]

�
[E2�2] � 0.

Proof. It is sufficient to prove the equality (9.11.6). We have, by
definition,

D [� (F )] =

mX
p=1

X
k0BB@

@F 11k
@�zp

ip � ik +
@F 21k
@zp

îp � ik;
@F 12k
@�zp

ip � ik +
@F 22k
@zp

îp � ik

@F 11k
@zp

îp � ik +
@F 21k
@�zp

ip � ik;
@F 12k
@zp

îp � ik +
@F 22k
@�zp

ip � ik

1CCA :

Hence

'
�
D [� (F )]

�
=

mX
p=1

X
k

Xp;k;

where
Xp;k = (X

�;�

p;k )
2
�;�=1

with

X11
p;k =

@F 11
k

@�zp

d�zp^d�zkM +
@F 21

k

@zp
dd�zp Æ d�zkM;

   



X12
p;k =

@F 12
k

@�zp

d�zp^d�zkM +
@F 22

k

@zp
dd�zp Æ d�zkM;

X21
p;k =

@F 11
k

@zp
dd�zp Æ d�zkM +

@F 21
k

@�zp

d�zp^d�zkM;

X22
p;k =

@F 12
k

@zp
dd�zp Æ d�zkM +

@F 22
k

@�zp

d�zp^d�zkM:

Therefore

'
�
D [� (F )]

�
[E2�2] =

mX
p=1

X
k

Yp;k

where
Yp;k = (Y

�;�

p;k )2�;�=1

with

Y 11
p;k =

@F 11
k

@�zp
d�zp ^ d�zk +

@F 21
k

@zp
dd�zp hd�zki ;

Y 12
p;k =

@F 12
k

@�zp
d�zp ^ d�zk +

@F 22
k

@zp
dd�zp hd�zki ;

Y 21
p;k =

@F 11
k

@zp
dd�zp hd�zki+ @F 21

k

@�zp
d�zp ^ d�zk;

Y 22
p;k =

@F 12
k

@zp
dd�zp hd�zki+ @F 22

k

@�zp
d�zp ^ d�zk;

which means that

'
�
D [� (F )]

�
[E2�2] = D [F ] :

Remark Let 
 be an open set in Cm and F 2 G1 (
).

1. Then � (F ) is D-monogenic if, and only if,

'
�
D [� (F )]

�
[W ] � 0

for all m.v.d.f. W of class C0, because ' and � are isomorphisms of
algebras.

   



2. The above facts imply that, given F; there are two definitions of its
”holomorphy”:

(a) F is, by definition, D-monogenic if � (F ) isD-monogenic;

(b) F is, by definition, D-hyperholomorphic if D [F ] � 0.

Let us consider some consequences of the first of these defini-
tions. Hyperholomorphic theory treats m.v.d.f.

F :=
X
k

Fk

�
d�zk 0

0 d�zk

�
which behave, algebraically, like elements of a Grassmann subalge-
bra of the Clifford algebra, i.e., like the Grassmann algebra

G 1(
) =

(X
k

Fk

�
ik 0
0 ik

�)
;

and the isomorphism

� : F =
X
k

Fk

�
d�zk 0

0 d�zk

�
7! �(F ) :

X
k

Fk

�
ik 0
0 ik

�

establishes a way to identify them. But on G 1(
) we know al-
ready what it means to be monogenic, and this leads to that first
definition. Unfortunately, this is not an interesting situation for us.
Indeed, take a function f : 
 ! C ; considering it as a d.f. Then
�(fE2�2) = fE2�2 , but now the same expression is seen as aWm-
valued function. Moreover,

D [� (fE2�2)] =

mX
j=1

0B@
@f

@�zj
ij ; @f

@zj
îj

@f

@zj
îj ; @f

@�zj
ij

1CA ;

hence, fE2�2 is D - monogenic if and only if

@f

@�zj
= 0;

   



@f

@zj
= 0;

for all j = 1, : : :, m; that is,

f � constant:

In other words, among all the functions, only constant functions
generate monogenic elements in G 1:

Thus the “right” approach is the second one, which implies a
theory with the structure not coinciding with the structure of Clif-
ford analysis, but it contains all holomorphic functions in the sense
of several complex variables, which are the object of our study. One
of the principal reasons why hyperholomorphic theory is different
from Clifford analysis is contained in the asymmetry of the follow-
ing formula:

'
�
A �

?

B

�
[W ] = h' (A) [W ] ; ' (B)i ;

where h ; i denotes the evaluation operator and W is an arbitrary
m.v.d.f.

One more comment to the formula (9.11.6). Denote by E the
evaluation mapping defined on operators which act on m.v.d.f., by
the formula: if u is such an operator then

E [u] : = u[E2�2]:

The formula (9.11.6) gives

D = E Æ ' ÆD Æ �;

where ' and � are isomorphisms, but E is not, hence kerD and
kerD are essentially different.
Lemma. For all � 2 Cm there holds

K
D
(�; z) = '

�
K
D
(�)
�
; (9.11.7)

Proof. This lemma is a direct implication of the definition of '.
This justifies completely the definition of K

D
and, in this sense,

it is a “fundamental solution” of the corresponding operator D .

   



9.12 Cauchy’s integral representation for
left-hyperholomorphic matrix-valued
differential forms

Theorem Let 
+ be a bounded domain with the topological boundary
�, which is a piecewise smooth surface, let F 2 N (
+) \G0 (


+ [ �).
Then the following equality in 
+,

F (z) =

Z
�

K
D��z; z

^
?
��; z ^

?
F (�; d�z) ; (9.12.1)

is a corollary of Borel-Pompeiu’s integral representation from Subsection
9.7.

Proof. First, note that sinceF 2 N (
+)\G0 (

+ [ �) then� (F ) 2

C1 (
+; Wm) \ C0 (
+ [ �; Wm). So, by Theorem 9.7 we have

2� (F ) (z) =

Z
�

K
D
(� � z) �

?
�� �

?

� (F ) (�)�

�

Z

+

K
D
(� � z) �

?
D [� (F )] (�) dV� :

Hence

2' (� (F ) (z)) =

Z
�

'
�
K
D
(� � z)

�
^
?

' (�� ) ^
?

' (� (F ) (�))�

�

Z

+

'
�
K
D
(� � z)

�
^
?
'
�
D [� (F )] (�)

�
dV� =

=

Z
�

K
D��z; z

^
?

��; z ^
?

F (�)M �

�

Z

+

K
D
(� � z; z) ^

?

'
�
D [� (F )] (�)

�
dV� :

Therefore

2 F (z)M [E2�2] =

Z
�

K
D��z; z

^
?
��; z ^

?

F (�)M [E2�2]�

   



�

Z

+

K
D
(� � z; z) ^

?
'
�
D [� (F )] (�)

�
[E2�2] dV� =

=

Z
�

K
D��z; z

^
?
��; z ^

?
F (�; d�z)�

�

Z

+

K
D
(� � z; z) ^

?

D [F ] (�; d�z) dV� :

Now, as F 2 N (
+) implies that D [F ] (�) = 0 for all � , we have

2F (z) =

Z
�

K
D��z; z

^
?
��; z ^

?
F (�; d�z) :

Note that it is impossible to use the Cauchy integral representa-
tion from Subsection 9.9 to prove this theorem, because F 2 N (
+)
implies only that '

�
D [� (F )] (�)

�
[E2�2] � 0 for all � , and in general

D [� (F )] 6= 0 .

9.13 Hyperholomorphic theory and Clifford
analysis

Section 9.3 says, in fact, that on matrices of the form
�

f g

f g

�
the

hyperholomophic theory reduces to just Clifford analysis in R2m en-
dowed with the complex structure. Now we are going to find out
what the relation is between the hyperholomophic theory for arbi-
trary matrices and Clifford analysis. First of all, consider @ � @

^

:

We have

@ � @

^

=

mX
k=1

ik
@

@zk
�

mX
k=1

ik
@

@zk
=

=
1

2

mX
k=1

ik
�

@

@xk
+ i

@

@yk

�
�

�
1

2

mX
k=1

bik � @

@xk
� i

@

@yk

�
=

   



=
1

2

mX
k=1

�
ik �bik� @

@xk
+

1

2
i

mX
k=1

�
ik +bik� @

@yk
=

=
1

2

 
mX
k=1

e2k
@

@xk
�

mX
k=1

e2k�1
@

@yk

!
=

= �
1

2

 
mX
k=1

e2k�1
@

@yk
�

mX
k=1

e2k
@

@xk

!
:

Setting
#+
t
:= #t (9.13.1)

and

#�
t
:=
X
k=1

�
e2k�1

@

@yk
� e2k

@

@xk

�
; (9.13.2)

we get

#+
t
= �2i

�
@ + @

^

�
; (9.13.3)

#�
t
= �2

�
@ � @

^

�
: (9.13.4)

Note that is follows directly that

@ =
i

4

�
#+
t
+ i#�

t

�
;

(9.13.5)

@

^

=
i

4

�
#+
t
� i#�

t

�
:

Consider now the matrix Dirac operator

D :=

�
@ @

�

@

�

@

�
and the operators

E2�2 :=

�
I 0
0 I

�
; �E2�2 :=

�
I 0
0 I

�
introduced in Subsection 2.3. Since �E2�2 is an involution, �E22�2 =
E2�2 ; it generates a pair of mutually complementary projections

E� :=
1

2

�
E 2�2 � �E2�2

�
:

   



More explicitly,

E+ =
1

2

�
I I

I I

�
; E� =

1

2

�
I �I

�I I

�
;

with
E
2
�

= E� ; E+ � E� = �E2�2 ;

E+ + E� = E 2�2 ; E+ Æ E� = E� Æ E+ = 0 :

For the matrix Dirac operatorD this gives:

D = @ � E 2�2 + @

^

� �E2�2 =

= @ � (E+ + E�) + @

^

� (E+ � E�) =

=
�
@ + @

^

�
� E+ +

�
@ � @

^

�
� E� =

=
i

2
#+
t
� E+ �

1

2
#�
t
� E� : (9.13.6)

Let F = (Fkj)
2
k;j=1

be a smooth Wm-valued function, then it
decomposes in a unique way into

F = F+ � F� (9.13.7)

where

F+ := E+ [F] =
1

2

�
F11 +F21 ; F12 + F22
F11 +F21 ; F12 + F22

�
;

F� := E� [F] =
1

2

�
F11 � F21 ; F12 � F22
�F11 +F21 ; �F12 + F22

�
:

The definition of a D-monogenic function, D[F] = 0, turns out
to be

i#+
t
E+ [F]� #�

t
E� [F] = 0 ;

   



or, equivalently,

i#+
t
E+ [F+]� #�

t
E� [F�] = 0 : (9.13.8)

The last equality is valid if and only if each of the projections of
the function F; respectivelyF+ and F�; belongs to the class of func-
tions monogenic (synonymically, regular, hyperholomorphic, etc.)
in the sense of Clifford analysis. The fine point here is that while F+
is monogenic in the sense of the “canonical” Clifford analysis in the
domain 
; of that one which is determined by #+

t
; its counterpart

F� is monogenic, in the same domain, in the sense of the operator
#�
t

. Of course, if one is interested in only one of the two versions,
then there is no essential difference between them. But when, as
the equality (9.13.6) shows, we are looking to “glue together” both
of the two versions, then the situation is not that simple. What
is more, the equality (9.13.6) shows that, at least in principle, it is
possible to obtain the main facts of the hyperholomorphic theory of
matrix-valued differential forms as a “direct sum” of the above two
versions of Clifford analysis. For many reasons, we chose the direct
way of constructing.
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